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Abstract

We study an incompressible Darcy’s free boundary problem, recently introduced
in [22]. Our goal is to prove the existence of non-trivial traveling wave solutions and
thus validate the interest of this model to describe cell motility. The model equations
include a convection diffusion equation for the polarity marker concentration and
the incompressible Darcy’s equation. The mathematical novelty of this problem
is the nonlinear destabilizing term in the boundary condition that describes the
active character of the cell cytoskeleton. We first study the linear stability of this
problem and we show that, above a well precise threshold, the disk becomes linearly
unstable. By using two different approaches we prove existence of traveling wave
solutions, which describes persistent motion of a biological cell. One is explicit,
by construction. The other is established implicitly, as the one bifurcating from
stationary solution.
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1 Introduction

In this paper we study the existence of traveling waves for a two-dimensional free
boundary problem modeling the dynamics of a living cell. We consider a coupled
incompressible Darcy’s problem whose novelty lies in the coupling in the boundary
term of the Hele-Shaw model, with surface tension, with a PDE stated on the free
evolving domain, see Section 2 for details.

More precisely, we consider a smooth open bounded set Qg in R?, representing
the portion of the space occupied by an incompressible fluid at time t = 0, and a
given smooth non-negative function ¢y = cy(x,y) defined on g, which represents
the concentration of a solute at time ¢ = 0. Then, we seek a family of open sets ()
of R? with boundary I'(t) = 9§2(¢) and concentration functions c(¢,,y) defined on
Q(t) solutions of

—AP =0 in Q(t), (1.1a)

P =~k + xf(c) on I'(¢), (1.1b)

Vi=Vrq@ n=-VP-n on I'(¢), (1.1c)
Oic—DAc= (1—a)VP-Vc in Q(t), (1.1d)
DVc-n=acVP - -n on I'(t), (1.1e)
c(0,z,y) = co(z,y) in Q, (1.1f)
Q(0) = Qo, (1.1g)

where k is the curvature (positive for a circle) of the evolving free-boundary T'(¢),
n is the outward pointing unit normal on I'(¢), the surface tension v > 0 is a given
constant, x > 0, D > 0 is the diffusion coefficient, a € [0,1], and f : R — R is a
given function. We denote by Vp() (resp. V) the velocity (resp. normal velocity)
of the moving free-boundary I'(¢).

The first two equations (1.1a) — (1.1b) determine the pressure according to
Darcy’s law, which states that the velocity of the fluid is w = —V P, incompressibility
of the fluid, that is dive = 0, and Laplace condition; the third one (1.1c) is a
kinematic condition which states that the interface I'(¢) is transported by the velocity
of the fluid —VP. In (1.le), a zero solute flux (of ¢) on the moving boundary I'(¢)
is imposed. The coupling with the unknown ¢ occurs in the boundary term (1.1b).
The time evolution of ¢ follows the advection-diffusion equation (1.1d). We refer to
Section 2 for a biological justification of the model.

Note that in (1.1), we have formally conservation of molecular content, that is
for all time ¢ it holds that

M;:/ c(t,z,y) d:cdy:/ co(z,y) dx dy. (1.2)
Q) Qo

For simplicity, here we will assume that

D=1



We make the following assumptions on f:

f€CHRY), fisincreasing, f(0)=0, lim f(z)=L. (1.3)

r—r-+00

Remark 1.1. A prototype example, [22], of a function satisfying the previous as-

sumptions is
Lx
flx) = (1.4)

a+z’
where L > 0 is the maximal pulling force and o > 0 is a satuartion parameter.

Let us briefly comment the existing literature concerning (1.1). Moving interface
problems have raised many interesting and challenging mathematical issues. A well
known example is the Stefan problem which describes the dynamics of the boundary
between ice and water. In the biophysical community, we find a large number
of free boundary models to describe tumor and tissue growth, cell motility and
other phenomena. Most of them are formulated through a fluid approach with
surface tension. Some tumor growth models (e.g. [16, 17, 18]) resemble our model
(1.1). However, there is an important difference: tumor growth naturally involves
expanding domain while we consider here incompressible solutions. In the context
of the motility of eukaryotic cells on substrates, various free boundary problems
have been derived and studied, see [2, 28, 4, 26, 5, 6, 27]. In the 1D setting, Keller-
Segel system with free boundaries as a model for contraction driven motility were
introduced and studied in [31, 34, 32, 33]. The models presented in [5, 6] show
some similarities with our model but the coupling between the bulk equation and
the boundary is different. The existence of traveling wave solutions for these models
is proved in [2, 4, 5, 6]. In the context of sharp interface limit some models for cell
motility were studied in [12, 13]. We refer to [36, 24] for a review.

1.1 On traveling waves

A remarkable feature of cell motility is the appearance of sustained movement in
a given direction without external cue, see [1, 36, 19]. This phenomenon, known
as spontaneous polarization, see [9, 15, 29] e.g., is mathematically described by the
existence of traveling wave solutions and is the main subject of this article.

Traveling wave solutions of (1.1) correspond to a fixed shape domain moving by
translation with constant velocity V € R in a given direction u, that is

Quw(t) = Q + tVu, (1.5)

for some speed V' and direction of motion u.

Note that the problem is isotropic, so we can assume without loss of generality
that u = e, = (1,0) and V' > 0. In that case, the normal boundary velocity of Q(t)
given by (1.5) satisfies V,, = V e, - n.

Using the traveling wave ansatz

c=c(z—Vt,y), P =Pz —Vt,y), Q(t) = Q + (Vt,0),

a traveling-wave solution of (1.1) is defined as following, see Section 4.1 for details.



Definition 1.2. A traveling wave solution of (1.1) is given by a domain Q Cc R2
with C*! boundary I, a positive real number V and two C™ functions P, ¢ defined
on ) satisfying

—AP =0 in €, (1.6a)

P=~k+xf(c) onT, (1.6b)

—VP-n=(V,0)-n onT, (1.6¢)

div ((V,0)c + (1 — a) cVP + Ve) =0 inQ, (1.6d)
ac(V,0) - n+Ve-n=0 onT. (1.6e)

We begin by observing that the pressure and the concentration have simple
forms.

Proposition 1.3. For traveling wave solutions of (1.1), the functions P and ¢ have
the form:

M _
P(x,y)=p1 —Vz, p €R, and olz,y) = e dy’e aVe,
)

with M > 0.

Remark 1.4 (On traveling waves and Jordan curves). The equations in (1.6) man-
date that the entire fluid bulk flows at a uniform speed, that is VP = —(V,0) in Q.
Traveling wave solutions of (1.1) can be regarded as a family of closed Jordan curves
[y (t), which represents the boundary of a domain Qi C R? at time t, traveling
with constant shape I = 00 and velocity Ve, € R?, i.e.,

Loo(t) =T + tVe,, (1.7)

for t > 0, where [ is a Jordan curve that is positively oriented (counterclockwise
direction) and is governed by the curvature equation (1.6b). In particular, recalling
the expressions of P and ¢ in Proposition 1.3, the boundary condition (1.6b) takes
the form

ve(x) =p1 — Vo —xf <f M e_aV”C) onT. (1.8)

% e—aVa' qp! dy’

Remark 1.5 (On V and ?2) In this problem, the set Q and the speed V' must be
found together and they depend on Y, p1, a, v and f. The parameter p; can be
seen as a Lagrange multiplier for the volume of §~2, but the problem is invariant by
translation. Any translation of Q leads to a solution of (1.8), with the same V but
a different value of py.

1.2 Main results
We establish the following properties of the model (1.1) in Section 2:
[Q(t)] = Q0] V>0, (1.9)



M(t) = M(0) = M (1.10)

uelt) = —L/ F(emdo, (1.11)
‘QO‘ I'(t)
where uc(t) is the velocity of the center of mass.
Let
[€20]
Ry =1/ —
0 .

that is |Bgr,| = ||, where Bp, is the disk with radius Ro. Then, problem (1.1)
with (1.9) and (1.10) possesses a unique radially symmetric solution with both P
and ¢ being constant.

Lemma 1.6. Assume that |Br,| = |Q|. The problem (1.1) with (1.9) and (1.10)

admits a unique radially symmetric solution (¢, P) = (¢, P) which has the form

We begin performing a linear stability analysis around the radially symmetric
solution (¢, P). Define

N TR3 1
A f! (—ﬂﬂﬁg ) acf'(¢) (L13)

Proposition 1.7. Assume that y € (x*,00), then the linearized problem around
(¢, P) associated with (1.1) has at least one eigenvalue with positive real part. On
the contrary, if x € [0, x*], then all the eigenvalues of the linearized problem around
(¢, P) associated with (1.1) have non-positive real parts.

Then, we wonder when equations (1.7) — (1.8) admit traveling waves. Our first
partially result states that no traveling wave exists under a well precise condition
on the parameters.

Proposition 1.8. Assume that the function f in (1.1) verifies (1.3) and
axsf'(s) <1 VseRT. (1.14)

There does not exist any traveling wave solution to (1.1) in the sense of Definition
1.2.

It is the goal of this paper to prove the existence of non-trivial traveling wave
solutions of (1.1) and thus validate the interest of this model to describe cell motility.
For this purpose we use two different approaches: constructive by fixing the value
of p; or based on a bifurcation argument by fixing the area, that is Ry.

Theorem 1.9 (Explicit by construction). Assume that f satisfies assumptions
(1.3). For all a € (0,1], v > 0 and all p; > xL, there exists a one parameter



family of traveling wave solutions (ﬁg?,V)?l) of (1.1), parametrized by x € (x*,o0),
such that P is of the form P = p; — V.

With this constructive method we obtain conditions under which the set ﬁg? is
convex, see Theorem 5.1 in Section 5 for more details.

While the proof of this Theorem is constructive, it does not clearly identify what
happens for a cell of fixed volume when the value of y increases. The next result
solves this problem.

Theorem 1.10 (Implicit by bifurcation). Assume that f satisfies assumptions (1.3).
For all a € (0,1], v > 0 and Ry > 0, there exists a one parameter family of traveling
wave solutions (Qfo, VXRO) of (1.1), parametrized by x € (x*,o0) such that \(250] =
WR%.

With this implicit method we can characterize the nature of the bifurcation, either
pitchfork or saddle node, see Theorem 6.2 in Section 7 for more details.

Remark 1.11. Note that condition (1.14)
axsf'(s) <1 VseRT,
in Proposition 1.8, and condition x € (x*,0), that is
axcf'(¢) > 1

in Proposition 1.7, Theorems 1.9 and 1.10 cannot hold at the same time.

This work is organized as follows. We give some biological justification and we
present some properties of the problem (1.1) in Section 2. In Section 3, we study the
linear stability of the system and we prove Proposition 1.7. Sections 4 and 5 contain,
respectively, the proofs of Proposition 1.8 and Theorem 1.9. Theorem 1.10 is proved
in Section 6 and in Section 7 we discuss the nature of the bifurcation. Finally, we
give some conclusions. We also provide the reader with three appendices, collecting
some useful facts and bifurcation results.

2 Biological justification and first properties of the
problem (1.1)

In this section we justify, from a biological point of view, the interest of (1.1) and
we derive some properties of the coupled free boundary problem (1.1). We proceed
formally (considering smooth enough solutions) and deduce the conservation of the
area, the marker content as well as a law for the velocity of the center of mass. We
also discuss the existence and uniqueness of a radially symmetric solution to (1.1).



2.1 Biological justification

Cell motility at the single cell level is a prime example of self-propulsion and one of
the simplest example of active system. Recently, many free boundary models have
been proposed to describe cell motility (see [36] for a review). The model (1.1), first
introduced in [22], is a minimal hydrodynamic model of polarization, migration and
deformation of a living cell confined between two parallel surfaces. In this model, the
cell cytoplasm is an out of equilibrium system thanks to the active forces generated
in the cytoskeleton. The cytoplasm is described as a passive viscous droplet in the
Hele-Shaw flow regime. It contains a dilute solution which controls the active force
induced by the cytoskeleton. Although relatively simple, this two-dimensional model
predicts a very rich range of dynamic behaviors, see [22].

More precisely, in (1.1a) — (1.1c) a Hele-Shaw cell is considered, that is a fluid
droplet of constant viscosity is confined between two parallel plates separated by a
gap. In such a case if u denotes the gap-averaged planar flow and P = P(t,z,y) is

the fluid pressure, we let uw = —V P and rewrite equation (1.1a) — (1.1c) as
u+ VP =0 in Q(t),
V-u=0 in Q(t),
P xf(e) = on T(1),
Vi=Vrp mn=u-n on I'(t)

Q(t = 0) = Q.

Note that u averages the parabolic Hele-Shaw flow profile, which approximates the
solution to the Stokes momentum-balance equation in thin films.

As anticipated, the novelty of this model lies in the normal force balance on
the boundary I'(¢). The classical Young-Laplace condition is perturbed by an active
traction force, —x f(c)n. This force is defined per unit length and is controlled locally
by the gap-integrated concentration of an internal solute, ¢ = ¢(t,z,y). We stress
that f(c) can be either negative (pushing outwards) or positive (pulling inwards). In
this regard, any uniform term fy € R added to f(c) would merely offset the pressure
P by a constant and thus be irrelevant to the dynamics.

The last boundary condition is the kinematic condition, stating that the normal
velocity of the sharp interface, V,,, is given by the normal velocity of the fluid on
I'(t).

To close the system, the internal solute transport problem is formulated in (1.1d)
— (1.1e). In the bulk €(¢), fast adsorption on the top and bottom plates (or onto
an adhered cortex) is assumed. With rapid on and off rates, the quasi-2D transport
dynamics are given by (1.1d) — (1.1e) where a is the steady fraction of adsorbed
molecules not convected by the average flow and the effective diffusion coefficient is
assumed to be 1, see [22] for more details.

