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Probing internal properties of white-dwarf stars has been amongst the earliest
objectives of asteroseismology, following the ﬁrst discovery in the late 1960s of
non-radial pulsations in these evolved compact stars. It was swiftly recognized that
white-dwarf pulsators could offer new opportunities to unravel their inner structure and
dynamics from the observed low-degree, low-order gravity (g-)modes. From these
early days on, many approaches have been attempted to fully exploit this potential, with
various levels of success. Here, we review the most recent efforts from our group to
perform a complete seismic cartography of white-dwarf interiors. Our approach
involves new models incorporating ﬂexible internal proﬁles for the main chemical
constituents (H, He, C, and O) that are optimized, along with other fundamental
parameters (Teff and log g), to determine the stellar structure that best reproduces
the observed period spectrum of a given star. The method is meant to reduce as much
as possible solution dependency relative to stellar evolution uncertainties. The outcome
is a full seismic model of the pulsating white-dwarf star under consideration, including
its internal core and envelope chemical stratiﬁcation. Searching for seismic solutions
that do not depend on stellar evolution calculations is a key requirement of this strategy.
Late stages of evolution that ultimately shape the inner structure of white dwarf stars are
known to rely on still uncertain processes. One of our hopes is to be able to test these
processes, therefore requiring that seismic models do not incorporate strong
preconceived expectations from evolutionary models. We present and discuss
results obtained so far from the application of this method to a handful of DB and
DA pulsators. In all cases, signiﬁcant qualitative improvements of the seismic solutions
is obtained, providing as an outcome strong quantitative constraints on the core
chemical structure of these stars. In particular, we consistently ﬁnd that the
homogeneous C/O mixed core, inherited from the core helium-burning phase, is
~ 40% larger (in mass) and ~ 15% richer in oxygen (in mass fraction) than expected
from standard evolution calculations. Such results constitute precious guidelines for
modeling late stages of stellar evolution and better understanding their constitutive
physics. As an illustration of this, we show that the central oxygen mass fraction
measured by seismology can indeed be reproduced when helium-burning cores
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experience the so-called breathing pulses. The latter are usually suppressed in
standard evolution calculations, as the result of an old debate whether such events
are real or numerical artefacts. In other words, our seismic determination of the central
amount of oxygen in white dwarfs provides evidence that breathing pulses occurred in
the core of their progenitors and should not be dismissed in models after all.
Keywords: stars, white-dwarfs, structure, evolution, asteroseismology

led to the ﬁrst quantitative asteroseismic1 inferences of whitedwarf properties, starting with the analysis of the hot GW Vir star
PG 1159–035 (Winget et al., 1991), followed by numerous
attempts. However, it is mostly from the year 2000 and
beyond that the technique improved, triggered in part by the
increasing power of computers allowing for more systematic
forward modeling approaches (e.g., Metcalfe et al., 2000;
Metcalfe 2001). Fontaine and Brassard (2008) and
Giammichele et al. (2017a) provide very complete reviews and
critical discussions–which we do not repeat here–of the various
quantitative asteroseismic determinations that have been claimed
for pulsating white dwarfs in the past 20 years. Most analyses
were (and still very often are) focused on deriving global
parameters and envelope thickness of the white dwarf, but one
must acknowledge early efforts to probe the core, in particular to
measure the 12C(α,γ)16O nuclear reaction rate from
asteroseismology (Metcalfe et al., 2001), a result that we
however considered as premature due to issues with the
models used for the analysis (Fontaine and Brassard 2002).

