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REGULARITY OF ALL MINIMIZERS OF A CLASS OF
SPECTRAL PARTITION PROBLEMS

HUGO TAVARES AND ALESSANDRO ZILIO

To Sandro Salsa, with admiration and gratitude.

ABSTRACT. We study a rather broad class of optimal partition problems with respect to monotone
and coercive functional costs that involve the Dirichlet eigenvalues of the partitions. We show a
sharp regularity result for the entire set of minimizers for a natural relaxed version of the original
problem, together with the regularity of eigenfunctions and a universal free boundary condition.
Among others, our result covers the cases of the following functional costs

m [ ks 1/pi m [k m ks
(Wi, -, W) = Z <Z Aj(wi)m> 11 (H Aj(wi)> 11 <Z Aj(w,.)>

i=1 \j=1 i=1 \j=1
where (w1, ...,wn) are the sets of the partition and \;(w;) is the j-th Laplace eigenvalue of the set
w; with zero Dirichlet boundary conditions.

1. INTRODUCTION

Let © € RY be a smooth bounded domain, m > 2 an integer and ki, ...,k € N. Consider the
following optimal partition problem: among all m-tuples of open disjoint subsets w1, ..., wy, of €1,
belonging to an admissible class, find those that minimize the functional

(Wi, ywm) = F o1 (A1(wi)y oy Ay (1)) 5 ooy 0m (M (W) - -y Ak, (W)

where \;(w) is the i-th eigenvalue of w with Dirichlet boundary conditions. Here F' and ¢; are given
functions which satisfy certain monotonicity and coercivity assumptions. The aim of this paper is
to show that not only problems of this form have a regular solution, but also that any solution is
regular. Examples of functionals that fall in the scope of our results are

m ki 1/pi m ki m ki
(W1, wm) = Y D A(w)P T TT Mo | TT DS A (1.1)

i=1 \j=1 i=1 \j=1 i=1 \j=1
and combinations of these functionals.

Optimal partition problems are a particular case of a shape optimization problem that appears
quite naturally in engineering, where a cost functional defined on a structure made of several
materials is being optimized (each material corresponds to a set of the partition).

The problem of existence and regularity of optimal shapes for spectral costs (meaning cost
functionals that depend on the spectrum of an operator set in a specific member of the parti-
tion) has been addressed by many authors. They are connected with the study of nodal sets of
eigenfunctions of Schrédinger operators [3, 4, (17, 5], monotonicity formulas [2, O, 14, 18| 23] and
nonlinear systems of partial differential equations with strong competition terms [9), 11} 12 13|
141, 17, 20, 221, 24). Moreover, these problems provide examples of monotone functionals which are
lower-semicontinuous with respect to the weak y-convergence, where existence results of a relaxed
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Key words and phrases. elliptic competitive systems, optimal partition problems, Laplacian eigenvalues, segrega-
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formulation (partitions of quasi-open sets) can be achieved by direct methods [8 [7]. Alternative
methods typically involve penalization arguments (see for instance [6, 17} 18| 20, 24]).

The main goal of this paper is to characterize and prove regularity of all possible partitions and
their eigenvalues to problem (|1.3).

Open partitions. We contextualize our results by introducing a first natural formulation of the
problem. For a given m > 2, consider the set of open partitions of €2 in m disjoint subsets, denoted
by
P () = {(wi,...,wm) : w; CQopen Vi, w; Nw;j = O Vi#j}.

Observe that, according to this definition, a partition is not necessarily exhaustive, meaning that
possibly Ujw; ; Q. To any element w of a partition we associate the corresponding eigenvalues of
the Laplacian with zero Dirichlet boundary condition Aj(w) < Ag(w) < ..., counting multiplicity.
It is well-known that these eigenvalues are the critical levels of the Rayleigh quotient

u € Hi(w r—)/‘Vu|2//

where H}(w) is the closure of the subset of H!({2) whose support is contained in w. A characteri-
zation of eigenvalues, which takes naturally into account their multiplicity and is also better suited
for our purpose, is given by the Courant-Fisher-Weyl formula, which states that for any 57 > 1

Aj(w) = inf sup </|Vu2// )
MCHg(w) ueM\{0}

dim M=j
where M is any linear subset of H}(w) of dimension j.
Cost functional. We introduce a general class of cost functional for the optimal partition problem.
Let F € C1(R™;R) and, forany i = 1,...,m, ¢; € C1((RT)*; R), functions that verify the following
assumptions.

(H1) Monotonicity: for every i =1,...,m,

OF

or; (1, Tm) >0 Y(21,...,2,) € (RT)™,

Opi o

785(31,... s6,) >0 W(st,...,s5) € (RY¥ el ks
J

(H2) Coercivity: for every i =1,...,m,

lim F(x1,...,% 1,t,Tit1,...,Tm) = +00  V(21,...,Tm) € (RT)™
t—-+o0
tl}EI @2(81,..-,3]'_1,15,.%]'4-1,. "78k‘i) = +00 V(Sl,... 78k‘i) € (R+)ki7 .7 € 17 7k2a

(H3) Symmetry, for every i = 1,...,m
wi(o(s1,...,5k)) = wi(S1,- -, Sk;) for every permutation o € Sk,.
We consider the following problem: among all partition (w1, ...,wn) € Pn(Q), find

(wl,‘..,wi:Ll)GPm(Q) F (g01 ()\1 (wl), ceey )\kl (wl)), e ,gpm()\l(wm), cey )\km (wm))) . (1.2)

The goal here is to show that a solution, an optimal partition, exists and also to establish some
of its qualitative properties, such as the regularity of the associated eigenfunctions, topological
properties of the partitions and the structure of their boundary.
Although this first formulation has a very natural appeal, it comes with an apparent incompat-
ibility between the structure of the set of solutions P,,(£2) and the minimization problem. Indeed
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it does not seem easy to endow the set of the open partitions P,,(€2) with a topology that allows
any compactness results on sequences of minimizers of the cost functional. There are many ways
to circumvent this issue (see for instance [6], 8, [I7]), usually by considering a relaxed version of the
original problem.

Measurable partitions. We adopt here the framework of [17], see also [15], in that we reformulate
our problem in the context of measurable sets. For this reason we extend our notion of partition
and consider the set of measurable partitions of €2 in m almost-disjoint subsets, denoted by

P () = {(w1,...,wm) 1 w; CQ measurable Vi, |w; Nwj| =0 Vi#j},

where |- | is the Lebesgue measure. Correspondingly, for any w C RY measurable (with non-empty
interior) we define the Sobolev-like set

Ho —{UEHI(Q):uzoa.e. in Q\w}

and we introduce the generalized eigenvalues of w as

Xj(w) = inf sup </ |Vu|2// )
MCH1 ) ue M\ {0}

dim M=j

They form a nondecreasing sequence which is associated to an L?-orthonormal sequence of eigen-
functions {¢;};en, which satisfy —A¢; = Aj(w)$; in the weak sense

/QV¢ -Vn = Xj(w) /Q gz~5jn Vi € H(w)
and belong to L>(Q2) (see [15, Section 2]).

Remark. The notions of classical eigenvalue A\; and generalized eigenvalue Xk differ in general,
even for Lipschitz sets. Indeed, there are open sets Q C RY, such that A,(Q) # A\ (Q) for some k
(in general we have \z(€2) < A\,(Q)). Taking for instance Q = B1(0) \ {z1 = 0}, then one easily
verifies that Ay (Q) = A2(Q) = Xa(B1(0)), while A\z(Q) = A\y(B1(0)) for any k € N. On the other
hand, if 2 has smooth boundary (for instance, {2 enjoys an exterior cone condition), then the two
notions coincide. See [15] for a more in depth discussion on this subject.