In (1.1e), a zero solute flux on the moving boundary I'(¢) is imposed. Simply put,
the solute is effectively convected at a slower velocity than that of the fluid. Hence,
its concentration decreases (increases) towards an advancing (retracting) front.

Finally the solute can be any cytoplasmic protein controlling the active force-



generation / adhesion machinery. In this model, it is assumed that the concentration
c either induces an inwards pulling force or inhibits an outwards pushing force. This
means that f is assumed to satisfy f/(¢) > 0 for any ¢ > 0.

2.2 Area preservation

Using the fluid volume conservation, imposed by incompressibility (1.1a) and kine-
matic condition (1.1¢), we deduce that

i|Q(t)|:/ Vndaz—/ VP-ndJ:—/ APdzdy =0,
dt r(t) r(t) Q)

where do denotes the infinitesimal length element of I'(¢). Hence, any smooth solu-
tion of (1.1) is area preserving:

Q)] = Q] VE> 0. (2.1)

2.3 Conservation of the marker content

Let M(t) denote the mass of molecular content:
M(t) = / c(t,z,y)dx dy.
Q)

Thanks to the boundary condition (1.1e) and to the kinematic condition (1.1¢), we
have

d

—M(t) = / cVpdo + Orcdx dy
de r(t) (1)

:—/ DVe-ndo + DAcdxdy
I(t) Q(t)

=0.
Thus, in (1.1), we have formally conservation of molecular content:

M(t) = M(0) = M. (2.2)

2.4 Velocity of the center of mass

For each t > 0, we define the momentum Mg ;) of Q(t) by
Mo = [ (@y)dedy= [ 2dz
Q(t) Q(t)

where z = (7, y) is the vector coordinate of a point in Q(¢). In particular, Mgy is
a vector containing the x and y-momentum.
The center of mass Cqy) of (t) is defined by

c _ Map 1
YO0 19 Jaw

(z,y) dz dy,

9



by using the area preservation (2.1).
The velocity uc(t) of the center of mass Cqy) is

d

uc(t) = 5 Co)- (2.3)

From the incompressibility (1.1a) and the boundary condition (1.1b), we deduce
that

i rdxdy = / deaz—/ VP -ndo
dt Jo 0 a9(t)

= —/ div(ﬂ:VP)dxdy:—/ VP Vzdzdy
Qt) Q(t)

= —/ div (PVz)dzdy = —/ PVz-ndo
Q) 20(1)

= [ () mado
89(t)

and similarly
d

— ydmdy:—/ (v + +xf(c)) nydo
dt Jou 290(1)

Using that | oy ndo = 0, it follows that

_—L c)ndo. .
welt) =~ [ flema (2:4)

Remark 2.1. We recognize that (2.4) represents the external force balance on the
droplet Q(t).
2.5 Stationary solution

Proof of Lemma 1.6. Equations (1.1a) and (1.1c) imply that any stationary so-
lution to (1.1) with (2.2) satisfies

—AP =0 in Qq, VP -n =0 on 08,

hence VP = 0 in .
Consequently, (1.1d) and (1.1e) imply that ¢ satisfies

—Ac=0 in Q, Ve-n =0 on 09,

and then Ve = 0 in Qg too. From (2.2), we deduce that ¢ = #, and the expression
of P follows from (1.1b).

In particular, we deduce that the mean curvature in (1.1b) is constant, hence Qy =
Bp, since || = |Bgr,| by assumption. O

10



2.6 Competition between the effects of surface tension and the
marker

Unlike the classical Hele-Shaw equation with surface tension, the perimeter P(€2(t))

defined by
PQ(1)) = / do
a9(t)

is no more a Lyapunov functional for (1.1). Indeed using a classical computation
(see [30]), we obtain

d
—P(Qt :/ &V, do
arem=[

:l/ PVP-nda—K/ F(O)VP -ndo
Y Jr@) Y Jr@)

:_l/ ‘VP\dedy—i—l/ f(e)Vlioge-ndo.
Y Jawr) ay Jr(t)

Note that if we consider the case where f(c) = +c, we obtain

1
g7>(sz(t)) = ——/ VPP dzdy + X Ve - ndo.
de v Ja) ay Jaa(r)

Then, the effects of the two terms located in the right side might be opposite and thus
the term % /. 29(t) Ve - ndo might be destabilizing. This leads to some interesting
behaviors, see [22]. In this work we are interested in making part of this informal
statement rigorous.

3 Linear stability analysis. Proof of Proposition 1.7

In this section we perform a linear stability analysis characterizing the steady-state
solution (¢, ﬁ) given by (1.12). This analysis shows that a global polarization-
translation (motility) mode becomes unstable beyond a critical threshold of solute
activity x = x*, with x* defined by (1.13), that we recall now for the convenience
of the reader

R2 1

= aM f' (ﬂ_ﬂ%) ~aéf'(é)’

* .

Note that the stability analysis only depends on three factors, i.e. a, x and f/(¢).

We first construct the linearized operator A associated to (1.1) around the
circular homogeneous stationary solution (1.12). Then, we study its spectrum and
its eigenvectors. In particular, we prove that

X < x*

is a sufficient condition for all eigenvalues of A to be nonpositive. Finally we discuss
the well-posedness character of A.

11



3.1 The linearized problem

We first recall the definition of the Dirichlet-to-Neumann operator Z on the open
disk Bp, C R?, and then we give the linearized problem associated to (1.1) around
the circular homogeneous stationary solution (¢, P) given by (1.12).

Definition 3.1. For+ € H(0Bg,), the Dirichlet-to-Neumann operator Z is defined
by:

where q denotes the harmonic extension of i to the disk Bp,, that is
—Ag=0 in Bg,, g=1 on0Bg,.

By using Fourier series, the Dirichlet-to-Neumann Z operator can be defined as
the following linear operator :

Definition 3.2. Given ¢ : R/271Z — R with Fourier series

P(0) =ap+ Z Ay, cos(mB) + by, sin(mh),

m=1
we set

Z()(0) = > m (am cos(mb) + by, sin(m)) .

m=1

Indeed, by the Definition 3.1, we have

q(r,0) = Z A, cos(m@)r™ + by, sin(m@)r™  for (r,0) € [0, R] x R/277Z

m>0

where we discarded solutions that diverge at r = 0.
Hence, the Definition 3.2 follows from (3.1) and

orq(r,0) = Z mr™ 1 (4, cos(mb) + by, sin(m#)) .

m>0
We take a perturbation of the free boundary of the form

r= RO + E@(t,(g),

i.e.

Q(t) ={(z,y) = (rcosf,rsinf);0 <r < Ry +¢ep(t,0)} .

Lemma 3.3. The linearized problem associated with (1.1) around the radially sym-
metric solution (1.12) is

d (p p

alr)=4(2) 32

12



where A is the operator defined on H3 (0Bg,) x H? (Bg,) by

" <5>H (z[%o(agepm)—xf'(a)c} )

Ac

with the boundary condition

Orc = —acZ [ (9gep + p) — Xf/(é)c} on 0Bp,. (3.3)
Proof. We perform a formal expansmn of the solution (P, c) to (1.1) near the radi-
_ M
ally symmetric solution (1.12), ¢ RQ, P= Ro +xf <T§)

P(t,r,0) = P +Q(t.r,0) + O(?),
c(t,r,0) = ¢+ eS(t,r,0) + O(?).

For 0 € (—m, 7] and t > 0, we easily find that
AQ(t,7,0) =0 if 7 < Ry,
8tp(t7 0) = _87’Q(t7 17 0)7
Q(t:1,0) = — - (Ghap(t,6) + p(1,60)) + X/ (©)S (¢, Ro,6).

Firstly, the last formula is obtained by using the general formula for the curva-
ture of a curve r = g(0),

/ 2 " 2
wig) = 20O OO a2

(9007 + (5(0)”)

which gives, to the first order in ¢,

1

< (Bot2p0) = 3~ 7 (

Dap(t,0) + p(t,0)) .
The additional term x f'(¢)S(t, Ry, ) comes from the linearization of f(c).

The second formula follows from the definition of the normal derivative

P 1 oP  g'(0)oP
— =VP -n= g(0)— —
on <g(9)2 n (g,(a))z)l/Q ( o g(f) aa)

along the curve r = g(#) which gives, to the first order in ¢,

oP (9P
VP Troten0) = 57 T R —Opp(t,0) % 50 €

13



where 1 (g, 4., is the the unit normal vector to the boundary of

{r=Ro+ep(t,0)}, (3.4)
and
_ (cosf and  en — sin 6
" \sinf A Sy
Furthermore, up to the first order in €, the normal velocity Vn( Rotep(e)) 1O the bound-
ary of (3.4) is
Virg repton = €0tP(t,0)-

_The linearization of the convection diffusion equation (1.1d) — (1.1e) around
(¢, P) is

0,8 + e(a — 1) (vﬁ VS +VQ- ve) +e2(a—1)VQ- VS —eAS + O = 0.
Moreover, since ¢ and P are real numbers and neglecting the £? convection term, we

obtain the heat equation. A similar computation yields the boundary term, hence
for 6 € (—m, 7] and t > 0,

8,S(t,r,0) = AS(t,r,0) if r < Ry,
8,S(t, Ro, 0) = aé0,Q(t, Ro, 0).

Hence, the result. O

3.2 Eigenvalue problem for A

The eigenvalue problem for A is:

A(2)=(2)

Thanks to the radial symmetry of the problem the spectral analysis of A amounts
to perform a Fourier analysis.

Lemma 3.4. Given (p,c) with Fourier series, then (3.2) — (3.3) describes a closed
dynamical system for the cosine (resp. sine) perturbations.

Proof. Let

(£)-5 (& ) 2 (L) smine

meN meN

by linearity of the operator A, we see that

AL) =D (i ot s a1 Jsntr

m>0 m>0 sm(
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with A,, defined by

anl( )= (FTEe el ) s

Furthermore, the boundary condition (3.3) on 0Bg, is

0,6(Ry) = —aiT [—Rlo<m2 C1)p- xf'<e>é<R0>] |

Remark 3.5 (On symmetry properties). Since the cosine (resp. sine) perturbations
in the dynamical system (3.2) — (3.3) are independent, by rotating the coordinate
system we may consider, without loss of generality, perturbations possessing the
reflection symmetry with respect to the x-axis.

Specifically we assume symmetry of the initial data, namely domain (0) and
¢(0,x,y), with respect to x-axis which is preserved for t > 0 according to Lemma
3.4.

Let A € C. Then, the eigenfunctions of A associated to the eigenvalue \ are of
the form

c(r,0) = Z Ema(r)cos(mf) and p(f) = Z Pmx cos(mb)

m>0 m>0

Am</:)m)\>:)\<p:m)\>,
Cm\ CmA

Oyt (o) = =0T | oo = 1) = XF @ (B

(Pruxs 6mn) satisfying

and

0

where A,, is defined by (3.5).

Thanks to the previous remarks, we deduce the following result.
For the sake of clarity, we omit the * and the subscripts mA when no ambiguity
occurs.

Lemma 3.6. The problem

and



is equivalent to the following one

Ap=—0,P on 0BR,, (3.6a)
~AP =0 in Bp,, (3.6b)
P = %( 2 Dp+xf@e on 0BpR,, (3.6¢)

0
Ae = Ac in Bp,, (3.6d)
Orc = aco, P on 0Bpg,. (3.6¢)

3.3 Sufficient conditions for the operator A to have all its
eigenvalues with non-positive real parts

In this paragraph we give a sufficient condition on the non-negative parameters a,
¢, f'(¢) and x so that all the eigenvalues of A have non-positive real parts.
To do so, let

Q :=c—acP

with ¢ and P satisfying (3.6a) — (3.6e). We see that

AQ = Ac in Bp,, (3.7a)

(1 - %) P=(m?~1)p+x/'(©)Q on BR,, (3.7b)
X Ry

VQ -n=0 on OBg,. (3.7¢)

We recall that x* has been defined in (1.13).
Here we prove the following result.

Proposition 3.7. Assume
0< X <1,
X

x > 0 and m > 1. Then, all the eigenvalues of A,, have non-positive real parts.

More precisely, for ¢ and P satisfying (3.6a) — (3.6e), then the following equality
holds

Dv(m2 — 1 ac(1—-X
A |c|2d:cdy+%,~)/ |p|2d0:—M/ |VP|?dz dy
Br, Roxf'(€)  Jopg, xf'(€)  Jppg,
—/ IVQ|? dz dy. (3.8)
B,
Proof. We compute

)\/ |c|? dz dy :/ cAcdzx dy
Br, B,

z/ (Q + aéP) AQdz dy
Bg,
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:—/ IVQ|? dz dy + aé PAQdxzdy
Br,

B,

= —/ VQ|*dzdy — aé VPVQdzdy.
Br,

B,

Since P is harmonic and using (3.7b) together with (3.6a), we deduce that

VPVQdzdy = / div (QVP) dx dy

Br, Br,
= QVP - -ndo
OB,
T oy, ((1755) 7=yt = 00) 97
= —~ 1—->=|P—-— -1 VP -ndo
xf'(€) Jopg, X* Ro( )
5\7(m2 -1) / 2 B xi / 2
=" -/ p|*do + - VP|*dx dy,
Fo @ Josg, 7T Sy, U
from which the result follows. O

Remark 3.8. If we have the strict inequality 0 < % <1, and if A\ =iw, w € R, is
an eigenvalue of A,,, then we must have w = 0. Indeed in such a case both sides of
(3.8) are equal to zero, hence VP = 0 in Br,. Consequently AP = 0 and therefore
A=0orc=0in Bg,. But, if c=0 in Bp,, then p =0 on 0Bg,.