1 INTRODUCTION
1.1 Why Probe White-Dwarf Interiors?
Low-to intermediate-mass stars (up to ~ 8 M⊙ on the main
sequence), which account for the vast majority of stellar objects
found in the Universe (~ 98% of them), ultimately end their
lives as fading white dwarfs (see, e.g., the review of Fontaine and
Wesemael 2000). White dwarfs are the remnants of former
stellar cores, keeping engraved in their interior the imprint of
past events and processes that occurred during stellar evolution
(Salaris et al., 2010; De Gerónimo et al., 2017). Such “stellar
fossils” therefore hold many keys to reach a deeper
understanding of stars and their constitutive physics. In
addition, they are important tools for, e.g., galactic
archaeology, in particular for dating stellar populations
through the use of “white-dwarf cosmochronology” (Fontaine
et al., 2001), and their mergers are responsible for producing
type Ia supernovae that are used as standard candles in
Cosmology (Domínguez et al., 2001). While being of
importance for several ﬁelds in Astrophysics, some relying
on accurate white-dwarf models, the internal structure of
these stars, in particular their chemical stratiﬁcation, remains
poorly known due to signiﬁcant uncertainties in the physics
involved in stellar modelling (Salaris 2009; Fields et al., 2016).
Ways to derive constraints on white-dwarf internal structure,
which in principle is within the reach of asteroseismology, are
therefore highly desirable.
Inferring the properties of white dwarf stars from their
pulsations was one of the very ﬁrst application of
asteroseismology to stars other than the Sun, driven at that
time by the discoveries of a growing number of pulsators of
the kind (see Fontaine and Brassard 2008 for a complete overview
of the historical developments in this ﬁeld). Pulsators in this
evolutionary stage are found in three main ﬂavors as white dwarf
stars cross the GW Vir (DOV), V777 Her (DBV), or ZZ Cet
(DAV) instability strips when they cool down. Other groups of
white-dwarf variables have also recently been identiﬁed,
suspected, or predicted, adding further potential to an already
promising situation. The oscillation modes detected in these stars
are low degree (typically ℓ = 1 and 2), low-to-mid radial order
g-modes with periods of a few minutes to about half an hour.
Their periods are sensitive to the global stellar structure (and
stellar fundamental parameters), internal chemical stratiﬁcation,
and rotation, as demonstrated by thorough explorations of the
pulsation properties of DA (Brassard et al., 1991, Brassard et al.,
1992a, Brassard et al., 1992b, Brassard et al., 1992c), DB (Bradley
et al., 1993), and GW Vir (Kawaler and Bradley 1994) stars. This
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1.2 Pros and Cons of Various Approaches
In a nutshell, not all seismic analyses of white-dwarf pulsators rest
on the same solid grounds, due to signiﬁcant differences in the
quality of the equilibrium models used for the task and due to
how the optimal model is ultimately found. Readers new to the
ﬁeld should always keep a critical mind to this respect. Various
methods have been used, ranging from basic trial-and-errors
modeling to systematic searches in more-or-less constrained
parameter spaces involving up to hundreds of thousands of
model computations through grids or optimization algorithms
(e.g., Pech et al., 2006; Castanheira and Kepler 2008;
Giammichele et al., 2016). In the past 15 years, the ﬁeld has
been strongly inﬂuenced by the rising belief that using full
evolutionary models (or internal C/O proﬁles predicted by
such models) for white dwarf asteroseismology was the way to
go (e.g., Córsico et al., 2013; Romero et al., 2013). This strategy
has however signiﬁcant drawbacks because it implicitly assumes
that evolution structures are accurate enough for that purpose, a
questionable assumption considering the already mentioned

Here and after we employ the term “quantitative asteroseismology” to speciﬁcally
refer to work that leads to quantitative estimates of fundamental parameters and
inner structure of a given star. This is to make a distinction with the more generic
use of the term “asteroseismology” that often refers, in the literature, to various
types of analyses involving stellar pulsations in general (frequency extraction, mode
identiﬁcation, pulsation properties, etc).
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FIGURE 1 | Schematic representation of the fundamental operation (a sequential chain of calculations) that enters our double optimization scheme. The observed
pulsation periods are optimally matched (through a ﬁrst combinatorial optimization), taking external constraints into account (if any), with periods computed for a model of
2 , is then viewed as a function of model parameters a1, a2, . . . , an and is
given parameters. The quality of ﬁt is quantiﬁed using a χ2-type merit function. This quantity, S
further minimized in this multi-dimensional space (the second optimization).

uncertainties in the physics involved. Recently, De Gerónimo
et al. (2017) explored the effects on core chemical stratiﬁcation of
various known uncertainties that plague central and shell heliumburning phases preceding the white-dwarf stage, and indeed the
impact on pulsation periods can be quite large (up to 20–30 s
period shifts according to the authors). The magnitude of such
variations naturally raises concerns about the reliability of any
approach that considers ﬁxed (i.e., assumed perfectly known)
composition proﬁles in the white-dwarf core. More generally,
evolution-based approaches for seismic modeling do not allow,
by construction, possibilities to provide independent
measurements of several aspects of the internal structure,
contrary to more ﬂexible models. An additional caveat of this
method is that it imposes the use of relatively coarse grids to
explore rather limited (low dimension) model parameter spaces,
due to large computation times. Grid-based approaches also have
inherent drawbacks due to grid-resolution limitations as
discussed by Charpinet et al. (2015).
In the meantime, efforts carried out by our group to exploit
white-dwarf asteroseismology have taken a different route,
based mainly on static white-dwarf models (as opposed to
structures derived from evolution). Model grids and, later on,
grid-free optimization tools were developed to achieve optimal
seismic ﬁts of the observed period spectra. Early applications of
these methods include a derivation of the envelope structure of
the DBV star GD358 (Fontaine and Brassard 2002), probes of
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the internal rotation of white dwarfs (Charpinet et al., 2009;
Fontaine et al., 2013), and estimations of their bulk core
composition (Giammichele et al., 2013a; Giammichele et al.,
2013b, Giammichele et al., 2014, Giammichele et al., 2015,
Giammichele et al., 2016). More recently, after establishing
the period sensitivity of some deeply conﬁned g-modes to the
inner core chemical stratiﬁcation that provide a chance to infer
independent constraints on it from asteroseismology, we
engaged into a signiﬁcant extension of our seismic analyses
in order to incorporate the detailed core structure in the ﬁtting
process. These developments were reported in detail in
Giammichele et al. (2017a, 2017b, and 2018), Charpinet et al.
(2019a), Charpinet et al. (2021). In the present paper, we review
these latest developments (Section 2), discuss available and new
results of the method applied to a handful of white dwarf
pulsators (Section 3), and discuss some implications for our
understanding of stellar modeling in the late stages of evolution
(Section 4).