We can finally introduce a suitable relaxed formulation of the minimization problem: among all
partition (w1, ...,wn) € Pn(2), find

inf (Q)F (gpl (Xl(wl),...,xkl (w1)> ey Om (Xl(wm), ... ,ka(wm))> ) (1.3)

(le---vwm)epm

We state a general existence theorem for the solutions of this problem

Theorem ([20]). The optimal partition problem (1.3) coincides with (1.2) and admits an open

reqular solution (wi, . ..,wn) € Pn () This partition is that Aj(w;) = \j(w;) for everyi=1,...,m,
3 =1,....k;. Moreover, there exist

Moreover, for all i = 1,...,m there exist k; linearly independent eigenfunctions u;1,...,u;x, €
ﬁé (wi) associated to Xl(wi), ... ,in (wi) which are Lispschitz continuous, and O; coincides with the

interior of the support of

ki
> Juil.
j=1
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Finally, for each i = 1,...,m and j = 1,...,k; there exists a;; > 0 such that given zq in the
regular part between the interface between two adjacent sets Op, Oq4 of the partition, the free boundary
condition is

kp kq
. 2 . 2
xlggo E :ap,j|vup,j (@) = :Clina}o E g5 Vug,j(z)|* # 0.
ze0, I=1 z€0, I=1

For the notion of regular partition, we refer to the next statement. This statement is a combina-
tion of |20, Theorem 1.2] and the paragraphs after that, see in particular the relaxed formulation
(2.4) therein. It should be noted that the case of functionals depending only with first eigenvalues
was treated in [I}, 9] (10} 14], while [24] deals with second eigenvalues.

Main results. In this paper we strengthen the previous result, by showing that every solution of
is equivalent to a regular partition, together with universal results regarding the regularity of
eigenfunctions and a free boundary condition. In what follows, A denotes the symmetric difference
between two sets.

Theorem 1.1. Let w := (wi,...,wm) € Pm(Q) be any minimizer of (L.3). Then there exists a
unique open partition O = (O1,...,0n) € Pn(2) such that the following holds.
Equivalence:

e subsets coincide up to negligible sets, |w; ANO;| =0 for alli=1,...,m;

e they share the same eigenvalues,

Xj(wi) =) (0y) foralli=1,....mandj=1,...,k;

e they share the same eigenfunctions, for all i = 1,...,m there exist k; linearly independent
eigenfunctions ¢; 1,. .., ik, € I;T& (w;) associated to A (Wi)y. .. ,in (w;) and k; linearly inde-
pendent eigenfunctions u; 1, ..., Uk, € H(O;) associated to M\1(O;), ..., A, (0;) such that,
forany jel,... k;, we have

iy = Ui j quasi-everywhere in €.
Regularity of the sets: the partition O is regular, in the sense that the free-boundary T' = Q\J;~, O;

s a rectifiable set and there exist disjoint sets R,X C I' such that

e I' = RUX has Hausdorff dimension at most N — 1: H#4;,(I') < N — 1;

o R is relatively open and X is relatively close in T';

e R is a collection of hypersurfaces of class CY* (for some 0 < o < 1). Moreover, each
hypersurface separates locally exactly two different elements of the partition: for every xg €
R, there exists p > 0 and exactly two indices i # j such that xq € 00; N 00;, B,(x) \I' =
BE((L‘()) N (Ol U O])

e X is small in the sense that (X)) < N — 2;

o if N =2, the set X is a locally finite set and R consists of a locally finite collection of curves
meeting at singular points.

Spectral gap:
e for eachi=1,...,m it holds
Ak (wi) < A1 (wi)-
In particular, if E](wz) - ﬁ&(wz) denotes the eigenspace associated to Xj(wi), then the
dimension of the linear space Ej, := span (Uf;lﬁw) is equal to k;.

Regularity of the eigenfunctions:



e fori=1,...,m, we have
Ey, C Lip(Q),

in the sense that each eigenfunction has a continuous representative.

Now, fori=1,...,m, let ¢;1,...,¢; 1, be an L?-orthonormal base of Ey,, associated respectively
to the eigenvalues A\ (w;) < ... < A, (w;). Then
e for eachi=1,...,m, O; is the interior of the support of

ki
> 1ol
j=1

e there exists a; j > 0 such that given xog € R and Op, Oq4 the two adjacent sets of the partition

at xq, then
kp
xlina}o Z ap,j|Vépj(@)|” = hm Z aq,j|Vg,5(x)” # 0. (1.4)
z€0p n=1 :veO n=1

The coefficients depend only on the eigenvalues of the optimal partition, through the formula

aij = O F (901 (Xl(wl), e (w1)> e Om (Xl(wm), . ,ka(wm))) 0508 A (@), -+, Me(w1)),
and a;m = Qi if Xm(wz) = Xn(w,)

The proof of Theorem is based on a penalization argument. We exploit a regularized version
of the relaxed formulation , involving eigenfunctions rather than eigenvalues, that is better
suited to prove the aforementioned properties of optimal sets. Following [20], we consider a singular
perturbation and approximate these eigenfunctions by minimal solutions of a nonlinear elliptic
system with competition terms. This allows to prove the regularity results concerning eigenfunctions
and interfaces. By adding an extra term in the energy functional we are able to select any specific
minimizer of which we wish to show regularity.

It should be noted that the previous result in the case of functionals depending on first eigenvalues
was proved in [I7]. The case of higher eigenvalues presents many extra difficulties which are related
to the unknown multiplicity of the eigenvalues of an optimal partition and to the fact that some
eigenfunctions change sign.

Examples. Before presenting the proof of our result, we illustrate a couple of concrete applications
for specific choices of cost functionals. As a model case, we consider the first function in (1.1)), that
is the case of

m ki Pii
F(xl,...,:vm):Z:ci and  @;(s1,...,5E) = (Zs?’)
i=1 i=1
with p; > 0. Then our theory applies to all minimizer of
1/ps

inf Z Z)\ w; )P ,

(WL #Um)e,Pm(Q)l 1 —

which are the shown to be regular in the sense of Theorem [1.1] u Moreover, the coefficient in (|1.4))
are given in this case by
X w; )Pi—1
Qg5 = () pi—1"
(Zj:l )‘j(wl)pl> !
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The same results also holds for the (suitably renormalized) limit case p; — 0, where we find

k;i ki -
Oi(S1, vy SE;) :Hsj, and a; ;= H Aj(wr).
i=1 j=1,j#i

A remark about quasi-open sets. In the theory of optimal partitions with respect to spectral
costs we can find another class of partitions, given by quasi-open sets, which is in a sense inter-
mediate between the class of open partitions and the class of measurable partitions. It is defined
by

ﬁm(Q) = {(w1,...,wm) : w; C§ quasi-open Vi, cap(w; Nw;) =0 Vi # j},

with associated problem

inf F o1 M(w1), .oy Ay (1)) -+ s omA1(wm)s - - oy Ay, (W) -
(W1,eeeswm ) EPm (Q)
We recall briefly the notions of capacity and of quasi-open sets, taken from [7, Chapter 4]. The
(2-)capacity of a set is

cap(A) = inf {/ (IVul? +u?) : we HY(RY), v =1 in a neighborhood of A} .
Q

A set A is said to be quasi-open if for each € > 0 there is an open set A, satisfying cap(AAA,) < ¢,
where A denotes the symmetric difference between sets. There is a close relation between quasi-open
sets and Sobolev functions. In fact, each u € H'(RY) admits a quasi-continuous representative,
this meaning that for each € > 0 there is a continuous function u. with cap({u # u.}) < e. Now A
is a quasi-open set if and only if A = {u > 0} for a quasi-continuous function u. It follows from the
definition that, in the setting of this paper, any open minimal partition is a quasi-open minimal
partition, and any quasi-open minimal partition is a measurable minimal partition. Then, thanks
to Theorem [1.1} we find that the three formulations are actually equivalent (up to negligible sets).

Numerical simulations and open problems. We conclude this introduction providing some
numerical simulations. They were obtained implementing the construction in Section 3 (see also
[20]), via a point fix iteration and a finite element discretization. All the simulations were imple-
mented in FreeFem++ [16], a free software available at https://freefem.org/.

In Figure [I] a numerical approximation of the optimal partition of the unit ball associated to
the cost functionals

(wi,w2) = A1(wi) + Az2(wr) + A1 (wz) + Az (w2j) (1.5)
and
(wl,WQ) — )\1 (wl))\g(wl))\l (wg))\g(LL)Q)
The two functionals share, numerically, the same optimal partition. The first functional is
linear, making the algorithm quite efficient in this case.

On the left of Figure[l]is a representation of the eigenfunctions associated to the first eigenvalues
of the partition: they highlight the two sets of the partition, which are symmetric semicircles.
On the right the second eigenfunctions of the two sets. Observe the additional nodal lines (in
connected sets the second eigenfunctions is sign-changing). In this case the strong symmetry of the
two functionals seems to translate in the symmetry of their solutions.