Remark 3.9 (On the case f'(¢) < 0). If we consider the negative case for the
function f, i.e. f'(¢) < 0, then for any non negative values of a and X, all the
eigenvalues of A have non positive real parts.

Let A\, p be the p-th real positive root of J),, the derivative of the Bessel function
of the first kind of order m, J,,,, see the Appendix (A.8). Then a straightforward
computation gives

Proposition 3.10. Assume that ax = 0, then the spectrum of the operator A is

{—m(m2 —1),—)\2

m?p’

meN,peZ}.

3.4 Spectrum of A

In this part we describe in more details the eigenvalues of A. The techniques de-
veloped in this section depend, in part, on expanding solutions of (3.6a) — (3.6e) in
terms of the modified Bessel functions I, ().

Lemma 3.11. For m € N, the eigenfunctions of A,, associated with the eigenvalue

A€ C are A
( C/()V(ZHH) > - ( émA[mpEn_AMIM) >COS(m6),

17



with 0 <7 < Ry, 0 € (=7, 7] and (émx, pmx) € C? solutions of

s 2 A f'(@) _ 1/2Y 4
<)\ + R%m(m 1)> Pmx = —X Ro mlm, < RoA > Cm,
(3.9)

g (Im_1 (—Ro)\l/2) + It <—R0)\1/2)) Cmx = AAC P (3.10)

Proof. In what follows, we only consider solutions that are smooth in r = 0.

Since P satisfies the Laplace equation, solutions have following expression:
P(r,0) = Apar™ cos(m@) for 0 < r < Ry, 0 € (—m, 7],

with A4,,\ € C.
Consider p(0) = px cos(mb), with p,,,\ € C. Using (3.6a), we get that

AﬁmA = _mRan_lAm)\-

Furthermore, for c(r,6) = ¢, (r) cos(m@), we have that (3.6¢) reads

A RE = - (m2 = 1)pr + XF'(€)éma (Ro),

Ry
so that, o
mmz—%mm%dmm—mﬁg%mmw (3.11)
Finally equation (3.6d) yields
(33 +r719, — r*2m2) Emn (1) = Aépn (1), 1 < Ro, (3.12)
and the boundary condition (3.6e) gives
OrCm(Ro) = —AaC pm. (3.13)

The smooth solutions of (3.12) are known and given by

(1) = EmnIm (—mW) . <Ry,

with ¢,,, € C and where I,,, is the modified Bessel function of the first kind of order
m, whose definition is recalled in (A.3) and (A.5).
The result then follows by substituting the expression of ¢,,x(r) in (3.11) and (3.13)
together with the property of the Bessel function

I, (@) = (L1 (2) + T (2)) /2.

18



Let H,, be the function defined by

.
H,(z) = 221, (—Rozl/Q) (z + %m(m2 - 1)> + ax%(c)mzfm <—R0z1/2) .
0 0
(3.14)

The eigenvalue equation is H,,(z) = 0, hence we deduce the spectrum of A,,.

Lemma 3.12. The spectrum of A, is
sp(Am) = {\ € C s.t. Hy(\) =0}.

We can now deduce information on the eigenvalues of A.

Theorem 3.13. For v > 0, the following dichotomy holds.
(i) If

O<l*§1,
X

then A has zero eigenvalue \ = 0 of multiplicity three, while the other eigen-
values have negative real parts.

(i) If
XS,
X

then the operator A has a positive eigenvalue A > 0.

Proof. Recall that the eigenmode v,,)(r, 6) is defined by

Uma(r,0) = < émAI,f?L—)\r\/X) >Cos(m9). (3.15)

Proof of (1).
Let us start with the m = 0 mode. Substituting m = 0 in (3.14) gives

)\3/2
Ho(\) = Tll(—RO\/X). (3.16)

Using (3.9) and (3.10), we see that A = 0 is associated to the two following eigen-

ol o= ("5 ) = (o) ma deo=(7)-

Moreover, rewriting (3.16) as
32 .
Ho()\) = —ZTJ1 <—ZR0)\1/2> 5

we deduce the other roots of Hy, that is Mg, = —x%k < 0, where z1; > 0 is the
k-th zero of the Bessel function of order 1, Jy(z). These real-negative roots, Ao, are
associated with the m = 0 diffusion mode, given by

vor(r,0) = ( JO(%MT) > ,
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where Jj is the Bessel function of order 0.

Consider now the m = 1 mode. Using (3.14) it yields to

-
Hi(\) = \21 (—Ro)\l/Q) + ax%(c))\ll <—R0)\1/2) .
0

We see that A\ = 0 is a root of H; and, using (3.10), it is associated with the

eigenmode
vio(r, 8) = < (1) )cos 6.

Let us now look for non zero roots of Hj.
Let A be a positive root of Hy, then z = —v/\ < 0 satisfies

11 (Rox) cf'(e)

T —a =0. 3.17
Il(Ro.%') X Ro ( )
Since 1! (Rox) I(Rox)
Rox = 0% = Ror=2 0¥ + 1,
0 Il(Rom') 0 Il(Rom')
equation (3.17) rewrites as
I2(R0x) ~ ol ~
Ryx————=+1—axcf'(¢) =0. 3.18
0 11 (Roz) x¢f'(¢) ( )

Recalling next the definition of the Bessel function I,

) =3 i (3)

we see that
Ix(x)
x
I(z)
thus from (3.18), it follows that if 0 < ax f’(¢) < 1, there is no positive root of Hj.
Let us next prove that there is no root A of H; that belongs to C\ R. By
contradiction, let us assume that z € C\ (R UiR) is such that 22 = X and is solution
of (3.18). Since z? # 2% and

>0 if z <0,

Zfz(ROZ) _ 212(305)

Il(RQZ) Il(R02)7

we get

ZIQ(R()Z)Il (Rog) — EIQ(RQE)Il(RQZ) =0.

Using equality (A.7), this leads to 22 = 22 hence a contradiction.
From the two previous arguments we deduce that the only non-zero roots of H;
are real and non positive.
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Consider now the m > 2 mode. Using (3.14), it rewrites as

s
Hn(\) = \V21 <—R0)\1/2) (A + %m(mz - 1)> + ax%(c)m)\lm (—R0A1/2> .
0 0

We see that A = 0 is a root of H,,. In such a case, since v > 0, using (3.9) we
deduce that p,,0 = 0. Furthermore, from I,,,(0) = 0 and (3.15), we get that A =0 is
associated with the zero eigenmode

VUmo (1, 0) = < 8 >cos(m0),
thus A = 0 is not an eigenvalue for m > 2 and v > 0.

Let us next look for other roots of H,,.
Let A be a positive root of H,,, then z = —vA < 0 satisfies

L1 (Rox) " cf'(e) ma? 0
I (Rox) X Ry 2? + grm(m? — 1) -
0
Since 1" (Rox) Lo (Rot)
xz m~+1{{0Z
Rox 00 — Ry -0
O T(Roz) L (Rox) 0
it rewrites as
Im+1(R0x) ~pl(~ me _
Rox I,.(Rox) +m aXCf(C)xQ—l—Rigm(m?—l)_O'
Using that
Im+1(2) :
—F>0 if x <0,
Im+1(x)

we see that there is no positive root of Hy, if 0 < axcf’(¢) < 1.
The end of the proof of (i) (the case where A € C) is a consequence of Proposition 3.7.

Proof of (ii).
Let us now prove (ii). To do so let us exhibit a positive eigenvalue of A. More
precisely, let us expand Hi(A) around A\ = 0:

)\3/2 ~ ~ 1 ~ ~
i) = 5 (1= 0xef @)+ 53 - axef @ARY) + O™,
which can be written as
2\3/2 7/2
Hi(A) = —5—9(A) + O(]A]7).

8(axef’(€)—1)
R3(3—axcf'(2))
to positive as axcf’(¢) exceeds 1. Note that A; approximates a true eigenvalue of

The function g has A\ = as root, which changes sign from negative
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A, for axéf'(¢) close to 1. In such a case, we can write A\; = Rig(axéf’(é) -1+
o(laxéf'(¢) — 1]) and its associated eigen-mode is

o )\1[1(7“ )\1)
v, (1, 0) = < G S O () )cos(@)
AT
—— < b ) cos(®)+O0llaxf @ — 1)

_ Vaxef'(e) - ( 7oz (1= axéf'(é))r

. ‘ ) cos(0) + Olfaxe @) - 1),

where we expanded the Bessel functions for small values of |A;].

Note that as axéf’(¢) crosses 1, the solute gradient component in vyy, (r, 8), that
is the first component, changes its sign and v;), becomes unstable.

O

4 Proof of Propositions 1.3 and 1.8

Proof of Proposition 1.3. Concerning P.
Since Q(t) = Q + (V,0)t, the shape is stationary and using (1.6¢) we have

(V,0) o n—uc-n=—(VP+uc) - n=0 inT,
where uc is the velocity of the center of mass defined by (2.3). Hence,
uc = (V,0) =Ve,.
Let us define @ in by
G =—VP—uc:=Vo,

with
b=-P—-Vzx.

Then, we see that

—/~¢Aq>dxdy:/~yvq>\2dmdy—/~q>vq>-nda.
Q Q r

Thanks to incompressibility, we deduce that A® = 0 in Q. Moreover, using the
stationary shape condition (1.8) we get V& -n =@ -n = 0 over I'. Thus,

O:/~\V@]2dxdy:/~\ﬁ]2dxdy.
Q Q
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In other words, we find that the traveling state is characterized by a uniform flow
of the entire fluid bulk, i.e.

VE>0 wu(,t) = —-VP(,t)=uc=(V,0) inQ,

hence B
P(z,y) =p1 —Vz onTI.

Substituting —VP = (V,0) in (1.6d) — (1.6e) it yields

div (ac(V,0) + Ve) =0 in €,
ac(V,0)-mn+Ve-n =0 on 9.
Concerning c.
The fact that B
c(x,y) = cre”V® in Q.

follows from Lemma 4.1.

Concerning (1.8).

Working in the reference frame of the moving domain, we substitute the expressions
of P(z,y) and ¢(x,y) in the normal force balance (1.1b) and we get that the curvature
must satisfy (1.8). O

Lemma 4.1. Any non negative solution of (1.6d) — (1.6e) is given by

clz,y) = e~ Ve

where c¢; > 0.
Proof. It is straightforward that e=@? is a solution of (1.6d) — (1.6¢). Assume that

c(z,y) = C1(z,y)e Y is solution of (1.6d) — (1.6¢), multiplying (1.6d) by Cy(z,¥)
and integrating by parts we obtain

/ﬁVC’l (z,y) - (V (Ci(z, y)efavz) +a(V,0)C (x, y)e*“VI) dzdy =0,

hence

/~ VC ()P dady = 0,
(9]

which implies Vep = 0. U
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4.1 Graph formulation and proof of Proposition 1.8
Given v, p1,a, x > 0, we look for a set (~2, solution of (1.8), in the particular form:

Q={(r,y) €ER*; 21, <z <zp, —h(z) <y<h(x)} (4.1)

for some positive function h(z) defined on an interval (xr,zg) and satisfying:

h(zr) = h(zgr) =0, (4.2a)
B (zp) = +o0, (4.2b)
b (zg) = —oo. (4.2¢)

Conditions (4.2) have the following meaning. We want symmetric domains ﬁ, hence
we impose (4.2a). We also want smooth boundaries, so we require (4.2b) — (4.2¢).
A possible domain is given in the following picture.

We will further fixe the invariance by translation in the e, direction by requiring
that
x, <0<zg, K (0)=0. (4.3)

Our first task is to write equation (1.8), i.e.

M —aVzx ™
’}/KJ(IE) =P — Vo — Xf <f e—an’ dz’ dy,e v > on Fa
Qo

with (4.1) — (4.2) in terms of the function h(x). Since the boundary conditions (4.2)
concern the function h and also its derivative /', it is natural to identify a problem
for which A/ is solution and then find the function h by integration. For this reason,
we change variables.

We first notice that the tangent vector t, the normal vector n and the mean-
curvature k of 2 are defined by

(1, h'(2)) (= (2),1)

V1t (W () V1 (1 (2))?

These quantities can be written easily using the function Y (z) defined by

h//(l,)
(1+ (W(x))?)%>

t(z) = - n(z) = k(z) = —

Y(2)=e; n(@) = ny(z) = ———l (4.4)



In particular, we have

K(z) =Y'(2),

which is consistent with Frenet’s formula n!(z) = —k+/1 + (W' (2))? t,(2).
Then, equation (1.8) and condition (4.3) reduce to the following initial value prob-
lem:

ny’(x) = _Vx_Xf (cle—aVa:) on (mL,xR), (4 5)

Y(0) =0, '
where M

€= (4.6)

Jge Vrdzdy

—aVx

Taking advantage of the fact that e only depends on the z-coordinate, we

rewrite ¢ in (4.6) as

M
TR TR e Veh(r)d
Inverting (4.4), it yields
Y
W) = — &) (4.7)

1-Y2(x)

integrating by parts, we see that
aVM aVM

@ = TR o—aVxp! - TR __aVa Y(x ’
N C T T Y e i m

Such a solution has to satisfy the following properties. The boundary conditions
(4.2b) — (4.2¢) imply that Y has to verify

Y(xr)=-1 and Y(zg) =1. (4.8)

We postpone the proof of the existence and uniqueness of a solution verifying (4.8)
to Section 5 (see Lemmas 5.5 and 5.7).