2 THE METHOD
2.1 General Principles
The foundations of our method are by themselves not new, as
they rely on the widely-used forward-modeling approach, which
in asteroseismology consists of searching for the best possible

3
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of S (a1 , . . . , an ), we normally obtain the optimal seismic
solution that best-reproduces the observed periods, which
consists of the structure and fundamental parameters of the
best-ﬁt stellar model and the corresponding (ℓ, k)identiﬁcation of the modes.
An essential component of our approach to quantitative
asteroseismology is the estimation of errors associated to the
inferred properties. This requires that not only the optimal model
shall be found, but also that its surroundings in parameter space
be thoroughly explored in order to assess its statistical
signiﬁcance. Brassard et al. (2001) originally made these
assessments from approximating the region localized around
2
the S -minimum by quadratic forms and applying criteria of
2
χ -statistics to set conﬁdence levels. Starting from Van Grootel
et al. (2013a), we adopted a more sophisticated approach based
on evaluating density of probability distributions from the
likelihood function
2

match between a set of pulsations periods detected in the star
under consideration and periods computed from stellar models.
Our implementation of this strategy originated from the
pioneering work of Brassard et al. (2001), carried out in the
context of pulsating hot subdwarf stars, and has been
considerably improved since then, as detailed in Charpinet
et al. (2005); Van Grootel et al. (2013a). Its adaptation to
white dwarf asteroseismology, following the initial work by
Fontaine et al. (2001), led to notable results (e.g., Charpinet
et al., 2009), but mostly boomed over the last decade with
developments carried out by Giammichele et al. (2014, 2015,
2016, 2017a, 2017b, 2018) that we summarize in subsequent
subsections.
The technique relies on a double-optimization scheme that
incorporates, along with the search in model parameter space, a
nested minimization step that simultaneously matches observed
and modeled periods (see Figure 1). This ﬁrst, combinatorial
optimization is performed each time a model of given parameters
is evaluated, ensuring that the best possible ﬁt for that
model–which may not be a good ﬁt in absolute terms, if the
model is not a good representation of the star–is found. This step
is necessary because in most cases observed periods are not
univocally identiﬁed to a single mode of given degree ℓ and
radial order k. With this ﬁrst optimization, a mode identiﬁcation
is therefore achieved based on its ability to globally best-match
the period spectrum, and an often-lacking pre-identiﬁcation of
the modes is no longer a requirement. Note that in cases where a
mode identiﬁcation is available a priori (from the observation of
rotational splittings, through the analysis of period spacings, or
from other independent methods such as multicolour
photometry), these constraints can easily be incorporated in
the combinatorial optimization process. The quality of the
period match is evaluated quantitatively through a so-called
merit function. This function could take many different forms
(as long as it can be minimized or maximized), but using a
formulation that is conveniently related to χ2-statistics (for error
estimates) has been our preferred choice, to date. The merit
function, S2, that we use in the white-dwarf context is deﬁned in
its most general form by the relation

1 2
L(a1 , . . . , an ) ∝ exp− S .
2

The density of probability for each parameter is then obtained
through marginalization
P (ai )dai ∝ dai  L(a1 , . . . , an )da1 . . . dai−1 dai+1 . . . dan
with

(1)

(3)

2.2 Parametrized Static Models

where N is the number of detected modes, Pth,i is the model
period matched to the observed period Pobs,i, and σi is the error
associated to the measured period. In practice, model
uncertainties dominate by orders of magnitude over the
usually tiny observational errors associated to period
measurements (in particular with current long-baseline data
from space) and in most cases we simply disregard σi (i.e., we
set σi = 1) in the deﬁnition of the merit function. Again, we stress
that the ﬁrst optimisation step is a combinatorial minimization of
S2 amongst all possible (Pobs,i, Pth,i)-pairs given a set of observed
2
periods and a seismic model. The obtained minimized value, S , is
then considered as a function of the {an} model parameters that
need to be minimized as part of the second optimization step.
Once converged to the best-ﬁt solution, i.e. the global minimum
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 P (ai )dai  1.

Both the search for an optimal model and the sampling of the
Likelihood function to estimate errors are very computationally
intensive tasks that require the evaluation of many seismic
models. Efﬁcient strategies to solve this generally difﬁcult
optimization problem are therefore needed. There are two
factors on which we can act to mitigate this difﬁculty. The
ﬁrst one is by using stellar models that are fast to calculate
and which permits a wide exploration of the model parameter
space. The second is by adopting clever optimization techniques
to reduce the total number of model evaluations. Disregarding
these technical constraints usually leads to oversimplifying
artiﬁcially the problem, e.g., by limiting the number of free
parameters only to keep computation times acceptable and
therefore implicitly disregarding entire sets of potentially valid
solutions.