In Figure 2], a numerical approximation for

(wl,wg) — )\1((,01))\2(0.)1) + /\1(0.)2)2 + )\2(0.)2)2. (1.6)

In this case the functional is no more symmetric and the solution too looses symmetry. Nevertheless,
observe that the cost functional is scale-invariant.
6
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FIGURE 1. Optimal partition and eigenfunctions for ([1.5)).

FIGURE 2. Optimal partition and eigenfunctions for (|L.6}).

On the left of Figure [2]is a representation of the eigenfunctions associated to the first eigenvalues
of the partition and the two sets w; (in the center) and wy (the two lobes). On the right the second
eigenfunctions of the two sets. Observe that the second domain is not connected and, numerically,
it holds A1 (w2) = A2(w2). This implies that the first eigenvalue of the second subset of the partition
has multiplicity two and one can choose the corresponding eigenfunction to have disjoint supports
contained in only one of the two lobes at the time. This suggests that there are minimal partitions
made of disconnected sets and were the eigenvalues have multiplicity higher than one (unlike the
case of cost functions depending on first eigenvalues only). Any choice of eigenfunctions will still
verify with the same coefficients. Finally we point out that in this example the equi-partition
of angles at singular points seems false (unlike in [I7]), although at the moment we lack any explicit
counterexample of this fact.

In Figure (3] a numerical approximation of the optimal partition of the unit ball associated to

(wl,w2) sy ()\1(&)1)20+A2(w1>20+)\1(w2)20)1/20.

This functional gives a rather good approximation of the cost

(1.7)

(w1, wsz) — max (Ag(w1), A1(w2))

which does not fall in the scope of our main result, as it is not strictly monotone with respect to

A1(w1). It can be shown that the optimal partition corresponding to this last function is the two

third sector of the circle (w1) and a third sector of the circle (w2). We obtain a rather similar

result for . On the left the eigenfunctions associated to the first eigenvalues of the partition

and on the right the second eigenfunction of the first subset. We point out a seemingly singular
7



FiGURE 3. Optimal partition and eigenfunctions for . We observe some numer-
ical artifact in the first picture: the presence of a region where the eigenfunctions
are zero. This points out a weakness of our numerical scheme when some of the
coefficients in are small compared to the others.

point at the center of the ball. According to Theorem all the eigenfunctions in the energy
functional are regular, and indeed the first eigenfunction of w; is regular, but it appears that as the
exponent in the functional becomes larger and larger (the [P norm approaches the {*° norm), the
first eigenfunctions loses its regularity. This phenomenon will be the object of an upcoming paper.

2. THE PENALIZATION ARGUMENT: AN APPROXIMATE PROBLEM

In order to simplify the presentation, we only detail the proof in the case m =2, ky = ko =: k € N
and ¢ = g =: . The general case follows by the same argument with some simple modifications.
In this particular situation, problem (1.3]) becomes

c= inf F (@(Xl(wl),...,
(wl ,wz)EPQ(Q)

Me(wn))s pQafewn); - el2) ) (2.1)

where, we recall,
ﬁg(Q) = {(w1,w2) CQ x Q: wi,ws measurable, |w; Nwy| = 0}.

Following [20], this problem has at least one open and regular solution in the sense of Theorem
Here we show that every solution of this problem is equivalent to an open and regular partition,
together with some regularity properties of the associated eigenfunctions and a free boundary
condition .

Keeping this in mind, let (wi,ws) € P2(Q) be a solution of (2-1). We denote by {(Ni(w1), &) Yien
and {(Xi(o.a),wi)}ieN the sequences of nondecreasing generalized eigenvalues (enumerated with
multiplicity) and corresponding orthonormal eigenfunctions of the Laplacian in ﬁ& (w1) and ﬁé (w2),
respectively. We point out that, even though the eigenfunctions associated to the generalized
eigenvalues belong to some Sobolev-like spaces, they are still H&(Q) functions. Thus we have the
identities

/ di; = 3y, and / Vi - Vs = h(wn)di,
Q Q

and similarly for {v;},cn. Here d;; denotes the Kronecker symbol, that is d;; = 1 if i = j and 0
otherwise.

Remark 2.1. We point out that, a priori, the sets span{¢i,...,¢r} and span{yn,..., ¥} may

not contain all the eigenfunctions associated to Ai(w;) and Ag(w2). However, we shall see later on
that this is never the case, thanks to the spectral gap property (cfr. Theorem [I.1J).
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We denote ¢ = (¢1,...,0x) and ¥ = (¢1,...,9) and we introduce two linear subspaces of
L?(2) generated by ¢ adn 4, together with their orthogonal projections:

L(¢) =span{¢1,..., ¢k}, P :L*(Q) = L(o)",
L(y) =span {¢1,..., ¥}, QT : L*(Q) — L(¥)*.
Exploiting the orthogonality of ¢ and ¢ we find that for every w € L?(f2) the projections are
k

k
Prw=w—=>Y (w,¢)2e and  Qrw=w— Y (wdi)r2q).
i=1

=1

where (-, ) 12(q) denotes the usual scalar product in L2(9).

Our aim is to define an energy functional and an associated minimization problem whose solu-
tions are close to those of . In order to achieve this, we need to introduce a regularized energy
functional with two additional terms. For the first one, inspired by [20], we relax the disjointed-
ness constraint of the supports of the eigenfunctions ¢ and 1 by introducing a competition term
between groups of eigenfunctions; this allows to prove the regularity of both the partition and of
the eigenfunctions. For the second one, using the projection operators P and Q1, we introduce
a penalization that enables us to select the specific minimizer to which the sequence of approxi-
mated minimizers converges. This allows to prove that the singular limits are, up to orthogonal
transformation, the original eigenfunctions. We need a couple of technical tools before introducing
the approximating functionals.

Given u,v € H}(Q;R¥), define the k x k symmetric and positive definite matrices

M = ( [ Vi Ty + (P PHu)) = (190 Vi) + (PHun Prui),

1,J 6]
N(v):= (/Q Vo - Vo; + (QLvi)(QLUj)) = (<Vviavvj>L2(Q) +(Q1 v, lej>L2(Q)>ij-
1,] ’
Observe that for any orthogonal matrix O € Ok (R) we have
M(Ou) = OM(u)0T,  N(Ov)=ON(v)O".

In particular M (Ou) and M (u) have the same spectrum.
We extend the function ¢ : (R*)¥ — R to the set of symmetric and positive definite matrices in
the following way: given such a matrix M, we let

(M) =91, 7%);

where 71,...,7, are the (positive) eigenvalues of M (with an abuse of notation, we identify the
function acting on the eigenvalues with the function acting on the matrices). Observe that such
function is well defined by the symmetry assumption (H3). By definition, we have

©(OMOT) = (M) for every M symmetric positive definite, O € O (R)

Since the original function (acting on the eigenvalues) is smooth and symmetric, we find that ¢ is
also a C'! function in the set of symmetric and positive definite matrices. We denote

(M A+ h(Ei + Eji)/2) — (M)
o, 7 M) = jm h

the (tangent) derivative, in the set of symmetric matrices, of ¢ at M with respect to the component
(,7). Here Ej;j is the matrix whose component (4, j) is equal to 1, while all other components are
0.

9



Example 2.2. In some notable cases the extended functions can be computed explicitly. For

k 1/p k 1/p 1/p
the map (s1,...,s%) — (Zizl(si)p> , we have (M) = <Zi:1(’y¢)p> = (trace(MP))"/P,
which coincides with the p-Schatten norm of a symmetric and positive definite matrix M. For
(S1y-..,8K) — Hle si, we have p(M) := H?Zl ~v; = det(M). These examples are related to

Lemma 2.3 (|20, Lemma 3.6]). For every diagonal matriz D = diag(v1,...,7Vk), we have

0 . 0
aEiisO(D) =015, ) Vi, 8Eijs0

(D)=0 Vi j.