Finally, using (4.7), we recover the function h and then we integrate this relation
on (xr, ).

We recall that the boundary condition (4.2a) requires the function Y to satisfy:

hzr) — =0. (4.9)

[T
— ————dxz
Xy, \/ 1 - Y2 (1’)
Proof of Proposition 1.8. We claim that x is a non-increasing function. Indeed,
let 0 < x; — x2 < 1. Then, k(1) — k(z2) reads

I{(xl) — H(JTQ) = —V(ml — 562) +x (f (ClefaV:vz) _ f (ClefaV:vl))
~V (Xaclefa\/m fl(clefanl) _ 1) (551 o x2)
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<0

by (1.14). It follows that the mean curvature is a decreasing function. Suppose by
contradiction that there exists a closed curve 92 whose mean curvature is x. Since

TR
<0> :/~mnd0:/~v,‘<dxdy:2<f Wz dx>’
0 o% o 0

it yields a contradiction with £’(x) < 0 and h(x) > 0, this proves Proposition 1.8. [

5 Proof of Theorem 1.9

This Section is devoted to the proof of Theorem 1.9 and it gives a constructive proof
of the existence of traveling wave solutions of (1.1) when

7 R2
aMf/ <m)
Here, the constant a € (0,1] and M is defined in (1.2). Furthermore, Ry > 0 is

the radius of Bp,, where |Br,| = |2|. We recall that, assuming |Bg,| = ||, then
Lemma 1.6 assures that problem (1.1) admits a unique stationary solution which

has the form
o~ M v M . ~
P)=—,—=— — = — .
CP)= (ot (o)) = (0 @)

Hence, the above threshold on y can be equivalently written as

L
acf'(e)

x> X" =

x> X" = (5.1)

(see (1.13) too).
More precisely, we will prove the following result.

Theorem 5.1. Assume that f satisfies assumptions in (1.3). Then, for all a €
(0,1], 7, p1 > xL, there exists a one parameter family of traveling wave solutions
(O, VP € R x R of (1.1) (with u = e, ), parametrized by x such that

X" <x<oo

and satisfying:
(i) VP* >0 when x > x*.

(ii) There exists xp,, xg € R, with x;, < 0 < zg, and 0 < h such that the set ?2{’(1 is
a convex set with C>' boundary of the form

ﬁg’(l = {(gc,y); rr, < < IR, —h(:ﬂ) <y< h(x)}?

with h satisfying h'(0) = 0.
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(iii) The normal vector n is the vertical vector (0,1) at the point m = (0,h(0)) €
IOF', and the curvature is given by

K(m) = % — %f(cl). (5.2)

(iv) Assume that f statisfies the additional assumption
sf'(s) <éf'(é) VseRt. (5.3)

Then, V{* — VP! := 0 when x — x*. Furthermore, Q7. is a disk of radius Ry and
the following relation holds

(5.4)

Remark 5.2 (On Theorem 5.1). Property (i) guarantees in particular that we
are constructing non-trivial traveling wave solutions (i.e. not stationary solutions).
Property (ii) fixes the natural invariance by translation of the model. Properties
(iii) and (iv) relate the value of the parameter p; to some geometric property of
OF' namely its area is [Q4'| = 2 [T h(z) dz. It proves that each value of p; yields
of different traveling wave, see (5.2). In particular, if we let x — x*, this relation

becomes
y | TRiS <%)
7TR(2)
and it suggests that increasing values of p1 correspond to sets with decreasing vol-
ume. It is the case for the prototype example (5.6) of function f.

, (5.5)

Remark 5.3. A prototype example of a function satisfying (1.3) and (5.3) is

O (5.6)

c+z

In this Section we prove the following Proposition, which implies Theorem 5.1.

Proposition 5.4. Assume that f satisfies the assumptions in (1.3). Then, given a,
M and Ry as before, and letting x as in (5.1), and

there exists V' > 0, zr, xtg € R such that the solution Y (z) of (4.5) satisfies the
conditions (4.8) and (4.9). Furthermore, for a fixed py, the speed V' converges to 0
when x approaches the critical value x*.

Proof of Theorem 5.1. Proof of (i).
It follows from Proposition 5.4.
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Proof of (ii).
We recall the notation in Section 4.1 so that, thanks also to Proposition 5.4, we set

o) = [~ e fapn
x) = ———dz x € [xL,xR].

e\ 1—Y2(2)) b
We also recall the definition of the set €, by (4.1), and that (4.9) implies that
h(wL) = h(wR) =0.

The boundary conditions (4.8) imply that the normal vector is continuous since
it achieves the values (—1,0) and (1,0) continuously at the extremal points (xy,0)
and (zg,0). This means that 0%, is at least C1.

Furthermore, we have k(z) = Y’(z) hence Proposition 5.9 implies

0§w§p1+4x+\/(p1—4x)2+2V0n<99X,

thus ©Q, is convex and 9, is Cb1. In turns, (4.5) can be used to show that Y, and
therefore x is Lipschitz continuous so that the boundary 99, is C*! and satisfies
(1.8).

Proof of (iii).

Finally, since Y (0) = 0, we get that h’'(0) = 0, and from (4.5) it follows that the
mean-curvature of 9y, at the point (0, ~(0)) is given by vY’(0) = p1—xf(c1). When
X — x*, we have V' — 0 and so Y converges to the solution of

f(©)
Y =p — .
TG
In particular €2, converges to the set with constant mean curvature % (p1 — %),
that is the ball B <O, +(C)>
pP1— acf(2)
Recalling the definition (1.12) of é = ﬂ—]‘}/%[g, we obtain (5.4) and (5.5). O
0

The remainder of this section is devoted to the proof of Proposition 5.4. We first
find the set of parameters for which the points z; and z g satisfying the condition
(4.8) exist. This is done in Section 5.1. The existence of the solution Y is then
given by regularity properties of the problem (4.5). We then fix the parameters py,
c1 and x such that zy, exists, by considering the solutions of (4.5) for those values
of V such that also xg exists, we will prove, in Section 5.1, that there exists a value
V* > 0 (depending on pi, ¢; and x) such that the condition (4.9) is verified.

5.1 Proof of Proposition 5.4

The difficulty in proving an existence result to (4.5) relies on in the fact that the
domain (xr,zR) is one of the unknown of the problem. Indeed, we need (xr,zRr)
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such that condition (4.8) is satisfied.
A preliminary step consists in dealing with the intermediate problem

,yyl(x) =p —Vx— Xf (Cle—an) on (ZL, ZR), (5 8)
Y(0) =0, '
for
aVM
‘= _QIZR —aVzx Y (z) d ’
N CTs
and given

zr, < 0 < zp.

We can thus apply the Cauchy-Lipschitz Theorem to say that there exists a unique
solution Y € C?([zy, 2gr]).

For the sake of clarity, we decompose the proof into two steps. First, we prove
that we can extend the interval (zr, zr) to (zr,zg) such that (4.8) holds (see Lem-
mas 5.5 and 5.7), and then the existence of V' > 0 (see Subsection 5.1.2). For both
steps, we will assume (5.1) and (5.7), i.e.

2
x> x" = _ Ty and p1 > xL. (5.9)
aM f’ (F—A}/%[Q)
0

5.1.1 The existence of z, zg

We break the proof in two steps. We first give a sufficient condition for the existence
of zy,.

Lemma 5.5. Assume that f satisfies the assumptions in (1.3), and that (5.7) holds.
For all V. > 0, there exists x;, < 0 such that the solution of (4.5) satisfies —1 <
Y(z) <0 for all z € (x1,,0) and Y (zr) = —1. Moreover, xy, is such that

(p1— Lx) — \/ (p1 = Lx)* + 29V
%

<z <0,

and we have

L
Y'(z) > 2%, Vz € [z, 0]. (5.10)

Proof. From (5.7), we see that

V(o) = n(0) = X 5 0

Moreover, since Y (0) = 0 we let

xr, =inf{zy <0; Y(x) € (-1,0) for all z € (21,0)}.
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Note that {z7, < 0; Y(x) € (=1,0) for all z € (z21,,0)} # 0 thanks to the regularity
of Y. We possibly have z;, = —oo if Y(z) > —1 for all x < 0. Hence, we need to
show that z, > —oo and that Y (zr) = —1.

Recalling assumptions (1.3), we see that

0< f(cle_avw) <L, VzeR,
thus from (5.8) we deduce
pr—Lx—-Va<AY'(x)<p—Vaz, VreR. (5.11)

Since Y (0) = 0, we have

2 2
VS +pr <Y (@) S Vo + (- L)z, VoeR (5.12)

The right-hand side of the previous inequality is negative, monotone increasing on
R~ and it converges towards —oo as * — —oo. Since Y (z) > —1, by definition of
xp, it follows that 1 > —oo and (5.12) implies that Y (xz) < 0 so that we must
have Y (zr) = —1. O

Remark 5.6. Note that the assumption p1 > x L is a sufficient condition for the ex-
istence of xy,. Indeed, we may assume that p1 > x f(c1). However, the disadvantage
of such an assumption is that the quantity f(ci1) depends on V. More generally,
without any assumption on p; we can prove that there exists x; < 0 such that

Y (z1) = —1 by using (5.12). However, in this latter case we can not assure that
(5.10) holds.

Next, we give a sufficient condition for the existence of xpg.

Lemma 5.7. Assume that f satisfies the assumptions in (1.3), and that (5.7) holds.
Then, there exists

— L 2

Vi € |52, 21 (5.13)

2y 2y
such that, for all V' € (0, Vipax), there exists xr > 0 such that the solution of (4.5)
satisfies

0<Y(x)<1l forall ze€(0,zR),

and
Y(zgr) = 1.
Moreover, xg is such that
P1
0 < =
<ZR S V,
and
Y'(xg) >0, ifV < Viax, (5.14)
Y'(zr) =0, ifV = Vigax, '
and
Y'(z) >Y'(zg) Va€l0,zg] (5.15)
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Proof. Since
YY'(0) = p1 — xf(e1) >0,
we can define T > 0 by

z :=sup{zg > 0; Y'(z) >0 for all z € (0,2r)}.
In particular, since by (1.3)
vY'(z) > p1 — Vo — xL,
we have Y'(z) > 0 if x < %. Hence, by definition,

o b1 —Lx
>
T
Furthermore, from (5.11) evaluated in z and (1.3), it follows that
p1—Lx <Vz+9Y'(2) < p1,

hence, recalling (5.7) and thanks to the definition of Z, we also have

Kl
IA

p1

v
Integrating (4.5) in = and using Y (0) = 0, we have
2 2

—V% +(p1 — Lx)z <AY(z) < —V% +piz, Vo >0.

Recalling that Y is increasing in (0, ), we get

2V 2€(0,7) 2V

In view of the previous computations, a sufficient condition for the existence of zp
is Y(zr) = 1 and, in such a case, it holds that

TRr < T.

Define
Vinax :==sup{Vp; Y(z) > 1, VV € [0, V) }.

We first see that

2
27 max > 277

IN

and by continuity with respect to V, when V' = Vi, we have Y (z) > 1. Fur-
thermore, if Y (z) > 1, then there exists § > 0 such that supY > 1 for V €
[Vinaxs Vmax + 0) which contradicts the definition of Vi ,x. Consequently, Y (z) = 1
when V = Viux and so zg = T and Y/(zg) = 0. O
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Remark 5.8. As in Remark 5.6, we may weaken the assumption made on py for
the existence of x g such that Y (xr) = 1. However in such a case we may not assure
that (5.14) and (5.15) hold true.

From the two previous Lemma we deduce the following result.

Proposition 5.9. Assume that f satisfies the assumptions in (1.3), that (5.7) holds,
and that V € (0, Vipax) for Viax as in (5.13). Then Y (z) the solution of (4.5) satisfies

0<~Y'(x) < Lx+ \/(pl — Ly)*+2V Vz € (zp,zR).

Proof. Lemma 5.5 implies that Y’(z) > 0 on [z, 0] and Lemma 5.7 implies that
Y'(z) > 0 on [0,x2g]. Next, Equation (4.5) implies

vY'(z) <p1 — Var,

and the upper bound follows from Lemma 5.5. O

5.1.2 The existence of V'

We now turn to the proof of the existence of V. From now on, we denote by Y (x, V),
zr(V), zr(V) the solutions of (4.5), (4.8) for all V' € (0, Vipax). Moreover, since we
can read c¢; as a function of V| we rewrite it as

aVM

N zr(V) —aVzx Y(z,V) ’
2 fo(V) € (1-Y2(z,V))'/? da

Cl(V) ==

To end the proof of Proposition 5.4, we must show that if x > x*, then there
exists V' € (0, Vipax) such that (4.9) is satisfied. We introduce the function

zr(V)
G(V) ::/ _ Y@ V) g, (5.16)
e (V) V1-Y?(2,V)

and first prove the following result.

Proposition 5.10. The function G : [0, Vinax) — R defined by (5.16) is continuous
and satisfies

G(0)=0 and GV)— 400 as V — Vye.
Furthermore, when x > x*, then it holds

GV)<0 for 0<V<<I.

Proof. Continuity of V. — G(V).
Since xr (V') and zr(V) are determined by the conditions

Y(z,V)=-1 and Y(zg,V)=1,
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recalling equations (5.10) and (5.14), we can apply the Implicit Function Theorem
to get that V — a1 (V) and V +— zx(V) are continuous functions.

To prove the continuity of G, we now consider a sequence V,, of positive numbers
such that V,, =V > 0. We fix § > 0. The continuity of x; and xr implies that for
large enough n:

xr (V) <ap(V)+0 <zr(V,) + 26,

and
xR(Vn) Z xR(V) ) Z xR(Vn) — 20.