2

N
Pobs,i − Pth,i
S2   
,
σi
i1

(2)

An important aspect of our strategy is to rely on full (but static, as
opposed to evolutionary) white dwarf models. This approach has
two main advantages: First, various parametrization of the
internal structure can more easily be introduced, thus
permitting more systematic explorations of a wide variety of
stellar conﬁgurations. Second, computation of such models is fast
(of the order of seconds on modern hardware, typically). These
are key assets when pursuing the forward modeling optimization
route described previously. Beyond these technical justiﬁcations,
it is also worth recalling that timescales for oscillation waves to
travel across the star (roughly the pulsation periods, which are of
the order of minutes in white dwarfs) are much shorter than any
timescale related to evolution (cooling) or mixing processes (e.g.,
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microscopic diffusion; but with the notable exception of
convective mixing that can have turnover timescales similar to
the oscillation periods; Montgomery 2005). This fact implies that
for the propagating waves, the background in which they travel is
effectively static to a very high level of accuracy. The pulsations
mode properties reﬂect this static conﬁguration, but are not
directly sensitive to the mechanisms that produce the
structures during evolution. For instance, they can “see” a
chemical transition of some shape at, e.g., the envelope or core
boundary, since they are sensitive to μ-gradients, whatever the
process that caused this chemical stratiﬁcation. Pulsation modes
are “agnostic” instruments allowing us to measure the structure of
a star at a given time of its evolution, considering that by
themselves they are fully independent of the evolution
processes taking place on much longer timescales. The use of
static models for asteroseismology (of white-dwarfs in particular,
but this applies to many other types of stars), is therefore well
justiﬁed in this context.
Realistic static models of white dwarfs can be computed from
the fact that in these cooling objects the approximate
relationship between the local luminosity and integrated
mass, L(r) ∝ M(r), is quite accurate and, consequently, may
be used to obtain an excellent estimate of the luminosity proﬁle.
This is true in particular for the lowest temperature white
dwarfs including the pulsating ZZ Ceti stars. Note that
Timmes et al. (2018) pointed out that this relation is no
longer satisﬁed for the hottest white dwarfs (in particular the
hot DBVs) which still have signiﬁcant cooling occurring from
neutrino emission. However, ways exist to overcome such
complications by adapting the models and optimization
strategy (see Charpinet et al., 2019a for further details
concerning this speciﬁc case).
In order to deﬁne a full static white dwarf model, one must
specify two fundamental parameters, the surface gravity log g (or
equivalently the mass, via the mass-radius relation) and the
effective temperature Teff, as well as a set of structural
parameters that controls the envelope layering and the core
stratiﬁcation. Thus far, we have restricted ourselves to the
main chemical constituents forming typical white dwarfs,
namely oxygen, carbon, helium, and hydrogen. Massive
oxygen-neon white dwarfs are not currently covered by our
different ﬂavors of static models, but there is no hard point, in
principle, preventing us to do so in the future. Additional
parameters associated to components of the constitutive
physics could also be considered too, such as the convective
efﬁciency via one or another mixing-length theory prescription.
However, Fontaine and Brassard (2008) showed that the periods
of low-order g-modes in pulsating white-dwarf models practically
do not depend on the assumed convective efﬁciency. This
parameter can therefore be ﬁxed (to the so-called ML2/α = 1
version calibrated by Van Grootel et al., 2013b, in our case).
The envelope layering is generally dealt with a set of
parameters–D(H), D(He), PfH, and PfHe–that indicates the
position (D-parameters) and shape (Pf-parameters) of the H
and He composition proﬁles at the transitions. These
parameters fully deﬁne a sigmoïd function inspired by
analytical expressions derived when diffusive equilibrium is
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reached. A more detailed description of this method is
provided by Giammichele et al. (2017a). For the speciﬁc
case of DB pulsators, which are thought to have
experienced C/He mixing during a late thermal pulse before
the pre-white dwarf stage, which gravitational settling does not
have time to erase, a double-layered envelope structure that
can account for this possibility is more appropriate. This case
is described in the Supplementary Informations of
Giammichele et al. (2018).
Our treatment of the core is the part that has seen the most
signiﬁcant improvements recently. The most recent
developments are described in the next subsection. We
recall here that various assumptions can been considered
when specifying the core structure in our static models. The
simplest approach is to assume an homogeneous C/O core
requiring only the mass fraction of C (or O) to be speciﬁed.
These simple models were used in all of our asteroseismic
studies of white dwarf pulsators up to (and including) the
analyses of Giammichele et al. (2016) that helped determine
the bulk composition in some white dwarf stars. This
approach is however crude and does not fully exploit the
asteroseismic potential of white dwarf pulsators. Another
implemented option is to incorporate a pre-calculated C/O
proﬁle that mimic the features of an evolutionary-based
chemical proﬁle. This more sophisticated treatment
originally proposed by Metcalfe (2005) only employs two
free parameters, the constant central abundance of oxygen
and the fractional mass at which the constant oxygen mass
fraction starts dropping. Everything else is predetermined by
scaling the shape of the drop from an evolutionary track at the
speciﬁc white dwarf mass of 0.61M⊙ computed by Salaris et al.
(1997). Over the years, these “physically motivated” C/O
proﬁles were used for the study of numerous DAV and
DBV by Bischoff-Kim and Metcalfe (2011) and BischoffKim et al. (2014, 2019). While this may sound as an
attractive alternative (in line with other studies based on
evolution models), the lack of ﬂexibility in deﬁning the core
conﬁguration becomes a major limitation. Quite notably, this
parametrization fails at reproducing the core composition
proﬁles from evolutionary models at other masses and is
unable to reproduce the triple chemical transition at the edge
of the core, where oxygen, carbon, and helium are expected to
coexist, according to current evolutionary sequences (see,
e.g., Althaus et al., 2010).
Finally, once all components (parameters) deﬁning the white
dwarf structure have been speciﬁed, stellar structure equations are
solved to determine the corresponding equilibrium state. This is
done with the Montreal stellar structure and evolution code
STELUM (Bédard et al., 2021; see also Section 4.2), which is
the most recent evolution of our white-dwarf and hot-subdwarf
modeling tool. The code is based on a Galerkin ﬁnite element
solver and implements current state-of-the-art physics (EOS,
opacities) to describe the star interior. Importantly, special
care is taken by the code to produce models with smooth
proﬁles for all physical quantities. Proﬁle smoothness, which
may not be as important in a stellar evolution context, is
absolutely key for calculating pulsation periods accurately (see
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FIGURE 2 | Panel (A) and (A9): Composition proﬁles of helium, carbon, and oxygen as functions of the fractional mass depth in a typical DA white dwarf produced
by assuming different nuclear reaction rates in evolution calculations. Panel (A) is from De Gerónimo et al. (2017), while panel (A9) is a reproduction of these proﬁles with
our parametrized static models. Panel (B) and (B9): Same as above, but for models when no thermal pulse or 3 thermal pulses occur during the post-AGB phase. Panel
(C) and (C9): Same as above but for models with and without convective overshoot in evolution calculations.