We are now ready to introduce the family of approximating functionals. Fix any exponent
1/2 < ¢ < 2*/4= N/[2(N — 2)*]. For B> 0 we define the C'! energy functional Eg : H}(Q,RF) x
H}(Q,R*) = R as
b q q

) ()

1 i=1

Balv) = F (M), o(N () + 2 [

(2

and the least energy level
cg :=inf {Eg(u,v) :u,v € E(LQ)}, (2.2)
where
Y(L?) = {w = (wy,...,wg) € HY(Q;RF) : /Qwiwj = ¢;; for every i,j} .
The functional and the set X(L?) are invariant under multiplication by orthogonal matrices
Es(u,v) = Eg(O1u,O2v) VO1, 02 € Ok(R),

and
(w,v) € B(L?) <= (01u,09v) € X(L?), YO1, 045 € O(R).

One should keep in mind that Eg and cg also depend on the vectors of eigenfunctions ¢, .
However, in order to simplify the notation, we will not point out this dependence explicitly.

Lemma 2.4. For each 8 > 0 we have
F(p(M(u), o(N(v))) = Fp(Ai(2), M), -+, oA ()., A(9)))  Vu,v e B(L?)
and cg 1is finite.

Proof. For any (u,v) € ¥(L?), take O1,02 € O(R) in such a way that O; M (u)O¥, OaN(v)OT are
diagonal and the elements on the diagonal are ordered nondecreasingly. Let u = Oju, v = Oyv.
Exploiting the monotonicity of F' and ¢, and the invariance of ¥(L?) and ¢ under orthogonal
transformations, we find that

F(p(M(u),p(N(v))) = F(p(M(u), p(N(v)))
=F (cp </Q Vi )? + (Pay)?, ... /Q |V + (PLﬂk)2> ,

o([Ivar+ @t [ [vap+@u2))
> F(p(A(2), ..., (), ..., o(A1(Q), ..., Ae(2)))
Then, recalling that 8 > 0, we conclude

s > FloO (), (), oA (Q), ., A())) > —oc. 0
10



We have established that for any 8 > 0, the functional Es is bounded from below in 3(L?). We
now show that the infimum is always attained, making the least energy level cg in (2.2)) a critical
level for 3. For notation convenience, let

Gs = {(u,v) € B(L?) : Eg(u,v) = cz}.
Proposition 2.5. For any f > 0, we have the following:

(a) the walue cg is a critical level for the functional Eg and Gg is not empty. Moreover, for
every (u,v) = ((u1,...,ug), (vi,...,v)) € Mg, we have

Ej(u,v) =0.
(b) For any O1,02 € Or(R) orthogonal matrices,
(u,v) € Gg = (0O1u,09v) € Gg.

Therefore, if (u,v) € Gz we can further assume that it verifies

/ Vi - Vg + (Prus) (Prug) = / Voi - Yoy + (Q10:)(Q vy) = 0 Vi # j

) ’ (2.3)

/ [Vuil® + (Pru)” < / Vul* + (Puj)?, / IVui|? + (QFvi)? < / Vo> + (QFv;)?* Vi <.
Q Q ) ) (2.4)

In particular, M(u), N(v) are orthogonal matrices, and

Eg(u,v)=F (go (/ |V |? + (Prug)?, ... ,/ Vg |* + (PLuk)2> ,
Q Q
o([1vaf+ @ ap, [ 9P+ @ro?))
Q Q
5 k k
o (2) ()"
j=1 =1
(c) Fori,j=1,...,k there exist Lagrange multipliers ;5 3,58 > 0, and coefficients
a; 3 =0 F (p(M(u)), o(N(v))) - 0ip </ |Vui)? + (Ptuy)?, ... / V| + (Pu )2> >0

bip = o F (p(M(u)), p(N(v))) - i (/Q Vor? +(Q )%, ... /Q [Vor|? + (Qlwf) >0

(2.5)
such that the components of (u,v) solve the system

k q—1 k q
ai,g(—Au; + Phu;) = Zj:l Haj,pUj — Bug (Z] U 3) (Zj:l %2)
q—1 q
big(—Av; + QLvi) = S0 vy gv; — Bu; (Z] 1 ]2) (Z§:1 U?)

In view of the previous result, whenever we refer to Gz we assume that its functions verify the
additional conditions and (| .

n €. (2.6)

Proof. The result follows by the critical point theory of functionals in Hilbert spaces. First, some
preliminary remarks :

(1) %(L?) is a C! submanifold of H}(2, R¥) of codimension k(k + 1)/2 (see [20, Lemma 3.7)).
11



(2) Eg: HHQ) x HY(Q) — R* is a C* functional and, for any &, 1 € H}(Q, R¥), we have

EL(u,v)(€&, k
A EN) o (). N ) Y e ) [ (VT + (PR

1]

k
+OoF (M (). SN W) Y 5oV (v)) [ (Vo V4 (@)

1<j

k I T k
TL/B;/Qszl(;uz) (;%) +5;/Qvﬂh(

Let g > 0. By Lemmawe have cg > —oo. We take a minimizing sequence u,, = (u1,n, ..., Ukn),
Vi = (Vs V) € (L), Eg(un, vi) — cg as n — co. By Ekeland’s Variational Principle and
by property (1) listed above, we can suppose without loss of generality that Eﬂ“z( 12) (up,vy) — 0in
H=1(Q,R¥). For each n € N take O1,n, Oz, € Ok(R) such that Ol,nM(un)OlTJL and Og,nM(Vn)O:;n
are diagonal matrices and let

-

Ug)‘”(zlug)".

]:1 1=

u, =01 ,u, and Vv, :=0y,V.
Then Ez(Up, Vo) = Eg(un, vy), Up, vy, € B(L?) and
Eg(uy,vy,) — cg, Ej5ls12)(0n, V) = 0 as n — oco.

Therefore
F (cp </ Vg | + (PLaLn)Z,...,/ |Vtgn|® + (Plﬂkm)?) ,
Q Q

<P< [ 190 + (Prma | \m,nmw%,nﬂ)) < By(@in, ) <5+ 1
Q Q

for large n. Since U,,V, € X(L?) then

Al(Q)S/ ‘vaz,n|2a/ |vfﬁlyn’2
0 Q

Combining this information with (H1)-(H2) we deduce that u,,v, are bounded sequences in
HE(Q,R¥), so that (up to subsequence) U, — U, v, — Vv weakly in H}(Q,R¥), strongly in
L"(Q;R¥), for every 1 < r < 2*. We can now conclude exactly as in [20, Theorem 3.8], observing
that a%ﬁ(p(M(ﬁn)) = 8%ﬁgo(N(?n)) = 0 for ¢ # j (recall Lemma , that

NF (p(M(an)), p(N(vn))) dip (/Q Vi f? + (P 0)% - /Q |Vtg,nl® + (PLﬁk,n)2> >0 >0,

RF (p(M(Vn)), p(N(vy))) Oip (/Q VoLnl® + (P010)% -7/Q Vg n|? + (PL%n)Q) >6>0

for some ¢ > 0 independent from n, and that u,, v, satisfy (2.6) up to an o,(1) perturbation in
H~1(Q,R¥). We can then conclude that actually ,,V, converge strongly to u,v in Hg(Q,R¥),
which solve ([2.6)). O

3. Asymproric LiMiTs: PROOF OF THEOREM [L.1]

We study the entirety of G, the set of critical points of Eg at level cg, in order to establish
its limit when 8 — +o00. Our main aim is to show that the functions in Gz are uniformly Holder
continuous in 3. This allows to prove strong convergence in H! to (¢, ), together with the desired
regularity results in Theorem

12



3.1. Uniform bounds. Recall the definition of ¢ from ([2.1]). We start with some easier bounds of
the L and H'! norms.

Proposition 3.1 (Uniform L> and H'! bounds). We have
cg<c for every B8 > 0.

There exists C' > 0 independent of 8 such that for any (ug,vg) € Gg we have

B/ Z”ﬂ) <C

and
1 < <C ! < b bps < C (3.1)
—<a a3 <O, — N < C. .
C — 1,ﬁ7 k/',,B C 75 ka
Furthermore,
HU,BHH(}(Q,Rk)a HVﬁHHg(Q,R’V) <C, HUB”Loo(Q,Rk)a HVﬁHLoo(Q,Rk) <C.