We claim that Y (z,V,,) = Y (z,V) uniformly in [z1(V),zr(V)]. Indeed, differenti-
ating equation (4.5) with respect to V, we find that the function Z :  — 9y Y (x,V)
solves
vZ'(x) = —x + x (ac1x — Oy cr) e~V ! (clefavm) on (xr,TR),
Z(0) =0,
with
dye1(0) =

Then, we have
Y (2,V,)| <1-—n in (zp,(V)+ 9, zr(V) —9), (5.17)

for some 1 > 0 and n large enough.
We now write

G(V,) = /mR(V") Y (2,Vn)
" 2 (Vi) 1-Y2(z,V,)

2r(Vn)—98 Y v xr(Vn)+o Y V.
zr(Va)+d v 1-Y (x’ Vn) xr(Vn) 1-Y (CE, Vn)
/ Y Vi)
+ T.
er(Va)—6 /1 = Y2(2,V;)
The bound (5.17) implies that
xr(Vn)—0 zr(V)—9
/ Yz, Vo) dz — M dz for n — oo.
xr(Vn)+6 1- Y2(:C, Vn) zr (V)46 1-— Y2($, V)

Next, using that Y verifies (5.10), we have that
Y(z)| <1 and 1+Y(z)>C(x—2ar(V,))

for x € [v,(V,,), z(Vy) + 0]. It follows that the second term satisfies

:BL(Vn)+5 1
< / dz < €812,
D) C(z —2.(Va))

dx

/ T V(@ V)
2 (Vi) 1-Y2(z,V,)
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where C,C’ are positive constants.
Using (5.15), we obtain a similar bound for the third term and we get that

zr(V)
lim G(V,,) = / _Y@V) g, +O(6Y2) = G(V) + O(6Y/?)
n—00 (V)45 /1 =Y2%(z,V)

from which we deduce the continuity of G.

Proving that G(0) = 0
Recalling that ¢1(0) = ¢ = Qﬂ‘ it is easy to check that
W@0) = —xf @), w0)= e p(0) =
=X/ (@) - x/ (@)
hence by parity
. B -
co) = [T (p1 —xf(9) = _dr=0.
RZEicy <72 — (;1 — x[(&)* 562)
On the sign of G.
Now, we define the function H : (—1,1) — R by
Y
H(y) = .
W) = —= 2
For 0 < V < Viax, we have
=X (@) =70:Y (2, V) + Va +x (f (ce™™) = (),
hence
zr(V)
GV) = / HY (2,V)) da
zr(V)
L [ o wr@y v v
= p1—X[f(@ x, x
Xf( ) zr(V) !
1 xR(V) v ~
— o [ oY@ V) Ve x (f (e ) - f@)] HY (2,V) do
Xf( ) zr(V)
1 zr(V) v 3
= 7/ Va4 x (f (ce™™) = f(@)]| HY (z,V))dz, (5.18)
Xf( ) zr (V)
since
zr(V)
/ 0,Y (x,V)H(Y (z,V))dx = 0.
zr(V)
Note that, for all V' € [0, Vinax), we already know that
H(Y (z,V))>0 for all 0 < z < xgr(V), (5.19)
HY (z,V)) <0 for all z1,(V) <z <0, .
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so we need to determine the sign of the function
Wy(z) :=Va+x (f (cle—an) — f(9)). (5.20)

We split this study w.r.t. the cases V <« 1 and V — oc.

Behavior of G for V <« 1.
For 0 < V <« 1, using that dy¢1(0) = 0 and that ¢;(0) = ¢, we have

fler(V)emV®) = f(¢) — azef'(&)V + o(V),
hence, in such a case, (5.18) becomes

1 zr(V) s
GV)= P /mL(V) Va (1—axef'(€)) HY (z,V))dz + o(V)

S 1—axef'(e) ”CR(V)x . o
_Vipl_Xf(é) /mv) H(Y (z,V))dz + o(V).

Using (5.19) we deduce that for 0 < V < 1 the sign of G(V') is that of
(p1 = xf (@) (1 - axéf'(e) -

The condition (5.9) implies that it is negative.

Behavior of G when V. — Viax.
Equation (5.14) gives:
amy(xR(Vmax), Vmax) = 0.

Recalling that « := 20, Y (2 r(Vinax), Vimax) < 0, we deduce
Y (2, Vinax) = 1+ a(z — 25(Vinax))* + O (|2 — 2r(Vinax)|*)  as z = zg.  (5.21)
Thus, we get
1— Yz(gzc7 V)= —2a(x — JUR(V))2 +0 (]m — xR(V)]?’) ,

leading to

VI=V(@ V) = V2alle - ap(V)|+ 0 (le - ap(V)P?) . (5.22)
We notice that for all € > 0 the function G can be written by

zp(V)—e zr(V)
a0~ | Y, V) Y (V)

——dx + ———dz
(V) 1- Y2($, V) zp(V)—e 1- Y2($, V)

The first right hand side is always finite, while the second right hand side by (5.21)
and (5.22) for V' — Viyax we get that

dzx = +o0.

/J:R(V) Y($, V) q zr(V) 1
—_—— Ar =~
wr(V)—e /1 =Y2(z,V) er(V)—e V2|z — zR(V)|
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Therefore, for V- — V,.x we get that
G(V) = 40,

which completes the proof of Proposition 5.10. O

Proposition 5.4 is a consequence of the following result.

Corollary 5.11. Let (5.9) be in force. Then, there exists V, € (0, Viax) such that
G(Vy) = 0. Furthermore, assume in addition that f satisfies (5.3). Then, V,, — 0
as x — x*.

Proof. The Corollary follows from Proposition 5.10. Indeed, for any x > x* the
Intermediate Value Theorem gives the existence of V,, > 0 such that G(V,) = 0.
In order to show that V,, — 0 as x — x*, we note that if we consider G as a
function of x and V (instead of V only), then the continuity with respect to x
can be proved similarly to that with respect to V. Consider the situation where
X — X" along any subsequence such that V, — V*. Such a subsequence exists since
0<V < Vpax < %. In such a case we have 0 = G(x, Vi) — G(x*,V*). It remains
to prove that G(x*,V) > 0 for all V' > 0 from which it would follow that V* = 0
and hence the whole sequence V) converges to zero.

Recalling the definition (5.20) of W, we see that

Cle—anf/ (Cle—aVJ:) >

cf'(e)

Consequently, if f satisfies the additional assumption (5.3), then W’(x) > 0 for all
x € R and hence H (Y (z,V))W(z) > 0 for all z € R.

W;(*(ac) =V (1 —

O

6 Proof of Theorem 1.10

In this section, we show that a bifurcation of traveling wave solutions occurs from
the family of radially symmetric steady states Bgr,. This bifurcation is determined
by the following parameters: the size of the cell Ry, the active parameter x, the
constant M defined in (1.2), a and the function f. It is convenient to choose x
as the bifurcation parameter in the bifurcation conditions. More precisely, we will
prove the following result which implies Theorem 1.10.

Theorem 6.1. Assume that [ satisfies the assumptions in (1.3). Then, problem
(1.1) has a branch of traveling wave solutions (Q?O, VXRO) with volume |Bp,| bifur-
cating from the radial solution Bg, at x = x*.

The next result characterizes the structure of the bifurcating branch of the
traveling wave.

36



Theorem 6.2. Assume that f satisfies the assumptions in (1.3). Then, the bifur-
cation solution has the following form:

= __™
x(s) M <%)
V(s) =s+o(s),

+ 7732 + 0(52)7

where n € R and the parameter s takes values in an interval (—d, 7).

Remark 6.3. By lack of uniqueness, we cannot claim that the V function in The-
orem 6.2 is the same as the previous existence Theorems.

Since the disk is a solution of the system (1.6a) — (1.6¢) with zero bulk velocity
V =0, our aim is to seek for other solutions in the form of a perturbation of the
disk of radius Ry. We seek for those domain 2y of the form

Qo={(r,0) : 0<r < Ry+p(0) and 6 € [—7, 7]},

where the function p : R — (=R, 00) is 2m-periodic and such that
| B0+ p0))? - B ds =0 (6.1)

(this condition guarantees that |Qy| = |Bg,|)-

Furthermore, since we look for traveling wave propagating in the z-direction,
we restrict ourselves (as in the previous section) to domain €y that are symmetric
with respect to the y-axis. We thus introduce the functional space:

X ={pecie(-mm): p0) = p(-0), YO € (—m,m)} .
Note that the boundary 0)y is parametrized by
((Ro + p(0)) cos b, (Ro + p(8)) sin 9) for 0 € [—m, 7],

the normal vector is given by

n(0) = L < (Ro + p(0)) cos  + p'(0) sin )
(Ro + p(0))2 + p/(0)2)172 \_ (Ry + p(9))sin 6 — p/(8) cosd )’

and the mean-curvature by

(Ro + p(8)) +2/(6) — (Ro + pl6))p"(6)
((Ro + p(6))2 + p/(8)2)*°

r(0) =
In such a case, equation (1.8) can be rewritten as
(0) + xf (e (V; p)e eV Bt o) v (Ro 4 p(9)) cos§ = pi, (6.2)
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for all § € [—m, 7), where we recall that ¢;(V, p) is defined by
M

- fjﬂ' frli()0+p(€) e—aVr cos erdT‘ d@ :

c1(V,p) (6.3)

Therefore, the existence of a boundary 0 solving (1.8) follows from the exis-
tence of a function p solution of equation (6.2).
Before getting into the real proof, we also introduce the functional space

Y =Co%(—m, 7).

per

The existence of solutions of (6.2) is proved by the following result.
Theorem 6.4. There exists an interval [ = (—¢, +¢) and four C! functions
p:Ix[-m+nr] >R, x:I—-R, V:I->R, p:I->R,

such that, for all s € I, the equation (6.2) has a solution p(s,8) for all § € [—=, 7]
representing a parametrization of the boundary 0 with x = x(s), V = V(s) and

p1 = p1(s).

Remark 6.5 (On Theorems 5.1 and 6.4). We note that our two approaches, Theo-
rem 5.1 on the one hand and Theorems 6.4 on the other hand are different. Indeed,
the first result fixes the Lagrange multiplier p1, while the second one fixes the vol-
ume. However, if the radius Ry of Theorems 6.4 verifies |Q§“| = wR%, then both
approaches prove the existence of non trivial traveling wave solutions for x > x*,
which converge to Br, when x — x*. Otherwise,

(QPL, VR = (@, VIP) = (Q-,0).

Theorem 1.9 can be interpreted as a bifurcation in pi, since the immobile, circular
solution always exists, and this result shows that for sufficiently large p; there are
non-trivial traveling waves.

We take advantage of the following Lemma.

Lemma 6.6. Assume that f satisfies the assumptions in (1.3). Then, the functional
F defined by (6.4) has the following properties
1. F(x,0,0,0) =0 for all x € R.
2. Ker 9, v F(Xx*,0,0,0) is a one dimensional subspace of Rx X xR xR spanned
by (0,1,0);
3. Range 9, v, F (X", 0,0,0) is a closed subspace of Y xR x R xR of codimension
1.

Remark 6.7. Note that points 2. and 3. imply that F is a Fredholm mapping of
order zero.
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Proof of Lemma 6.6. We define the function
FRxXXxRxR—=YXxRxRxR
by

FOp,Vimr) = (v(00) + X (e1(V: pleaV (Roto@) cost) (6.4)

+V(Ro + p(6)) cos 6 — -~ — py,
Ry

/7r ((Ro + p(0))* — R3) do, ’ p(0) cos 6 db, i p(6) sin@d@),

—T —T —T

with ¢1(V, p) defined by (6.3).

Proof of 1.
The first point is obvious.

Proof of 2.
Next, recalling the definition of F in (6.4), we compute L, := 9, v,)F (X,0,0,0)
which is the linear operator

Ly: XxRxR=Y xRxRxR
defined by
£X(p7v’7p1) = ‘Fp(X707070)[p] +~FV(X70707O) 14 +‘Fp1(X707070)p1 (65)

evaluated in (x,0,0,0).
We recall that the linear operator F,(x, p, V,p1) is defined by

d
Fol: o, Vip)lnl = - F O p+en Vipr))__, forne X.

We thus compute:
F(x,p+en,Vipr) = <7 Kpven(0) + Xxf (01(V, p+ en)e @V FotpO) (@) COSG)

+V [Ro + p(6) + en(6)] cos(6) - Rlo — 1.

/ " (Ro+ p(6) + en(8))? — R2ds,

/7r [p(6) + en(0)] cos 6 db, ! [p(0) +en(0)] sin@d@), (6.6)

—T —T

where K,y (0) is the mean-curvature of the perturbed boundary, that is

Kpten(0)
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[Ro + p(6) +en(®)]” +2[p'(6) +en/ ()] — [Ro + p(6) + en(6)] ["(6) + en”(6)]
[(Ro + p(8) +en(0))2 + (0/(0) + e/ (9))2 ]2

We now derive (6.6) with respect to e, we set € = 0, and we finally consider p = 0,
V =0 and p; = 0. Hence, for n = p, we find the following expression

700000l = (=222 erpe) [T, o)

—Tr

2Ry / " 0(0)do, / " 5(0) cos 06, / ") sin9d9>.