situation, the “design” of the chemical proﬁle optimally
matching the pulsation period spectrum through
2
minimization of the S -value deﬁned previously, is
analogous. It is important to realize that the number of
parameters used to deﬁne the shape (either be it of an airfoil
or of a white-dwarf core composition proﬁle) has nothing to do
with the number of quantities involved in the merit function.
Every single shape of the chemical (or airfoil) proﬁle leads to a
single merit function value, independent of the adopted
parametrization of the shape.
If the chosen parametrization is not ﬂexible enough, meaning
it cannot represent all possible shapes, then the solution will
generally be sub-optimal, i.e., the true optimal shape can never
be reached. Conversely, if the number of design parameters is
too large, the underlying optimization problem becomes
impractical due to prohibitive computation times. Various
strategies, with their advantages and drawbacks, exists for the
shape parametrization, involving either analytical, discrete,
polynomial or spline representations (Gallart 2004). The
most commonly used methods are based on spline
representations which provide excellent compromises

Brassard et al., 1991, Brassard et al., 1992a, Brassard et al., 1992b,
Brassard et al., 1992c).

2.3 Seismic Models With Adjustable Core
Structures
The novelty introduced by Giammichele et al. (2017a) in our
static modeling capabilities has been to consider more realistic
depth dependent core compositions, as obtained from detailed
evolution calculations, without sacriﬁcing ﬂexibility.
Determining the best (optimal) composition stratiﬁcation
given a set of observed pulsations periods sensitive to the
core structure can be deﬁned as an optimal design (or shape
optimization) problem. These are encountered in many
domains, such as aerodynamics, hydrodynamics, acoustics,
electromagnetism, just to name a few. The typical problem is
to ﬁnd the shape that is optimal in that it minimizes some merit
function, while satisfying given constraints. For example, in
airfoil shape design, the problem is entirely deﬁned by a set of
parameters controlling the shape that are adjusted to minimize a
merit function, typically the inverse of the lift-to-drag ratio. Our
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FIGURE 3 | Illustration of the RCGA optimizer (LUCY) capabilities in ﬁnding the global minimum and most signiﬁcant local minima of a complex test function with
many local deeps. The upper left panel shows the function considered. It has 3 well deﬁned minima, more visible in the contour map in the upper right panel. All solutions
found by LUCY after convergence are indicated by numbered dots (each number giving the rank, by decreasing depth, of the identiﬁed minimum). The lower right panel
shows the reconstruction of the test function shape based on the sampling done by the code during the search.