Proof. Since ¢; =0 a.e. in Q\ wy, ¥; =0 a.e. in Q \ wy and |w; Nwa| = 0, then ¢; - ¢; =0 a.e. in
Q for every 1, j, hence

k k
[y (5o
Q=1 i=1
Moreover, P+¢; = Q1v; = 0, as ¢; € L(¢) and v; € L(vp). Therefore, since ¢, € X(L?),
c=F(p(A(w1),. . Ax(wr)), o(A1(wa), ..., Ax(w2)))

_p <(p (/QV¢1’27,,,7/Q]V¢k2>,@(/Q‘VZ/J1|2,...,/Q’V¢I€‘2>>

—E > min_ E = cz.
5(¢’¢)—u,f§§?y) 5(u,v) = cs

By the monotonicity assumptions on F and ¢, and since 5 > 0, we see that

F (o ([ wust Yoo ([ 1vensbene. [ [907))
<r(p (/wlm P [ FusP + (Pru)?).
go</vaful,ﬁ\2+(pmﬁ)%...,/ yka,5|2+(Pka,ﬁ)2>>
5/ szﬂ) = Eg(ug,vg) = ¢z < ©

Combining this with Lemma and our assumptions of F' and ¢, (H1)-(H2), we conclude that
there exists a constant C' > 0 such that

/|VUZ»,@]2+(PLui,B)2,/|vui,g|2+( Qv )%, 5/ Zuﬁ Z gﬂ)qgc for all > 0.
Q Q

=1

Since F and ¢ are of class C1, by (2.5)) we conclude that 1/C < a; g, b; g < C for some C' > 0.
13



The only thing left to prove is the L uniform estimate. Let i, € {1,...,k}. Testing the
equation of u; g in (2.6 by u; g yields

k k
q—1 q
pit,8 = 0ia; / (IVui gl* + (Pruig)?) + / Puipuig ( > “iﬁ) (Z %2',5)
Q Q j=1 j=1
and hence |p,p 5| < C independently of 8 > 0. Recall that Pluiﬁ =u;g — Z;?:l (ui g, &) 12(Q)P;-
By Kato’s inequality, we have

— Alu;g| < _Sign(UiB)AUiﬁ
k

—Z*;%gnwzﬁ)w gl + D (ui.5: 65) 20 sign(ui )
j=1 gl j=1
k g—1 k q
~Bluasl (3ud)" (X0 07)
j=1 j=1
k k

< ZC Z Ui g, $j) 12(0)sign(ui g) d;.

By summing up for i = 1,...,k and letting wg := Zle |ui g| > 0, we have
— Awg < Clwp + [lwpllr2(e))- (3:2)

Since {wg} is uniformly bounded in L?(€2), a Brezis-Kato type argument allows us to conclude.
Indeed, assume that wg € L2+‘5(Q) for some 6 > 0. To simplify, we omit the dependent of w on
B for the remainder of the proof, and consider N > 3 (otherwise the proof is simpler). Testing
by w!'t9, using Sobolev and Holder inequalities, and denoting the best Sobolev constant of
HY(Q) — L¥ (Q2) by Cs we find

1+9 244 149 14+6/2)2
S E———— . <
05(1 —1—6/2)2HwHL2 (248)/2(q) = (1 5/2)2/ |Vw ‘

< O(lwl 725 ) + lwll 2oy lwll Liss(e)) < Clwl7h%s -

Hence there exists a constant £ > 0 such that

(1+3/2)* 25

17+5> HwHL2+5(Q)~

We wish to iterate this inequality in order to obtain a bound for the L* norm of w. To this end,

let {0, }, be the sequence of positive real numbers such that dp = 0 and 2 + 5,41 = 2*(2+ 5,,)/2.
We immediately note that d,, > (2*/2)"~1, thus

"w“Lz*(2+§)/2(Q) < </€

(14 6,/2)7\ T % log (M)
n n 14+6n,
D .= - = .
I (5352) " o (S s ) <=
As a consequence
[wll Lo () < Dlwllr2(0)
and the proof is concluded, as w = wg is uniformly bounded in L?(12). O

We proceed our analysis of the family of solutions G, focusing this time on stronger compactness
results independent of the separation parameter 5 > 0. Our goal is to show that it is possible to
take the limit as § — +oo in the family of minimizers of Proposition In particular, we want

14



to apply the well-established framework of [19, 21, [25]. We start by some uniform estimates of the
C%* norms of the solutions. Here we scheme through the proof of this result without entering too
much into the details since the result, even though expected to hold, is not present in this from in
the literature due to a different form of the competition term (cfr. in particular [21]).

Proposition 3.2 (Uniform Hoélder bounds). For any given a € (0,1) there exists a constant
Cq > 0, which may depend on o but not on 3, such that for any (ug,vg) € Gg

||u,3||00,a(§,Rk)» HVﬁHco,a(ﬁRk) < Ca.

The proof is based on a contradiction argument, to which we dedicate the rest of this subsection.
Let us assume that, for some o < 1, there exists a sequence of solutions (u,, v,,) whose a-Holder
quotient is not bounded. Since the function (ug,vg) are smooth for 8 bounded, it follows that
necessarily 3, — +oo and that there exists a sequence of points (z,,y,) € Q x 2 such that

L.~ max {ma)g [win(2) = win@) | iny (@) —vz‘,n(y)!}
ij=look lzyea |z —y|® z,y€0 [z —y|*
- o, {Banlon) a0l pinCe) el

Letting r, = |z, — yn| — 0, we introduce a new family of functions, which are rescaled versions of
(up, vyp). Namely, for any i = 1,...,k, we let

_ 1 _ 1

Ui m ‘= mui,n(xn + rn$)’ Vin = mvi,n(ajn + Tnx)
for r € Q, = % From the definition, we observe that the functions (@,,V,), although they

may not be unifo;mly bounded in 0 for instance, they have uniformly bounded Holder quotient of
exponent « and moreover for each n there exists a component in (@i, v,) whose oscillation in B
is equal to 1, that is

{ @i (7) — Uin(y)| |0in (%) = Vin(y)] }

max max , max
_ _ Yn — Tn _ Yn — Tn
_ (0) — g, (V2T 0 IS
i,jmﬁ?.(.,k{ %in(0) ul’”( Tn ) |2en(0) UZ’”( Tn )’}

Without loss of generality, we assume that

-z
B10(0) — T (y) ] 1 (33)
T'n
Finally, a direct computation shows that (t,, ¥v,) solves
_ _ k _ q—1 k _ q
—0;n AU g = €50 — Myl <Zj=1 “’JZn) (ZFl UJ2¥”> in O
in
_ _ k _ q—1 k _ q
_bi,nAvi,n = 5i,n - ani,n (Zj:l U]%n) (Zj:l u?;ﬂ)

where the competition parameter is M,, = BanLqﬂr?La(zq*l)H

n (3.4)

, and

k k
ein(®) = Lyt [ =g, + > (Uip,, 8501285 + D Hijatipn | (Tn +1nw) =0
=1 =1
’ ’ (3.5)

k k
Sim(x) = Ly | =vig, + Y (i i 2@ + Y Vij a0 | (Tn + 1) — 0
j= j=1
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uniformly in €2,, by Proposition and since ¢;,1; € L>(Q) for every j.
We now split the rest of the contradiction argument into several lemmas.

Lemma 3.3. The functions in (@i, V) are uniformly locally bounded in C%%(Q,,). In particular,

both i
=> u,0) and  en:=) 9,(0)
=1 =

are bounded uniformly.

We adapt the proof of [25, Lemma 6.10] to our present context, which is based an a contradiction
argument. We need an integral estimate on the size of the competition term. First of all we observe
that if either {d,} or {e,} is unbounded, then necessarily ,, — R™ by the uniform estimate on the
Holder quotients of the blow-up sequence and since u, = v,, = 0 on 0€2,. In particular, we may
assume that for any x € R™ and R > 0, Br(x) C 2, for any n sufficiently large.