—Tr —Tr —Tr

The second and the third terms in (6.5) are simpler to compute since V' and p; are
real quantities. We obtain that

Fv(x,0,0,0)V = (=VRgaxéf'(¢)cos§ + V Ry cos 6,0,0,0)
since dy¢1(0,0) = 0, and

]:pl (Xao’oao)pl = (—plao,oao) . (68)

Finally, the linear operator £, is given by the sum of the expressions (6.7) — (6.8),
that is

Lo(p.Vip1) = (_7%{'@) — Roxéf' (@) / " ()0

—T

—V Rpaxcf'(¢) cos @ + V Ry cos 0 — py,
2R0/ p(0) dH,/ p(0) COSHdH,/ p(0) sianG).

-7 —7 —
When x* = ﬁ’(é)’ we get

L (p.Vipy) = <—v% -5 [ poya0-pzm, [ p0)an,
0 —T —T

/ " p(0) cos 0d6, / " 0(0) sin9d9>. (6.9)

—Tr —Tr

Thus, the elements {(p, V,p1)} belonging to Ker L,« are such that

R3 s R2
"(0) + 9+—°/ p(0)do = ——p,.
p"(0) + p(0) . _ﬂ() ol

Using the condition ["_p(0)df = 0, we obtain that

p"(0) + p(0) = —RT(%pl. (6.10)
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The parameter V' does not appear in equation (6.10), so (0,V,0) € Ker L, for all
V € R and thus dim Ker £,~ > 1. Furthermore, if (p,p1) solves (6.10), then p has

the form )

p(0) =acosf + bsinf — &pl, for some a,b € R.
Y

We use the conditions

™ s ™

/ p(#)do =0, / p(0)cosfdo =0, / p(0)sinddd =0
—T —T —T

to determine the coefficients a, b and to identify p;. These integral conditions re-

spectively imply that p; =0, a = 0 and b = 0, hence Ker £, = span{(0,1,0)} and

dimKer £~ = 1.

Proof of 3.
Next, we show that the range of £,+ consists of all the quadruplets

™

(h,C1,C05,C3) € Y x RxR xR such that /h(@)costH:O.

—T

The fact that this condition is necessary is obtained by multiplying the equation

//

—’YM—PIZh (6.11)

R
by cos(f) and integrating over (—m, 7). To check that this condition is sufficient, we
note that, for given h € Co(—m,7) and p; € R, equation (6.11) has a solution in
C28(—m, ) if and only if ST h(f)cos@d = [ h(#)sin@df = 0, and the general
solution is of the form

p(0) = p(0) +acosf + bsin,

for some particular solution p, which we can assume to be even (otherwise we replace
it with [p(0) + p(—0))).

When h € Y, the condition [ h(#)sin@df = 0 is always satisfied since h is
even, and we find a solution in X by taking the even part of p:

p(0) = S[5(6) + p(=0)] + acos.

2
We then choose a so that [™_p(#) cos @ df = Cy and integrating (6.11) with respect
to 0 yields

y

—gz | pO)dd—2mp = [ [f(6)d6
0J—7 —T

so we can now choose p; so that 2R} [™_p(6) df = Cs.
O

Proof of Theorem 6.4. Lemma 6.6 imply that we can apply the Implicit Function
Theorem to F. O
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Proof of Theorem 1.10. We follow the arguments contained in [4, Theorem 6.4]
to prove the existence of a brunch bifurcating traveling wave solutions. In partic-
ular, we want to exploit the Leray-Schauder degree theory and its connection with
bifurcation points. We refer to the Appendix B for a brief synthesis on the theory
hidden in the proof below.

We omit the dependence on the parameter s when possible.
We take advantage of the expression of the mean-curvature in polar coordinates
to rewrite (6.2) as
(Ro + p)p" = (')’
(Ro+p)* + (p)°
((Ro + 0+ (0)°)
Y

(6.12)

|

[Xf <cle*aV(R0+p) COSG) + V(Ro+ p)cosf —p;

with p = p(0) for all 8 € [—7, ), where we recall that ¢1(V, p) is defined by (6.3).

Since ) )
/ R "n__ (.
arctan( p > ~ (Ro+p)p (p)27
Ro+p (Ro +p)? + (¢')

we integrate (6.12) twice in 6, and we get that

p=K(p,V;s)

for

K(p.vis) = | "Ry + p)tan [¢

v ((Ro+0)* + () /
_|_/0 ( 0 - ) [Xf <616*GV(30+P)COS¢) +V(R0+,0)COST,Z)/—]91:|:| d¢ld¢

Since we have supposed that the domain is symmetric w.r.t. the x-axis, we have
that
p is an even function, so p'(0) = 0.

We also recall that the area preservation condition
s
/ p(6)dO = 0
—T

is verified (see (6.1)).
We set the center of mass of the domain at the origin:

1

3 / (Ro + p(0))3 cos 0 df = 0.
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This implies that we do not consider copies of solutions translated in the z-direction.
The previous conditions lead us to

p=Ki(p,V;s)=K(p,V;s) — / K(p,V;s)d

Now, setting
™

1
V=Ksp,V;s)=V+ §/ (Ro + p)? cos 6 db,

—T

the problem reduces to the following fixed point one
(p, V) = (K1(p,V;s), Ka(p,V;s)) = K(p,V;s) in X xR. (6.13)

Remark 6.8 (On the operator K). We here collect some remarks on the component
K7 of the operator K.

e Note that, if p € X, then
Ki(p,V;s) € X.

Moreover, by the definition of K, K1(p,V';s) maps even functions in even ones.

e The K, just defined is equivalent to the first component of the operator F
defined in (6.4). In particular, this means that the Lemma 6.6 holds for K,
ie.

K(0,0;5) =0 Vs€R,

and that K is Fréchet differentiable in 0 (see the proof of Lemma 6.6).
We can thus linearize K as explained in Remark B.5.

Reasoning as in the proof of Lemma 6.6, the linearizations of K, Ko around
the point (0,0;s), p; = 0, are

3
Ly(p,V;s) = al // —xacf' (¢ )—l—l)cosw/—%pdw'dw—@ (6.14)
0

Ly(p,V;s) = V—l—Rg/ pcos B do (6.15)

where C is the mean value of the first term in L,(p, V; s).
Thanks again to Remark B.5, we proceed computing the eigenvalues of

(Ly(p,Vss), Ly (p,V;s)) = L(p, V).

In particular, it is without loss of generality that we reduce the case V # 0 to
V = %1 by rescaling arguments.

We begin considering (p, V') = (p, £1). Let Ej be the desired eigenvalue. Then,

from (6.15), we have
T E -1
/_ﬂpcos@d@ = Tg
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We now derive (6.14)
Ly(p,Vis) = Eip

twice by 6, obtaining
cosf (—acx f'(¢) + 1) — ngp = ngElp”.

Then, we multiply this equation by cos#, and we integrate in [—, 7], getting that

By —1)?
(—axef'(e) + 1) m = 77( ! B ) )
Ry
otherwise, by definition of x*,
X (El - 1)2 *
1— = ) m=y—— Wx(s) <X 6.16
< X*> R ®) (019

We set

R
Em:R%\/—O <1—1*>7r+121,
Y X

R
E1,2=—R3\/—0 <1—l*>7r+1§1.
Y X

We claim that the cases F1 1 = Eq12 = 1 are not admitted. Indeed, this would mean
that

x(s) = x" = x(0),
i.e., x = x(s) constant, so no bifurcation occurs.
The case (p, V) = (p,—1) can be dealt with in the same way, and it leads to

E_; — 1)
- <1 - %) = 7% Vx(s) > x*. (6.17)

This means that, there is a jump of the local Leray-Scauder index through s = 0.
As far as the case (p, V) = (p,0) is concerned, we need

/ pcosfdf = 0.

—T

Hence
p=-cosmb, m>2.

Reasoning as before, we get that the condition
—p = Eomp”
has to be satisfied. Then

EO,m =m
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Note that Ep,, < 1 for all m > 2.

We now want to prove that (0,0;s,) is a bifurcation point for some s, € R. In
order to do so, we are going to apply Theorems B.4 and B.8.
Since we have that the Lh.s. of (6.16) (resp. (6.17)) is positive if

X" >x(s)  (resp. X" < x(s)),
we can identify a value s_ (resp. si) such that

degps(I = K(p, V3 52), B:(0),0)
is well defined for

B.(0) = {(p, V)i IVI<e lollezenm < a} . e< 1.

We now claim that (0,0;s) is an isolated solution for every s € R.

Indeed, K is Fréchet differentiable at 0, and 1 belongs to the resolvent of L because
none of the eigenvalues we found is equal to 1.

Then, being the assumptions of Theorem B.4 satisfied, (0, 0;s) is an isolated solution
and, thanks also to (B.2), we get that

degrs(I — K(p,Viss), B=(0),0) = (1),

where m4 have been defined in Theorem B.4, and m (resp. m_) refers to sy (resp.
s—). In order to verify that we have a bifurcation point, it suffices to prove that
m_ # m4 (see Theorem B.8).

Since the number of eigenvalues contained in (1, +00) coincides at sy for Eq, but it
differs by one for Ey ,,, we conclude that

degLS(I —F(p,V;S,),BE(O),O) 7£ degLS(I _F(p’V;SJr)’BE(O)’O)a

and then, from Theorem B.8, there exists a s, € [min sy, max sy] such that (0, 0;s,)
is the desired bifurcation point.
This means that there exists a sequence of solutions

(Vaa pa) € aBa(O)

such that
(‘/;7 pz’;‘a S&‘) — (07 07 S*)'

(see Definition B.7).

We point out that we must have (V,p:) € 9B:(0) because (V,p) = (0,0) is an
isolated solution in B.(0) for € small enough.

To conclude this proof, we have just to show that the sequence (V, p.) is made of

traveling waves. This is trivial since, being (V%, p.) solutions to I — K (p,V;s), then
they verify Definition 1.2 (see also (1.8) in Remark 1.4) by (6.13). O
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7 Proof of Theorem 6.2

We now give some qualitative results on the nature of the bifurcating branch of
traveling waves, using Crandall-Rabinowitz bifurcation results.
In what follow, we assume that f verifies (1.3) and also

feC3(RM).
We begin recalling Lemma 6.6, and we prove the following.

Lemma 7.1. Let the assumptions of Lemma 6.6 be in force. Then the functional
F defined by (6.4) also verifies

aX 8(p,V,p1)]:(X*7 07 07 0)[(07 17 0)] ¢ Range 8(p,V,p1)]:(X*7 07 07 0)

Proof. We note that the original problem (1.6a) — (1.6¢) is invariant by translation.
Thus, it is natural to eliminate these invariances by looking for solution of (6.2)
satisfying the orthogonality conditions

/ p(f)cosfdh =0 and / p(f)sinfdh = 0.

—Tr —Tr

We prove the transversality condition with respect to the value x*, that is we
have to prove that (0, £,+)(0,1,0) ¢ Range Ly~ (see (6.9) for the definition of £,~).
We have

(0 L4+)(0,1,0) = (—aRocf'(¢) cos6,0,0,0).

Assume by contradiction that (0, L,+)(0,1,0) € Range £,~. Then, we would have

that
0)+p"(0)  Ro (7 of'(@
7% + 70 / p(6)d6 + p1 = aRocf'(¢) cos 6.
0 —T

Multiplying by cos and integrating on [—m, 7], it yields that

7/ p(0) costQ—l—w/ 0" (6) cos 6 do (7.1)
+ <@/ p(6)do —|—p1> Rg/ cos 0 df = Rg’f’(é)aé/ cos? 0 dé.
a -7 - -

Integrating by parts twice the second term of the left-hand side and using that p’ is
a 2m-period function together with flr p(0) cos8df = 0, we deduce that

/ 0" (0) cos 0 do :/ P (0)sinfdo = —/ p(0) cosfdo = 0.

—Tr —Tr —Tr

Then, equation (7.1) leads to
0 = Riaéf'(é)m,

which is a contradiction since f(¢) > 0. O
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Theorem 7.2. Let the assumptions of Theorem 6.4 be in force. Then, the functions
x:I—=RandV:I— R verify

(i) V=V (s)=s+o(s) forall s € I.

(i) X(0) = =h, ¥'(0) = 0 and

M R? M
/loz_a 0 ”/E—Fué )
X0) = T O+ 1O
Proof. We can now apply the Crandall-Rabinowitz Bifurcation Theorem C.1.
Let us denote by Z any complement space of Ker L+, there exists an interval I =
(—¢,¢) and four C! functions ¢ : I — R, oy : [ x [-7,71] = Z, ¢y : [ — Z and
3 : I — Z such that

F(p(s),11(s,0),102(s),1¥3(s)) = (0,0,0,0) forall se I, 0 € [—m, ], (7.2)
and
o(0) = aéfl/ G D00 =0k all e [—ral Ua(0) =0, a(0) =0

In particular, the solutions (x,p, V,p1) = (x(s), p(s,8),V (s),p1(s)) of the equation
F(x,p, V,p1) = (0,0,0,0) are of the form

X(s) = 9l5), p(5,0) = 0+ 591 (5,0), -
V(s) = s+ sha(s), p1(s) = 0+ s3(s)
and they verify
1
X(0) =x" = —%7~=, 0,0) = 0sp(0,0) =0 for all § € [—7, 7],
O =X = . 0(0.0) = 0,p(0.0) S
VO)=0 and V'(©0)=1,  p(0)=p}(0) =0.
The point (ii) will follow from Lemma 7.3 and 7.4 below. O
In the proofs that follow, we use extensively the fact that the functions
0 — p(0,0) and 6+ 9sp(0,0)
(and all their derivatives with respect to ) vanish. Using that
/ p(s,0)cosfdfd =0 and / ((Ro + p(s,0))*> — RE)do =0
for all s, we also have
02 p(0,0)cosdfd =0 ¥YneN and 0ssp(0,0)dO = 0. (7.5)

—T —T

Some technical computations are contained in the Appendix (see Sections C.2—-C.3).