between ﬂexibility and sparsity of the shape parameters. With
this approach, a set of well-positioned weighting parameters,
called control points, is used as the design variables and spline
interpolation is applied to produce the proﬁles in between
points. The great advantages of using splines are: it allows
for a reduction of the number of control points (fewer
parameters to optimize) while retaining a high level of
ﬂexibility (large variety of attainable shapes); the perturbation
of one control point only has local effects on the overall shape
(increased independence of the shape parameters), and it
produces curves with C2-continuity (guarantying a smooth
shape without high frequency oscillations). The latter
property, in particular, is key for our problem of
asteroseismology because smoothness in the composition
proﬁles is essential to avoid artiﬁcial perturbations of the
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pulsation period spectrum, which is very sensitive to steep
gradients.
In our context, amongst the many possibilities, we adopt
spline representations to reproduce the oxygen chemical
proﬁle in a white-dwarf core based either on Akima (Akima
1970) or Fritsch-Carlson (Fritsch and Carlson 1980) splines. Both
are continuously differentiable sub-spline interpolations using
piece-wise third-order polynomials. Only the data from the next
neighbor points are used to determine the coefﬁcients of the
interpolation polynomial, improving locality. Fritsch-Carlson
assumes in addition a monotonic (either always decreasing or
increasing) behavior of the function, which is generally relevant
in our case. Both schemes are roughly equivalent, but the FritschCarlson splines tend to be smoother near sharp chemical
transitions. Compared to other more classical splines, such as
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parameter space. This is quite difﬁcult to perform with bruteforce methods such as non-adaptive, uniform grid computations
commonly used for white-dwarf asteroseismology. With such
grids, the number of model evaluations would grow as Nd, where
N is the number of grid nodes and d the dimension (number of
parameters) of the problem. Even a coarse grid made of only N =
10 grid-points per dimension for a problem limited to optimize
only the core stratiﬁcation (7 parameters) and the star
fundamental parameters (2 parameters), thus assuming a ﬁxed
envelope structure, would require 109 model computations. This
is not feasible with contemporary computational resources (it
would require more than ~ 1300 years of CPU time for our
example) and, as a matter of fact, grid-based approaches have
been limited so-far to low-dimension (few parameter) problems 2.
We recall that this limitation often imposes to over constrain the
search (by adding assumptions that ﬁx parts of the model
structure) in studies that are based upon grids. Grids also have
additional caveats that make them dangerous to use for
optimization problems. Resolution is one of them. If the grid
is too coarse for the problem investigated, the true global solution
might be missed in favor of a different sub-optimal secondary
minimum closer to a grid node. The results could therefore be
misleading. This issue can be mitigated to some extent by using
interpolation schemes between grid-points, as long as variations
between adjacent models are smooth enough (which is not always
the case, especially in evolved stars due to mode trapping effects).
A critical discussion of the limitations and dangers of model grids
for white-dwarf asteroseismology has been provided by
Charpinet et al. (2015). This should be kept in mind as grids
are still widely used in the ﬁeld.
In order to address this complex global optimization problem,
we developed a speciﬁc package that, amongst other tools,
includes an hybrid real-coded genetic algorithm (RCGA; e.g.,
Eshelman and Schaffer 1993) multi-modal optimizer (a code
named LUCY) whose role is to locate efﬁciently, in a single pass,
the global optimum of the function to optimize, as well as
eventual secondary optima. The basic principle of genetic
algorithms (GA; Holland 1975; Goldberg 1989), which
otherwise exist in many different ﬂavors (see the recent review

cubic splines, both Akima and Fritsch-Carlson splines are
immune to oscillations (also called “Gibbs noise”) in the
vicinity of outliers or when gradients change abruptly. Their
key advantage is to provide a stable and robust way to construct a
wide variety of chemical stratiﬁcation in the core.
When adopting this prescription, eight parameters are
necessary to fully deﬁne a chemical stratiﬁcation in the core
that can resemble that of a white dwarf, as evolution models
predict. It is expected from such calculations that the oxygen
proﬁle decreases outward following a double-ramp structure (see,
e.g., Salaris et al., 2010). From our perspective, this double-ramp
proﬁle is obtained (see Figure 1 of Giammichele et al., 2017a) by
specifying the position t1 and t2 (in fractional mass depth log q) of
the two transitions, their respective half-width Δt1 and Δt2 (in log
q), and the amount of oxygen (in mass fraction) at key locations,
that is core(O) at the center, t1(O) and t2(O) at the bottom of the
t1 transition and top of the t2 transition, respectively, and envl(O)
at the bottom of the t2 transition. This last parameter accounts for
speciﬁc cases involving DB white dwarfs for which it is believed
that the mass fraction of oxygen may not drop to zero at the edge
of the C/O core because of some dredge-up that occurred in the
pre-white dwarf stage. In the context of DA white dwarfs, the
envl(O) parameter is simply set to zero and the problem reduces
to a seven-parameter shape optimization.
Figure 2 illustrates the ﬂexibility of this approach by closely
reproducing a set of conﬁgurations obtained from detailed
evolution calculations. The C, O, He proﬁles are those derived
by De Gerónimo et al. (2017) from a series of evolutionary models
assuming different input physics for the helium-burning core
(i.e., changing nuclear rates, overshoot at the boundary of the
convective core) and the subsequent helium-shell burning phase
(modifying the number of thermal pulses). As mentioned
previously, these illustrate the signiﬁcant changes occurring in
the white dwarf interior just by taking into account typical
uncertainties associated with these processes. Such
considerations apart, the goal of the present exercise was to
mimic each of these conﬁgurations with our static models
incorporating the new parametrized core structure. This is
achieved with no difﬁculty in all cases. In a context of detailed
asteroseismic studies, it means that all of these conﬁgurations
would belong to the searched parameter space and one of them
could therefore be isolated if it happens to be the optimal
representation of the real star. However, the power of the
method extends well beyond choosing amongst predicted
evolution proﬁles. A wide variety of conﬁgurations, including
many that are unreachable with current evolution models, can be
generated through this technique and tested for their ability to
match the observed pulsation properties. Hence, this ﬂexibility
provides the opportunity to let the pulsation modes themselves
determine the internal composition proﬁles in a way that is
mostly independent of stellar evolution.