Lemma 3.4. Assume that either d, — 400 or e, — +o0o. For any R > 0 there exists C(R) > 0
such that for any x € RN and n large enough
k Tk 4 k k
> al, Yoo, | <C@®min (@l Y 10imll L Ban)
j=1 j=1 j=1 j=1
Proof. The proof follows verify closely the proof of [25, Lemma 6.10], thus we provide here and a

sketch of it in the case z = 0. We consider the system (3.4)). Multiplying the equation in @;,, by
Ujn, integrating by parts in Br(0) and summing over j, we find

q q
1
I(R) ::sz_z/B
R

k k k
=D Sl + Mo | Do | | D00 | de
i=1 j=1
k k
1 i Rd [ 1 L
= RN- 2/6 Z“J”a Ujn = 5 pN= 2/83 O | D ~9dR RN—1/8 >
R j=1

Jj=1
Br j=1 Br j=1

Exploiting the uniform Holder bounds of the blow-up sequence we have

2R o 1 b 1 k
*I )= / 'ITLQn — / l_LQn
k
/ (2Rz) - / S (#50(2R) — 0(Re)) (5,0 (2R2) + T n( R2))
0B j=1 0B1 j=1

k
Z %50 Loo (B )
i=1

On the other hand, taking also (3.1]) into account, we can bound the same integral term from below

as follows.

q q

[ e () (Sn) -,
02 iy 1) = Sy b | = [ Sleimllin
R T s€[R.2R] RV=2\ G2V \ i )\ oo 2

q q )

k k
o) (M [ (S at ] (Xt - legalie | 315l
R

j=1 j=1 J=1



We can reach an analogous conclusion by taking into account the equations satisfied by v,. The
conclusion follows by joining the two estimates together with (3.5)). O

Proof of Lemma[3.3 To prove the result we argue by contradiction, excluding different possibilities
for the sequences {d, } and {e,, }. Specifically we show that the assumption that the one of these two
sequences is unbounded is incompatible with the uniform Hélder bounds of the blow-up sequence.
Case 1. We start by excluding the case in which both sequences d, and e, are unbounded.
Exploiting the uniform bounds of the C%®-seminorm of #,, and v,, we find from Lemma that
for some R > 0 there exists n such that if n > 7 then

) 1, q (Zk —2n(0)>q<zk 7271(0))(1
_ 1 j=1" =1
b, ZW | ]Zlv?»n@ =3t (Hz;; 51(0))
(Zle(ﬂjn ) ( 1(@in{ Ra)2>q
|

(1+Z] 1

( 31 @5 (0) ) ( z;?:l@?,n<o> )
S (@ (0) = B2)? )\ ZH(1(0) — B2
fBR ( j=1U ?n)q (Z? 1_j2n
BrO)| (1+ X5, 0] (0))

< My

N |

X

) < C(R).

In particular, since d,,, e,, — 400, we obtain that in this case M,, — 0. Moreover there exists A € R
such that

q— q

1 k
Z@j%n(x) S A
j=1

My uq n

||M?r

uniformly in any compact set of 2,,. Indeed for any K C R"

i q—1 & q i q—1 i q
M, sup |1y i ) Z ain(o) Z 6]2',n (0) — Uin (y) Z ain(y) Z 732',n (y)
yeK j=1 j=1 j=1 j=1
i q—1 i q
<My sup [i1,,(0) = T n(y)] | D@, > 97,(0)
yeK j=1 j=1

+ My, sup |1 n(y)|
yeK

+ M, sup |1 5(y)
yeK

k

L )

k 1 k 1
Z ,n ) Z _]2',n(0) - Z _?,n(y)

Jj=1



i q—1 i q
Uin\Y) | _ - -
<atsup 1= 28 ) (a0 (L .0)
q—1 qg—1 q
=11, 1), - _ ~
+ My, sup |1 — X 1| |5 n(o) |U17n(0)‘ Zuin(o) Z ]2,n(0)
v (Shamao) |

q—1 q

k
+ M, sup |a1,,(0)] Z ﬂin(o)
yeK

ol (5
(S 22,0) ]| (24, a2, )" | e O)
1 (Y) (Zk 15? (y)>q_1 i (y)
R E j=1"3n Ui
=B .2161}8 1= U1,,(0) ‘ +OR) ngg L <Z§:1 ﬂin(o))q*l U1,,(0) ‘
+C(R)sup |1 — <Z§=1 U?,TL@))Z <Z§=1 U?,n(y))q:l 7}1,11(?/)' o
ek | (S 2,0)" || (S az,) | e

We introduce now an auxiliary sequence of functions by letting w,, := @ 5 — @1,,(0). The sequence

{wy, } is uniformly bounded in Cloo’g and, up to striking out a subsequence, there exists w € CIOO’S‘(R”)

such that w, — w locally uniformly (and in C'IOO’Z(R”) for any v € (0,a)), w is globally Holder
continuous of exponent o < 1, w is not constant and it solves the equation (for a; :=limay )
—a1Aw = —A in R™,
a contradiction. Indeed w = h+A/(2n)|x|? where h is harmonic which grows at most quadratically
(since |h(z)| < A/(2n)|z|? + |w(z)|), thus h is a harmonic polynomial of degree at most 2, but
since w is globally Hélder continuous this implies that h(x) ~ —A/(2n)|z|? for |z| — +oo, which is
impossible.
Case 2. We exclude the case in which the sequence {d,,} is bounded while {e,,} is unbounded.
Observe that, in this case, the sequence {u,} is uniformly bounded in C’loof‘ and, up to striking
out a subsequence, there exists a vector w € C**(R") such that @, — w locally uniformly, w is
globally Holder continuous of exponent «, at least its first component w; is not constant by .
Since at least w; is not identically 0 in B, we can again exploit Lemma [3.4] in order to conclude
that there exist R > 0 small and constants C, C’ > 0 such that

k ! k " M, s (z) (Z;?:l ain)q (Z?ﬂ 1_)?%)‘1
_9 - M, 72'n B
M, ; ],n(()) M, j;vg, (0) M. fBR(x) (Z?:1 ﬂin)q <Z§:1 1_)]27n)q
Mo fie (S5 8) " (S50 %) ¢ /
- koo \9 (Zhi92,)" =2 72 1=
J Br(x) (Z i1 ﬂm) (zfilsf,i?&n)q fBR(z) <U1n>
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Thus M,, — 0 bounded and there exists a constant A > 0 such that

k q

M, | 03, (x) | —A

j=1

uniformly on compact subsets of R”. We conclude that w has at least one component (its first one)
not constant and it solves

q—1

k
—a;Aw; = —Aw;(x) wa(x)
j=1

a contradiction by applying [2I, Lemma A.3| to |w;|.

Case 3. Similarly, we now exclude the possibility {d,} is unbounded, {e,} is bounded and there
exists x € R™ and C such that e,(z) > C > 0. Indeed, as in the previous case we find that there
exists C' > 0 such that

thus M,, — 0 and there exists A
q

k
M, (Y a3, | —A

j=1

Then, by assumption the sequence {v,} is uniformly bounded in C’loo’g and, up to striking out a
subsequence, there exists a vector z € C%%(R") such that v,, — z locally uniformly, z is globally
Hoélder continuous of exponent «, at least one component of z is not zero and it solves

q—1

k
—biAz; = —Azi(z) 22]2(33)
j=1

which implies that A = 0 (and z constant). But then letting w,, := 41, — 41,,(0), then {w,}

is uniformly bounded in CIOO’? and, up to striking out a subsequence, there exists w € C&S(R”)

such that w, — w locally uniformly, w is globally Holder continuous of exponent @ < 1, w is not
constant and it solves

—Aw =0

in contradiction with the classical theorem by Liouville on entire harmonic functions.
Case 4. Thus we need to exclude the case {d,,} is unbounded but {e,} is bounded and e, (z) — 0
locally uniformly. Again by Lemma we find that for any x € 2, and R > 0 we have

k ! k
D in | SCED_0jallezam = 0.
X 7=1
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Let n € C§°(R™) be any test function. By multiplying the equation in @, by 1 and integrating by
parts we find

k by 1
- _ —2 )
/Vul,nVn = /61,n77—Mnt,n77 E uj, E Uin
Jj=1 Jj=1

q q

k
< llewnllzoe 191l 21 ey + Manllr] o g / a2,
Br \ j=1 j=1

for any R > 0 such that suppn C Bg. Letting once more wy, := 4y 4, — U1,,(0), the sequence {wy,}

is uniformly bounded in Cloo’? and, up to striking out a subsequence, there exists w € C&?(R”)

such that w, — w locally uniformly (and in C{7(R™) for any v € (0,a)), w is globally Hélder

loc
continuous of exponent «, w is not constant and it solves the equation

—Aw =0 in R”

a contradiction. O

As a consequence of the previous result, we have that, up to striking out a subsequence, the
sequence { (@, V,,) }nen converges in CIOO’Z for any v < a to some limiting entire profile (i, v) € C%°.
Reasoning as in [19] pp. 293-294] we have the following.