47



Lemma 7.3. Assume that (C.1) holds. Then, we have x'(0) = 0.

Proof. We recall that

((Ro + p)? + 209p* — (Ro + p)Deap)(s,0)
(((Ro 4 p)? + 99p?)3/%) (s,0) ’

k(s,0) = (7.6)

and we set

Z(S, 0) _ Cl(‘/, p)e—aV(s)(Ro-‘,-p(s,G)) 00507 (77)

with ¢1(V, p) given by (6.3).
We differentiate with respect to s the first component of F given by (6.4) and
we use (7.2) to obtain

0 =90sr(s,0) + x'(8) f(2(5,0)) + x(8) [ (2(s,0))s2(s,0) (7.8)
+ V'(s)(Ro + p(s,0)) cos 0 + V (s)dsp(s, 8) cos 6 — ply (s).
Let s = 0. Then, (7.4) implies that ¢;(V, p) = ¢ hence
2(0,0) = ¢ for all 0 € [—m, 7).
Consequently, (7.8) simply writes as
¥0sk(0,0) + x'(0) £(¢) + x(0) f(€)052(0,0) + Ry cos = 0. (7.9)

Recalling that x(0) = #,(5) and (C.6), it follows that (7.9) simplifies as

7v0sk(0,0) + x'(0) f(¢) = 0.

The conclusion follows since we know that dsx(0,60) = 0 (see Lemma C.3) and
f(é) # 0 (see assumptions (1.3)). O

Lemma 7.4. Assume (C.3). It holds that

a 2
X0) =~ @ + 1)

Proof. We now differentiate twice equation (7.8) with respect to s, obtaining

0 =Y0sssti(s, 0) + X" (5)f (2(s,0)) + 3x" (5)f(2(s,0))0s2(s, 0)
+3X ($)Lf"(2(s,0))(8s2(s,0))* + f(2(s, 0)) Dssz(s, 0)]
+X(8)[f" (2(5,0)) (D52 (5, 0))° + 31" (2(5,0))Ds2(5, 0) Dssz (s, 0) + f'(2(5,0)) Dsss (5, 0)]
+ V" (s)(Ro + p(s,0)) cos 0 + 3V"(5)0sp(s, ) cos 0 + 3V'(s)0ssp(s, ) cos 0
+ V() Osespl(5, 0) 050 — pl(5). (7.10)

Since we have (7.3), (C.3), (C.6), and Lemma 7.3, the expression in (7.10) for s =0
becomes

0 =70s55(0,0) + X" (0) f(¢) — 3acRox" (0) f'(¢) cos 0

48



1
acf'(¢)
+ V"(0)Rg cos 0 — p/'(0). (7.11)

+ [—f"(&)(aéRg cos 0) — 3aéRg cos 0" (¢)ss2(0,0) + f(¢)Dsss2(0, 0)]

We multiply (7.11) by cos §, and we integrate in 6:

0 :'y/ Dsss(0, 0) cos 0 df — 3racRox" (0)f'(¢)
1

G

—T

< - ?%Tf”/(é)(aERo)?’ — 3acéRo f"(¢) /7r cos” 00s552(0, 0) do

—T

+ f’(E)/ 08 004552(0, 6) d0> + 7V (0)Ry.

Using Lemma C.6, we simplify as follows:

1
0 = — 3maéRox"(0) (&) + G {—%ﬂ f"(&)(aéRy)> — ga?’MQéRO f”(é)]
1( aM_,, oM [T ”
B el - 5 00ss5p(0, 0) df . 12
+ - < e V7(0) Sy cos 00ss5p(0, 0) > + 7V (0)Ry (7.12)

Since é = M/ R2, (7.12) becomes as

™

2
¢) + f”(E)] ~ ik cos 00s55p (0, 0) db.

aM , o 3a’M?Ry [ M ,
0= 3G 0(0) — Hr |

Using (7.5), we finally get

x"(0) = -

aMR% [ M

G @}

A Spectrum of the heat equation with homogeneous
Neumann boundary condition

We recall here some facts concerning the spectrum of the heat equation with homo-
geneous Neumann boundary condition.

Let m € Z, z € C, and w : C — R. Then, the Bessel and the modified Bessel
second-order differential equations read

20" (2) 4+ 2w (2) + (22 = mPw(z) =0, (A.1)

and
20" (2) 4+ 2w (2) — (22 + mPw(z) = 0. (A.2)



The Bessel J,, and the modified Bessel I,,, functions of the first kind of order
m € 7Z are particular solutions to (A.1) and (A.2), and their expressions are

> —1)P T\ 2p+m
T(z) = pz; W 5) (A.3)

and
1" L () = I (iz), (A4)

that is

[e.9]

1 T\ m+2p
In(z) = Z%m <§> . (A.5)

Note that I,,, and J,, verify the following equation:
- 2‘]7,71(55) = Jerl(x) - Jmfl(x)’ (A6)
where J/ (z) is the derivative of J,,(z).

Lemma A.1. For all z € C, there holds
1
2lmi1(2) [ (2) — 211 (Z2) I (2) = (z2 — %) / ulp (uz) Ly (uz) du. (A.7)
0

Let A, p be the p-th real positive root of J,, the derivative of .J,,,, such that
Ampt1 > Amp > 0 > Ao > 0. (A.8)
We consider the heat equation with Neumann boundary condition

Oe(t,r,0) = Ac(t,r,0) (r,0) €[0,1) x [—m, ), (A.9a)
Orc(t,1,0) =0 0 € [—mm). (A.9Db)

Proposition A.2. The spectrum of the operator (A.9) is

{=)2 . (m,p) € N x N}.

m7p’

B Bifurcation through the Leray-Schauder degree
theory

We here give a very brief background on the (huge) theory regarding the Leray-
Schauder degree and the local Leray-Schauder index , LS degree and LLS index
from now on. A synthesis of the incoming presentation is given in [25].

We also recall the link among the above notions and bifurcation points. For this
part, we mainly refer to [20].
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The LS degree is a powerful tool that, under suitable hypothesis, algebraically

counts the number of zeros of functions. In our case, we are interested in functions
of the type I — F', so that their zeros are, actually, fixed points.
The LS degree is defined in normed linear space which may be infinite-dimensional,
and its expression can be derived from the Brouwer degree theory (see, for instance,
[8, Chapters 8 and 9], [14, Chapter 2|, and [8, Theorem 10.6] too). However, we
do not deepen more in this direction because it would require technical tools from
homology theory. The interested reader can find the construction of the LS degree
from the Brouwer one, for instance, in [14, Section 3.3], [8, Chapter 10].

The well-posedness setting for the LS degree is the following.
Let X be a real Banach space, U a bounded open subset of X, and ¥ a mapping
such that
V=]-F:U— X,

where F : U — X is a continuous and compact map. Then, the LS degree
degLS [\Il’ Ua Z] ’

with
z€X and z¢ ¥(OU),

is a function which associates to the triple (¥, U, z) a certain integer.

For the sake of completeness, we here list some of the most important properties
that degyg verifies. We also refer to [14, Section 3.2.2], [8, Chapter 11|, and [11,
Appendix].

Theorem B.1 ([14, Theorem 3.2.2]). Let
Y = {(V,U, z) defined as above} .

Then, there exists a function
degrg:Y — 7

such that the following properties are satisfied:
e normalization: degq[I,U,z] =1 for all z € U;

° adcﬁtivity: if Uy, Uy are open subsets of U such that Uy NUs = 0, and z ¢
U (U \ (Uy UUy)), then

degrs [V,U, 2] = degpg [V,Un, 2] + degp g [V, Uz, 2] ;

e homotopy invariance: if h : [0,1] x U — X is compact, y : [0,1] — X is
continuous, and y(t) ¢ ¥(OU) for all t € [0, 1], then

degrs [I = h(0,-),U,y(0)] = degrs [I — h(1,-), U, y(1)].

We also recall the following Theorem (see also [14, Proposition 3.2.6]).
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Theorem B.2 ([8, Theorem 11.1]). If
degrs [¥,U, z] #0,
then ¥(x) =0, ie., F(x) =z for some xz € U.
However, we are not interested in applying the LS degree theory to find fixed

points, but bifurcation ones. To this aim, let us introduce the bifurcation parameter
s € R. We represent the dependence on s of the function ¥ with the subscript s:

s — U(x;s) = Uy(z).
Roughly speaking, once we know that
\I’S(CCQ) = 0

for a certain xg € U and for all s € R, then we can exploit the link among LS degree
and bifurcation points to show that there exists a value sy € R such that (x;sp) is
a bifurcation point.

With this aim, we restrict our attention to the particular case of isolated solutions,
whose definition is given below.

Definition B.3 (Isolated solution [23, Section 8]). Let
Be(wo) ={z: |lz —wolx <&}
Then, we say that x( is an isolated solution to
U(zo) =0 — F(20) = 2
if the only solution contained in B.(xq) is x = xy.

Let us show the connection among LS degree, LLS index, and solutions to
U(x) = 0. We refer to [23, Section 8] for the incoming results.
Assume that there exists a finite number of z; ¢ AU such that they are the only
points satisfying

U(z;))=a; — F(x;) =2 forl1<i<r<oo.

Then, the LS degree can be expressed through the following formula:

T

degLS [qla Ua Z] = Z 1nd(\I’, xl) (Bl)
=1

The formula in (B.1) implies that, if g is an isolated solution, then
degLS [\Ila Be(x0)7 y] = Hld(\I/7 .%'0)-

Hence, in order to compute the LS degree of isolated solutions, it suffices to have
a representation formula for the LLS index in this particular case. It is with this
reason that we recall the following result.
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Theorem B.4 ([11, Lemma A.4]). Let 0 € U and F(0) = 0. Assume that F is
Fréchet differentiable at 0 € X, and 1 belongs to the resolvent set of F'(0).
Then, 0 is an isolated solution to ¥(x) = 0 and

ind(,0) = (—1)™,

where m is the sum of the multiplicities of the characteristic values of F'(0) in the
interval (0,1).

We recall that
e a characteristic values of F’(0) is a real number p such that the equation
uF' (0)z = x
has a non-trivial solution;

e the algebraic multiplicity of an eigenvalue p is, in this case, the dimension of
k
Uken (I — nF'(0))";

e the resolvent set is given by R\ {% o uF'(0)x = x}

Then, the m-power is the sum of the algebraic multiplicities of the real eigenvalues
to F'(0) that are greater than one.

Remark B.5 ([20, Chapter IV §2|). Let F' as in Theorem B.4. Then, the operator
F can be expressed in the form

F =F'(0) + R,
being F'(0) its Fréchet derivative evaluated in 0, and where the term R verifies

L IR@)

—0.
Izl Nzl x

This is an important remark because, instead of dealing with a possibly nonlinear
F, we can consider its linearization F'(0).

Resuming, the above Theorem B.4 and (B.1) imply that
deg; ¢ [V, B:(0),0] = ind(¥,0) = (—1)™, (B.2)
for m defined as in Theorem B.4.

We now complete the puzzle showing the link among LLS index and bifurcation
points.
Roughly speaking, as explained in [7, Section 6], we need to have a change of degree
at a certain point in order to have a bifurcation at this point.
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Definition B.6 (Bifurcation point - [21, Section 5]). Assume that F' is a linear
compact Fredholm mapping of order zero, i.e. ImF is closed in X and dim kerF =
codim ImF < co. Assume also that ¥4(0) = 0. Then, the couple

(0;50) € D ={(0;8) € X xR}

is a bifurcation point for the solutions of ¥¢(x) = 0 w.r.t. D if every neighborhood
of (0;50) € U x R contains at least one solution (z;s) # (0;s) to Ws(x) = 0.

Definition B.7 (Bifurcation point - [25, Section 8|). Let F' : U — X completely
continuous, and V4(0) = 0 for every s € R. Then, the couple (0;sy) is a bifurcation
point to V4(x) = 0 if there exists a sequence {(zy;si)} of solutions to Vs, (x) =0
with (zg;s,) € (U \ {0}) x R such that

sg —so and ||zg| x — 0.

We refer also to [7], [35, Section 1] and [20, Chapter IV p. 181] for the notion
of bifurcation point in Definition B.7.

Theorem B.8 ([21, Proposition 2], [20, Chapter IV §5]). Let F' as in Theorem B.4.
Assume that, for some s; < sp, we know that ind(Vs,,0) is well-defined, and

ind(Vg,,0) # ind(Vs,,0).

Then, there exists an sy € [s1, s2] such that (0;sp) is a bifurcation point for U.

C Bifurcation through Crandall-Rabinowitz theory

C.1 A theorem of Crandall-Rabinovitz

We recall here the classical Bifurcation Theorem of Crandall-Rabinovitz [10] that
we used to prove Theorem 7.2.

Given U,V two real Banach spaces and a continuous map F : R x U — V, the
goal is to analyze the structure of the solution set

Fhul =0, (A\u)eRxU.