2

For instance, Córsico et al., 2012 used 2 free parameters in their analyses of DBVs:
stellar mass (9 grid points ranging from 0.515 to 0.870 M⊙) and effective
temperature Teff (between 300 and 900 grid points from 30,000 to 21,000 K).
Córsico et al., 2013; Romero et al., 2017 used 3 free parameters for their analyses of
DAVs: stellar mass (19 grid points from 0.525 to 1.050 M⊙), the hydrogen layer log
q(H) (between 5 and 8 grid points from -3.5 and -9.5), and effective temperature
Teff (200 grid points from 14,000 to 9,000 K). For extremely low-mass variables
stars, Calcaferro et al., 2018 used 3 free parameters: stellar mass (14 grid points
from 0.1554 to 0.4352 M⊙), hydrogen layer log q(H) (between 5 and 7 grid points
from -1.69 and -5.79), and effective temperature Teff (200 grid points from 13,000
to 6,000 K). In other parts of the HR diagram, for β-Cephei stars Salmon et al., 2022
used 4 free parameters: stellar mass (110 grid points from 7.6 to 18.6 M⊙), envelope
hydrogen mass fraction (3 grid points from 0.68 to 0.74), metallicity (4 grid points
from 0.010 to 0.018), overshoot parameter (10 grid points from 0 to 0.5). For Slowly
Pulsating B stars, Moravveji et al., 2015 used grids of mostly 4 free parameters (see
their Table 2 for details on the grid-point distributions). For solar-like pulsators,
among other methods based on scaling relations, model grids with typically 2 to 4
free parameters are used (see Silva Aguirre et al., 2017 and references therein).

2.4 Numerical Strategy and Tools
The approach described previously, in particular the inclusion of
parametrized shapes to construct the chemical proﬁles in the
core, deﬁnes a multi-dimensional global optimization problem
2
where the quantity S has to be minimized in the model
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parameter space, while randomness (through mutation)
preserves diversity and the ability to explore all regions of the
search domain. GA have proven to be highly effective to address
hard optimization problems, while keeping the number of
function evaluations relatively low. They are less effective in
converging rapidly to the solution with precision, however,
which is why hybridation (in our case by using the simplex
method; Nelder and Mead 1965) is often considered in the ﬁnal
stage of the optimization run. The implementation in LUCY has
several critical properties for the purposes of asteroseismology.
First, the code uses real-coded genes (as opposed to more
traditional binary-coded GAs) that allow to search parameter
space continuously, i.e., there is no such thing as a resolution
since the code generates solutions (models) with any value for
their parameters in the speciﬁed range. Second, the code is multimodal, by allowing subsets of its generated population to exist
and evolve independently, and can therefore locate local optima
at the same time as it robustly converges toward the global
optimum. This capacity is fundamental to assess unicity of the
solution, an aspect that is often overlooked in asteroseismic
studies. Finally, the code is massively parallel and can perform
hundreds-to-thousands of model evaluations simultaneously
(when run on high-performance computing facilities), which is
also a key property for the success of our approach. Just to give an
idea of the computing power needed when white-dwarf
asteroseismology is the objective, a typical optimization run
with LUCY requires from several hundred thousand to nearly
a million of seismic model evaluations (i.e., sequential operations
as illustrated in Figure 1). This is many orders of magnitude less
than an equivalent (and unfeasible) grid computation, but still a
heavy calculation task that typically requires several hours using a
few hundred CPU cores working in parallel on modern hardware.
An application of the LUCY optimizer to a “noisy” 2D test
function that would be challenging for traditional methods is
presented in Figure 3, demonstrating how the code can locate
multiple optima (including of course the global optimum) and
perform some sampling in relevant regions of parameter space
(near most signiﬁcant optima) to estimate the local shape of the
merit function. We see that the 3 lowest minima of interest are
easily recovered, while other secondary deeps (up to the
maximum number of subgroups of independent solutions that
the code can sustain given the initial population size) are also
spotted. If this function was a χ2-type distribution, such as in a
real
asteroseismic
optimization
exercise,
parameter
marginalization would lead to the probability distribution of
each parameter (and therefore the error estimate), as
illustrated in the lower left panel (and see Giammichele et al.,
2016).

FIGURE 4 | Periods of the ℓ = 1 and ℓ = 2 g-modes from the optimal
seismic models superimposed with the ﬁtted observed periods for the 4 ZZ
Ceti stars analysed: SDSS J1136 + 0409, KIC 11911480, EPIC 220347759
and L19-2 (from top to bottom). Colors and numbers provide the
corresponding mode identiﬁcation (degree and radial order, respectively).
Values obtained for the merit function, as well as the mean period and
frequency dispersion of the ﬁt are also given as indicators of the achieved
quality of ﬁt.

2.5 Advantages and Limitations

of Lambora et al., 2019), is to evolve a population of solutions,
with each individual solution deﬁned by a set of genes (coded
from the parameters) and a merit value (evaluated from the
function to optimize), through a set of selection, mating
(crossover), and mutation (random sampling) operators. A
selection pressure in favor of more ﬁtted solutions, along with
the mixing of their properties (mating) ensures the overall
migration of the population toward best-ﬁt regions of the
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Our approach to tackle quantitative asteroseismology (of whitedwarf stars, in particular) has therefore a number of key
methodological advantages that we summarize once more
here. Among these, objectivity is an essential requirement that
we always seek to achieve. To be objective, the search for the
optimal seismic model has to derive from a wide and thorough
exploration of model parameter space (criterion 1), using a robust
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TABLE 1 | Key parameters derived from asteroseismology for the 4 ZZ Ceti pulsators considered.