Lemma 3.5. The convergence of (a subsequence of) (Qn,Vy) to its limit (@, Vv
HL (RV).

loc

) is also strong in

In order to conclude, we have to analyze the following three possible case: M,, — 0, M, bounded
and M,, — oo.

Lemma 3.6. There exists C' > 0 such that M, > C for all n.

Proof. Indeed, assume by contradiction that there exists a subsequence in (@, ¥, ) for which M,, —
0. Then, from the local uniform convergence of (U, ¥,) we obtain that the limit (@, ¥) is made of
entire harmonic functions with bounded C%® semi-norm. Consequently they all must be constant,
in contrast with the limit of the oscillation in By of the first component. O

Lemma 3.7. It must be that lim,, M,, = +o00.

Proof. We may reason as before, assuming that M,, — 1. We then end up with limiting functions
(@, v) which solve

—a;Au; = —1u; (Z?:l ﬂ?>q_l (Z§:1 1732')(1
—b;Av; = —v; (Z?:l @]2)4*1 (Z;?:l ﬂﬂg)q

and the conclusion follows as in [20, Claim 2. pag 18]. O

in RV,

Finally, let us address the case M,, — oo. In this case, in order to find a contradiction, we need
to ensure the validity of an Almgren-type monotonicity formula for the limit profiles (@, ¥). To this
end, we let first show the following
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Lemma 3.8. For any x € R and almost every r > 0, the following identity holds

k k
(2—]\7)/ E(ai|Vﬂi|2+bi|V5i|2)+T/ Z(ai|Vﬂi|2+bi|V5i|2)
Br(z0) 523 9Br(z0) ;=1
k
= 2?"/ ai(ay’l]i)Q + bi(ay’l_)i)Q .
OBr(x0) Z ( )

i=1

Proof. The proof follows mainly by a direct computation. For easier notation, let us consider the
case g = 0. Testing the equation in (@, ¥,) by (z -V, z - VV,) and summing over i = 1,..., k,
we obtain integrating by parts

k
/ Z (_ai,nAﬂi,nw . Vam — b@nA’L_)i’n.%' . V'Di,n)
By
=1
k

k
N
= <1 — 2) /BT ; (a@n’V’L_LZ',n‘Q + bZ-!Vﬁi,n!Q) + g /aB Z (am]Vﬁi,n\Q + bi,n‘V@i’nF)

T 4=1

k
—-T Z (ai,n(auai,n)z + bi,n(auﬁi,n)Q) .

OBr =1

We observe that, due to the strong H' convergence, the right hand side of the previous expression
passes to the limit for almost every radius r > 0. On the other hand, replacing the equation in the
left hand side, we find

g—1 q q—1 q

k k k k k
M G o1 - Vi 72 52 TR v/ 52 72
n Uj n @ Ujn ujp Vin + Vi nT Vin Vin Ujn
Br =1 j=1 j=1 7=1 i=1
q q
k
Y > ul > o
- n2q J,m J,m
T j=1 7j=1
q q q q
k k k
_ M N _9 _9 M r —2 ~2
=M,— E uj g Vip | — Mp— E uj, g Vi, | - (3.6)
4q Jp, | 4 ’ : ’ 4q Jop, \ 4 ’ , ’
r \j=1 j=1 T \J=1 J=1

We now go back to the equations in (@, ¥,). By Kato’s inequality we find that there exists a
positive constant C', independent of n, such that

i q—1 q
— Aty ] + Myltin| | Y05,
j=1 J=1

and similarly for v;,. Let » > 0 be any fixed radius, we multiply the previous inequality by a
smooth cut-function n € C§°(Bs,) such that

n(x) € if r < |z| < 3r’
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n(x) =1 if |[z] <7
{ o1 i IVl < 1/r.



Integrating by parts yields the estimate
& q—1 & q q g—1
Mo [l (S| (k| M el (Y] (X8 <co.
Br j=1 j=1 Br j=1 j=1

We obtain that .

k
. -2 2
lim M, E ujp g Vi, | =0 foranyr>0
n—oo
Br j=1 i=1

and thus, by Fubini’s theorem, for almost every radius r > 0 the right hand side in (3.6]) vanishes
as n — +oo. Finally, we observe that thanks to the H! converge of (ii,,¥,) and the uniform
vanishing of (e, d,) (see eq. E, we have

nli)riloo/Br Z; gin® - Viin+ 6int - V0p) =0
for every radius r > 0. The proof follows recollecting the previous observations. ([l
We are in position to conclude the uniform regularity result.

Proof of Proposition[3.9. As of now, we have obtained that, if there is no uniform Hélder bound,
then necessarily M,, — oco. From this point on, the conclusion follows exactly as in [20, Step B.
page 19]. O

3.2. Conclusion of the proof of Theorem From the previous results we can completely
characterize the limit profiles as § — .

Proposition 3.9 (Limit as 8 — 00). Let (ug,vg) € Gg. Then

k
2 [ (S (S o

Moreover, there exist u = (uy,...,u),v = (v1,...,v;) € CO(Q;R*) N H&(Q,Rk) such that, up to
subsequence:
(1) ug — u, vg — v as B — +oo, strongly in H} (Q,R¥) and in CO*(Q, R¥) for every a € (0,1).
(2) uj-vj =0 inQ for everyi,j=1,...,k, and
(01,02) == ({|u] > 0}, {|v| > 0}) € P2();
(3) u,v € B(L?);
(4) we have

/Vui-VujJr(PLuz-)(PLuj)—/Vvi-ij+(QLvi)(lej)—0 VZ#]
[ vl + (P < [ 9wk P [ Vel +@Uu? < [ Vo + @ vi<i

As a consequence we have
lim F =
Bimoo s(ug,vg) =C.

Proof. We only sketch the proof of these results, referring to [I9, p. 294] for a _complete and
detailed proof. Recall the uniform bounds in Propositions and Since C%¥(Q) < C%7(Q)
is a compact embedding whenever 0 < v < a < 1, we have (up to a subsequence)

ug—u, vg—V as 3 — oo, (3.8)
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weakly in H} (9, R¥) and strongly in C%%(Q,R¥) N LP(Q) for every a € (0,1), p € [1,+0c0]. By
combining this information with Proposition we have items (2) and (3). By Kato’s inequality
and the bounds mentioned before, we have the existence of C' > 0 independent on  such that

& k
q—1 q
—Alu g| + BIUi,ﬂ\(ZU?,ﬁ) (Z”JQ%B) <G
j=1 J=1

and the same holds for the equation of v; g. Since 2 is smooth 0, |u; |, 0y|v; g| < 0 on OS2 and an
integration of the previous differential inequality yields

k q— g—1
B/QIUL/&I(;U%) Vs 75/|”zﬁ| Z“JB) (]Z_: ) <0

We can deduce (3.7). Moreover, testlng the equation of u; g with u; g — u; and the one of v; g with
v; g — v; implies that in (3.8)) the H}—convergence is actually strong, so that (1) is proved. Finally,
(4) is a direct consequence of this strong convergence combined with (2.3)—(2.4)) O

Proposition 3.10. From the family of functions (ug,vg) in Proposition we consider any
converging subsequence, and let (u,v) := limg_,o(ug, vg) be any limit profile, as in the previous
lemma. Then:
(1) regarding the parameters, we have:
lim pg; 8 =: pg; >0, limuy; g =:v; >0, limp;;g = limy;;3 =0 fori # j,
’ 7 7 o (3.9)
hénaw =:a; >0, hénbw =:b; >0,

(2) the limit profiles satisfy

ai(—Au; + Ptuy) = piu;  in the open set Oy = {|u| > 0}
bi(—Av; + Qv;) = vyv;  in the open set Oy = {|v| > 0};

(3) for any o € RN and r € (0, dist(z0,09)), the following identity holds

(2 — N) Z/ a,\Vui|2+bi(]Vw\2)

rmO

— |Vu)? i v;)? — |V 2
_Z/(?BMO (2(8,ui)? — |Vug|?) + bir(2(8,v;) \Vzl))