Theorem C.1 (Local bifurcation [10]). Let U,V be Banach spaces, W a neighbor-
hood of (A\o,0) in R x U, and F : W — V. Suppose that the following properties
are satisfied

1. F(X,0) =0 for all A in a neighborhood of \y;

2. The Fréchet partial derivatives O, JF, 0\ F,Ox, F exist and are continuous;

3. Ker 9, F (Ao, 0) is a one dimensional subspace of U spanned by a nonzero vector

ug € U;
4. Range 0, F (N, 0) is a closed subspace of V of codimension 1;
5. O F(No,0)[ug] ¢ Range 9, F(Ag, 0).
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Then, for any complement Z of Ker 0, F(\g,0) in U, there exist a neighborhood
N of (\,0) in R x U, an interval I = (—¢,¢) for some ¢ > 0 and two continuous
functions

p:(—e,e) — R, ¢Yp:(—g,e) —Z

such that ¢(0) = Ao, ¥(0) = 0 and
FHOINU = {(¢(s), sug + s1p(s)) : |s| < e} U{(N0):()\0)e N}

Furthermore, if Oy, F is continuous then the functions p and v are once continuously
differentiable.

Remark C.2 (Bifurcation point through Jordan curves). In Theorem C.1, (\g,0)
is a bifurcation point of the equation F(A,u) = 0 in the following sense: in a
neighborhood of (A, 0), the set of solutions of F(\,u) = 0 consists of two curves I'y
and I'y which intersect only at the point (X, 0); 'y is the curve (Ao, 0) and I'y can
be parameterized as follows:

Ty : (A(s),u(s)), Js| small 3 (A(0), u(0)) = (Ao, 0); /(0) = ug, N'(0) # 0.

C.2 Computation of 0,x, 0,k and Ok

Recall that p(s,f) and k(s, ) are defined by (7.3), (7.4) and (7.6) for s € I and
0 € [—m, ).

Lemma C.3. Assume

0y p(0,0) = 0y0sp(0,0) =0 V0 € [-m, ], VneN. (C.1)
Then
0sk(0,0) =0
and
R20,5k(0,0) = —055p(0,0) — Dssp00(0, 6). (C.2)

Proof. We define the functions

N(s,0) = [(Ro + p)* + 20pp° — (Ro + p)pep] (s,0),
D(s,0) = |((Ro + p)* + 0op*)*?] (s,0).

Then, we can rewrite k(s, ) and Jsk(s,0) as

and  Osk(s,0) = [((%N)DZ;ZN(@SD) (s,0)

k(s,0) =

with
(OsIN)(s,0) = [2(Ro + p)0sp + 409p Osgp — RoOspap — Osp Ogop — p Oseep) (s, 0),
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(8sD)(5,0) = |3(0pp dsop + (Ro + p)dsp)v/(Ro + p)2 + (9gp)?| (s,0).
Since (C.1) holds for all 6, we see that
(0sN)(0,0) = (9:D)(0,0) = 0,

0sk(0,0) = 0.
Next, we define
n(s,0) = (OsN)D — N(9sD))(s,0) and d(s,0) = D*(s,0),
so that
Osk(s, 0) = Z((: z)) and 0Ossk(s,0) = [(asn)dd—Qn(@Sd)} (s,0).

We compute
(Osn)(s,0) = [(0ssN)D — N(0ssD)] (5,0) and (9sd)(s,0) = [2D9sD] (s,0),
with
(05N (s,0) = [20:p° + (2Ro + 2p — Dpp)Dssp + 4(Dsop)”
+40pp Oss9p — RoOsspop — 205p0spgp — pOssaop) (s,0),
(0D)(5,60) = [3((Ro + p)? + (@6p)*)~2((Ro + p)Osp + Dopdsap)”
+3v/(Ro + p)2 + (80p)2((9sp)” + (Ro + p)dssp
+(050p)* + Dop0ssop)] (s, 0).
Using (C.1), we see that
(0ssN)(0,0) = 2R00ssp(0,0) — RoOss00p(0, 0)
(9ssD)(0,0) = 3R204p(0,0).

Then, since

N(0,6) = R3, D(0,0) = R, (8:D)(0,0) =0,
we deduce
asn(07 0) = _Réassp(07 0) - Réassé)ep(Q 0)7
05d(0,6) = 0.
We gather the above computations and we finally have that
_ [@sn)d—n(0:d)] , . 9sn(0,0)
ass’{(oa 9) - |: d2 (5’ 9) - DQ(O’ 6)
—R305sp(0,0) — R3Oss00(0,0)
RS ’
0

so (C.2) follows.
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Remark C.4. Note that, if we also suppose that
0y 0ssp(0,0) =0
for all § € [—m, 7] and n > 0, then
0ss(0,0) = 0.
Lemma C.5. Assume
95 p(0,0) = 0y 0sp(0,0) = 0y 0ssp(0,6) =0 Vo € [-m,w], VYneN.  (C3)

Then
Rgasssﬁ(oy 9) = _asssp(oa 9) - 855599/)(0, 9),

hence

/ Oss5(0,0) cos 0 df = 0.

Proof. Since we now assume that dysp(0,0) (and all its derivatives w.r.t. 6) is zero,
the computations in Lemma C.3 give in particular

dssN(0,0) =0, 9D(0,0) = 0.
Next, we define
a(s,0) = ((9sn)d — n(0sd))(s,6) and b(s,8) = d*(s,0).
We thus write dssski(s,0) as

Dsssti(s, 0) = [M] (3,0). (C.4)

We compute
(0sa)(s,0) = [(0ssn)d — n(0ssd)] (s,0) and (9sb)(s,0) = 2[d 0sd](s, 0),
where

(Dss1)(5,0) = ((DsssN)D — N(DsssD) + (055 N)IsD — (0sN)(Dss D)) (s, ),
(Dssd)(s,0) = 2((85D)* + D 8sD) (s, 6),

with

(OsssN ) (5,0) = (60sp Ossp + (2Ro + 2p — Dpgp)Dsssp + 12059 Ossop
+ 40pp0sssop — (Ro + p)Osssoap — 30sspOspop — 30spDsso0p) (s, 0)
(OsssD)(s,0) = = 3((Ro + p)* + (99p)*)~*/*((Ro + p)Dsp + Dopdsop)®
+9((Ro + p)* + (86p)*) > ((Ro + p)dsp + 0o pdsop) (0o pdssop + (9sp)?)
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+9((Ro + p) + (89p)*) 2((Ro + p)sp + opdspp) ((Ro + p)dssp + (Osp)?)
+ 3\/(R0 + P)2 + (8«9p)2)(3aspassp + (RO + p)asssp)
+ 3\/(R0 + p)2 + (60/))2)(3359,08556/) + aepass%p)(s’ 9)

Using (C.3), we get:

asssN(Oa 6) = 2ROasssp(Oa 6) - Roasss%p(o7 0)7
DsssD(0,0) = 3R204s5p(0, 6).

Furthermore, since
N(0,0) = R2, D(0,0) = R3, 09:D(0,0) = dssD(0,6) = 0,
we deduce that

(D5s1)(0,0) = [(OsssN)D — N(9s5sD)] (0,0) = —RiDsssp(0,0) — Ryssspop(0, ),
(9ssd) (0,0) = 0.

Hence, recalling also that 95d(0,6) = 0,

(95a)(0,0) = [(Dssn)d — n(Ds5d)] (0,0) = — R Dss5p(0,0) — R sss000(0, 6),
(0sb)(0,0) = 2(d 95d)(0,6) = 0,

and (C.4) becomes

_Réoasssp(oa 6) - R(I]Oassso%p(oa 6)

asss/'i(oa 6) = RI2 )
0

so the result follows.

In particular

R? / Dsss:(0,0) cos Hdh = —R3 / (Dss5P(0,8) + Dsss000(0,0)) cos 6 db
= —R2 / Dsssp(0,0) cos 0 A0 + RZ / Dsssp(0,0) cos 6 df

=0.

C.3 Computation of 0,z, 0,z and 0Oz

Recall that p(s,f) and k(s, ) are defined by (7.3), (7.4) and (7.6) for s € I and
0 € [—m, ).
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Lemma C.6. Assume (C.1). Then for all 0 € [—m, ] we have
052(0,6)d# = 0.

—T

Furthermore, if we also have (C.3), then

g T 2M2
/ Dss2(0,0) A = / 082 00552(0,0) df = 2 —
and - v opf [T
/ 08 005552(0,0) dO = —a—V'"(O) - —3 cos 00s55p(0,0) db.
_x Ry TRy J

Proof. Recalling the definition of z (7.7), we see that
Bsz(s,0) = A(s, 0)e~V () Fote(s.0) cost
with

A(s,0) = 0sc1(V, p) — acos e (V, p)0s (V(s)(Ro + p(s,0)))
= V/(S)a\/cl v, p) + 85/)(87 0)8/?01(‘/7 p)
— ea(V, p)a (V!()(Ro + p(5,8)) + V(5)0sp(s, 6)) cos,

and ¢; given by (6.3). Since
3\/01 (0, O) = 0, 01(0, 0) = E,

we deduce that
A(0,0) = —acRg cos b,

hence
052(0,0) = —acRy cos b,

and the first result follows.

We now assume (C.3).
Differentiating again, we obtain

0ss2(s,0) = B(V, p)e_av(s)(Ro-f—p(S,@))cosG7

with
B(s,6) = 0:A(s, ) — A(s, 6)a (VV(s)(Ro + p(s,6)) + V(5)0ep(s, 8)) cos b,

and

sA(s,0) = V" (s)dyc1(V,p) + (V/(s))2 Ovver(V,p) + Ossp(s, 8)0pc1(V, p)
+ (0sp(5,0))° Dpper (V. p) + 2V (5)0sp(s, 0)v o1 (V. )
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— (V'(s)0ver(V, p) + 0sp(s,0)0,¢1(V, p)) a (V'(s)(Ro + p(s,0)) + V(s)9sp(s, 0)) cos §
—c1(V,p)a (V"(s)(Ro + p(s,0)) +2V'(5)0sp(s, 0) + V (5)Dssp(s,8)) cos 6.

Since we have that (C.3) and (C.5) hold, the above expression reduces to
95A(0,0) = dyye1(0,0) — éaRyV"(0) cos 6.

Using also that

a’M
Ovver(0,0) = ——— (C.7)
we obtain
2
M
05A(0,0) = _a4 —acV"(0)Rg cos 0,
7r
and then
2
M
B(0,0) = — a4 — aéV"(0)Ry cos 0 4 a¢R3 cos® 0
7r
M aM M
= _a47r - 7(:—R()V”(0) cos 6 + a2? cos® 6
M M
= _a47T (1 —4cos®6) — :_—ROV"(O) cos
thanks to the definition of ¢.
Hence,
M M
0ss2(0,0) = _a47T (1 —4cos®0) — z—OV"(O) cos 0.
Then
T a’M 9 a’M
g 0s52(0,0) df = — el (1 —4cos?0) df = 5
a’M [T a’M

(1 — 4 cos? 6?) cos? 0 df =

—Tr

T ) -
/W 0ss2(0,0) cos” 0 df = y 5

Finally, differentiating a third time, we see that
Bussz(5,0) = C(s, 0)eV O Fotp(s.0)) coso.
with
C(s,0) = 0sB(s,0) — B(s,0)a (V'(s)(Ro + p(s,0)) + V(s)0sp(s,0)) cos 6.
We compute

9sB(s,0) = 0ssA(s,0) — adsA(s,0) (V'(s)(Ro + p(s,0)) + V(s)9sp(s, 0)) cos f
— GA(5,0) (V"(5)(Ro + p(s,0)) + 2V"()0p(5,0) + V(5)Dusp(5, 0)) cos ),
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and
OssA(8,0) = Osssc1(V, p) — Osss (aV (s)(Ro + p(s,8)) cos0) c1(V, p)
— 2055 (aV (s)(Ro + p(s, 0)) cos 0) dsc1(V, p)
— 05 (aV(s)(Ro + p(s,0)) cos ) Ossc1(V, p).

Equations (C.5), (C.7), and
yyyer(0,0) =0

imply that

0s¢1(0,0) = 0,
a’M
35501(070) - - A )

a’M _, 2M
sss ; = 9o — 753 _Usss 59 .
s (0,0) = =3 ZV(0) = g 0usp(0,6)

Then
0ssA(0,0) = Dss5¢1(0,0) — éaRg cos V" (0) — aRg cos 051 (0, 0)
a’M 2M

" _ _ % 1"
ir V7(0) Rg,wasssp(o,@) T cos OV (0) +

a3R0M

7

=-3 cos 0

and hence

a’M oM aM
.B(0,0) = —3——V"(0) — =—04p(0,0) — —— cos OV""
0sB(0,0) 3 ppm V7(0) nga p(0,0) o cos OV (0) +

a2
+ aRycosf < 1

+ a?&V" (0)R% cos® 0

M
+ acV"(0) Ry cos 9>
T

a’2M " a’M "
2M

+ 2a25V”(0)R3 cos’ 6 — W—Rg(?SSSp(O, 0).
0

Finally
C(0,0) = 0sB(0,0) — B(0,0)aR cos 0

M M 3RoM
= 39 My = A gvmig) 4 0
47 TRy s

2M
—asss 07 9
Y p(0,9)

cos 6

+ 2a%EV"(0)R3 cos® 6 —

a*M 2 —
+ aRgcos 0 1 (1 —4cos*6) + acV"(0) Ry cos
™

a*M

M, , aM
_ 9 7 4 S I il " _4 2
3 i V"(0) (4cos” 6 — 1) T cos OV (0) + Ry cos 0 y (3 —4cos® )
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2M

- —asss an ’
Py p(0,0)
and
2M M SM
0ss52(0,0) = 3a4—7TV"(0) (4cos®0 —1) — :—Ro cos V"' (0) + Ry cos@a47T (3 —4cos?0)
2M
- —asss 0,9 )
Y p(0,6)

Then

/ 0sss2(0,6) cos 0 df = / C(0,0) cos 0 db = —a—V'”(O) - —3 cos 00sssp (0, 6) db.
—m - Ry 7TR0 —m

O
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