+ Z/ r(piu; + v Z/ N (pagui + viv})
i=1 aBr(CUO) r CCO)

N Z /r(l'() 2a( P u;)Vui(xo) - (x — wo) + 2bi(QL’Ui)VUi (x — 370))

Proof. The positivity of the coefficients in (3.9) follows directly from Proposition Testing the
equation of u; g in (2.6) by u; g, we see that

k
Nij,6:5ijai,ﬁ(/|vuz[3| + (Pruig)? +5/Uz6%6<zugﬁ>q 1(Zvj,ﬁ>q
7j=1

=1
— 5Ual</ ’VU1|2 + (PLuZ)Q)
Q
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as B — oo by (3.7), and the same for v;; 3. From this follows (1) and (2). As for (3), it follows
exactly as in the proof of [20, Corollary 3.16], taking again into account the strong Hl—convergence
of minimizers (Proposition [3.9}(1)) and the vanishing property of the interaction term (8.7). O

In order to reach the conclusion of Theorem it is convenient to introduce the following
definition. Given a measurable set w C R”, we define A\i(w, ) as the k-eigenvalue (counting
multiplicities) of the operator —A + P+ in H{(w), which can be characterized as

Me(w, @)= inf  sup </ |Vul|? + (PLU)2)//’LL2.
McH} (w)ueM w w

dim M=k

We define Xk(w, 1)) is an analogous way. Clearly, we have

)\k(w>¢)a/\k(w7¢) > )\k(w) (310)
Conclusion of the proof of Theorem|[1.1 Let
li =u= . li =V = e
Jim ug =:u (U1, ug), gim v =:v (V15 -+, V)

and (O1,02) := ({|u] > 0},{|v| > 0}). We recall that u and v are continuous functions, thus O;
and O- are open subsets of 2. By Proposition (4) and inequality (3.10)),

[ (VP + (PLag) = 0(01.9) 2 X0, [ (96 +(Q“0)) = X0 9) = M(02)
Q Q

for every ¢ = 1,..., k. Therefore, using the monotonicity of F' and ¢ together with Propositions

B-1} B.9 and B.10}

E:F(@(Xl(wl)a e 7Xk(wl))7 ¢(X1(w2), e 7Xk(w2)))

=lime
3 B

=lim Eg(ug, vs)
(o [ 1Vl + (P [ Va5 (Pru)?).
Q Q

o [ 19l + @i, [ 1Vl + (@)
>F(p(A (01, ), .-, A\e(O1,0)), (A1 (02, %), . . ., A (O2,9)))
>F(p(A1(01), .-, Ak(01)), p(A1(O2), . .., Ax(O2)))
>F(p(M(01), ..., Me(01)), oM (02), ..., Ak(02)))

(3.11)

>c.

Therefore all inequalities are in fact equalities, (O1,03) is an (open) optimal partition for ¢ = ¢,
and (by the strict monotonicity of F' and ¢) A\;(O1) = \i(O1, @), Ai(O2) = X\i(O2,) for every
i=1,.. ..k

We now claim that Ptu; = Q+v; = 0. Indeed, for i = 1:

M (01) = M (01, ) = / Ver? + (P )? > / Vurl? > M (02),
Q Q
so that Pru; = 0. Moreover,

/ Vuy - Vug = / Vuy - Vug + (Prup ) (Prug) = 0,
Q Q
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and
Xo(01) = 22(O1, ) = / Vusl? + (Prus)? > / Vusl? > A(O2),
Q Q

hence Pruy = 0. By iterating this procedure, we obtain Pru;=0 for i = 1,...,k and, analogously,
Q1v; = 0, which proves our claim.
From this we deduce that

—Aui = )\Z(Ol)uz in 01, —A’UZ‘ = )\Z‘(Og)’ui in 02
and A\j(w1) = Xi(Oq) for i = 1,..., k. Moreover u € L(¢), v € L(v), that is,
u= Mo, v =Ny

for M := ((ui, ¢j) 12 )irj» Nij == ((vi, i) 12(0))ij € R*** and, since (u,v), (¢, ) € X(L?), then
actually M, N € Ok(R), being block diagonal matrices:

M:diag(Ml,...,Mll), N:diag(Nl,...,NZQ), (312)

where the dimension of each block is at most equal to the dimension of the eigenspace of the
associated eigenvalue, and each block is itself an orthogonal matrix.
This has many important consequences:

(1) In the local Pohozaev identities of Proposition (3) we have Pru; = Qtv; = 0, which
corresponds to the statement in |20, Corollary 3.16]. Therefore we are in the exact frame-
work of Sections 3 and 4 of [20], which implies by Theorem 2.2 therein that w;,v; are
Lipschitz continuous, (O1,02) is a regular partition, and, given ¢ in the regular part of
the free boundary,

2
a:liglo ZaJ|Vu] = lgrzlo Z bi|Vu,(x)|* # 0,
€01 J=1 €02 J=1

where

a; = OF1(p(Ar(wi), .. Ak(w1)), (A (w2), - - Ae(w2)))dip(Ar(wi), - - s Ar(wi)),
b':aFQ( (/\1(0)1) )\k(wl)) (Al(WQ) ,)\ ( )))82g0()\1(w2),...,)\k(w2))

Since ¢ is symmetric, then a; = a; whenever \;(wi) = A;j(w1), and the same holds true for
the coefficients b;. Combining this remark with the rthogonality of the block matrices in

(3.12), we deduce that also

2
xlggoza]\wj = lim Zb Vb ()] # 0. (3.13)
€01 Jj=1 :13602 J=1

Moreover we find that ( does not depend on the starting configuration ¢, .
(2) Since M and N are invertible, ¢ = M1uand ¥ = N~ v ae. in Q, and since u,v are

Lipschitz continuous, then each ¢; and ; has a Lipschitz continuous representative.
(3) For a.e. z € Q2 we find

uf’(z) = u(z) - u(z) = M¢(z)  Mo(x) = |9]*(x),  |[v[(z) = [9[*().
Therefore we have O; C w; up to a set of Lebesgue measure zero, \;(0;) = XZ-(Oj) > Xi(wj) for
j=1,2,4=1,...,k. Combining this with the strict monotonicity of F' and ¢ and (3.11)), we

obtain the equality between the eigenvalues. Moreover, the regularity results of (O1,O2) allow to
conclude that |0;Aw;| = 0.

We are left to show the spectral gap property, that is, to prove that Ag (w1) < )\k+1(w1) For this

purpose, let E C Ho (w1) be the (generalized) eigenspace associated to the eigenvalue Aj(w1) and
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let £ € N be the number of eigenvalue of w; that are strictly less than Xk(wl). Our goal is to show
that

{+dim(FE) = k.
Assume, in view of a contradiction, that Xk (w1) = Xk+1(w1) or, more generally, that
(+dim(E) >k + 1. (3.14)
To start off, we apply the previous reasoning to any vector ¢ = (¢1,..., b0, boit, .- ., Pr) where
®o+1, - - -, O are k— £ orthonormal functions in E. This shows that all the eigenfunctions in £ have

a Lipschitz representative and that E' is made of standard eigenfunctions. In particular, by (3.13]),
replacing one eigenfunction at the time, for any ¢; L ¢; in any orthonormal base of E we deduce

IVoil* = Vo (3.15)
on the regular part of the free boundary. Let now S C € stand for the support of E

dim(E) dim(E)
S=supp [ Y [gi | =clo| D> |¢i|>0
=1 i=1

We claim that, under , S has a unique connected component. Assume the opposite and pick
two normalized functions ¢', ¢"” € E with disjoint supports (this is possible since S is disconnected,
and ¢, ¢ are orthonormal by construction), and consider other dim(FE) — 2 functions to complete
an orthonormal base of E. We immediately find a contradiction with . Hence, up to a change
of sign, letting w := ¢; — ¢; for any ¢; L ¢; in any orthonormal base of E, we find

—Aw = Xk(Ol)w in O
w = |Vw| =0 on 00;.

But then, by Hopf’s lemma, we have w = 0 that is ¢; = ¢;, a contradiction. The same reasoning
holds true for \g(ws2). O
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