Teff
Teff
log
log

(spectro)
(astero)
g (spectro)
g (astero)

Mass (M⊙)
-log q(H)
-log q(He)
-log q(core)
O(core)

KIC11911480

L19-2

SDSSJ1136 + 0409

EPIC220347759

12,026 ± 195
12,161 ± 70
8.00 ± 0.05
8.01 ± 0.01

12,058 ± 184
12,732 ± 240
8.11 ± 0.05
8.11 ± 0.03

12,330 ± 260
12,172 ± 45
7.99 ± 0.06
7.99 ± 0.01

12,692 ± 214
12,716 ± 150
8.09 ± 0.05
8.03 ± 0.01

0.63
3.17
1.34
0.65
0.79

±
±
±
±
±

0.01
0.12
0.09
0.01
0.02

0.66
4.55
1.86
0.82
0.82

±
±
±
±
±

0.01
0.18
0.39
0.16
0.07

method for ﬁnding the best-ﬁt solution(s) (criterion 2).
Uniqueness of the optimal solution should be stated in light of
the quality of ﬁt achieved for the best solution and its signiﬁcance
when compared to secondary optima (criterion 3). Finally,
consistency with other independent constraints (e.g., from
spectroscopy or parallax measurements) must be checked as
well (criterion 4). Several of these requirements, in particular
criteria 1 and 3, are often overlooked in the literature. Romero
et al. (2012) and Castanheira and Kepler (2008), for instance, due
to the use of grids of evolutionary models, generally impose a
highly constrained search often limited to 3 parameters only.
Uniqueness of the solution, often related to the achieved quality
of ﬁt (in an absolute sense) are rarely evaluated in this context.
Most methods also use rather coarse grids (with the inherent
problems associated to grids mentioned previously) using a
relatively small number of model evaluations. If a high
number of model calculations is not by itself a guarantee to
ﬁnd the global minimum and assess its unicity, it is necessary to
ensure this last criterion is met. It should be obvious that a global
search for best-ﬁt models in a wide parameter space, owing to also
assess errors and uniqueness, cannot be achieved with only a few
hundred of seismic model calculations. Hundred of thousands of
such models are actually needed to effectively sample the function
that is optimized. The numerical tools that we developed are
designed to give us the means to reach all of these criteria of
objectivity. They do not rely on model grids and are
computationally efﬁcient to allow for a detailed exploration of
parameter space.
This approach still has some limitations which one should also
keep in mind. In particular it is not fully model independent.
Whilst dependency on stellar evolution has been highly mitigated
through the introduction of ﬂexible static models, the latter still
depend on constitutive ingredients, such as radiative and
conductive opacities, equation of state, convection, just to
name a few, which all have their underlying uncertainties. It
should be clear, however, that the same limitations apply to all
methods found in the literature, in particular those based on full
evolutionary models which make use of the same ingredients for
the input physics. Because of this, a seismic solution can still be
biased, in the sense that whatever the precision achieved for the
period ﬁt and parameter determination, the solution may not be
accurate, i.e., prone to systematics. Quality of ﬁt (in an absolute
sense) and consistency with independent constraints (criterion 4)
become particularly important in this context, as they offer the
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0.59
5.31
1.57
0.76
0.92

±
±
±
±
±

0.01
0.13
0.20
0.04
0.05

0.62
4.45
1.60
0.63
0.87

±
±
±
±
±

0.01
0.27
0.19
0.05
0.06

only way to evaluate solution accuracy. There exist other sources
of systematics linked to the numerical schemes themselves, such
as how composition proﬁles are approximated with splines for
instance, or to various assumptions entering the deﬁnition of the
static models. Neglecting or not neutrino cooling or the presence
of minor species is one of them, but other sources of (not
necessarily known) uncertainties in the constitutive ingredients
of the models could also inﬂuence the solution. These can, to
some extent, be treated when evaluating realistic errors (as
opposed to formal errors of the ﬁt that can be very small) to
the derived stellar parameters. This issue will be discussed further
in Section 3 (see also the various discussions provided in
Giammichele et al., 2018; Charpinet et al., 2019a).

3 RESULT OVERVIEW FOR A SELECTION
OF DAV PULSATORS
3.1 Inside Look at Four DAV White Dwarfs
Using the new seismic DA white dwarf models, we applied our
optimization technique to 4 ZZ Ceti stars that we estimated were
promising candidates: KIC 11911480 (Greiss et al., 2014), L19-2
(Sullivan and Sullivan 2000), SDSS J1136 + 0409 (Pyrzas et al.,
2015), and EPIC 220347759. These stars were selected on the
basis of the simplicity of their pulsation properties, a general
characteristic of stars located near the blue edge of the ZZ Ceti
instability strip, and exhibit as such pulsation periods in the range
100–500 s. These stars have high quality photometric lightcurves
obtained from space with the Kepler spacecraft, except for L19-2
whose analysis relies on data from a former ground based multisite campaign (Sullivan and Sullivan 2000). We present in this
work, a selection of the results obtained from the seismic ﬁts
performed for these 4 DAV stars, while the details (ﬁt analysis,
errors assessments, comparison with other works, comparison
with independent observational constraints, and analysis of
rotation) will be disclosed elsewhere (Giammichele et al., 2022;
in preparation).
Five independent periods were isolated for the seismic
inferences of KIC 11911480 and L19-2, while SDSS J1136 +
0409, and EPIC 220347759 were analyzed based on eight and
seven independent modes, respectively. These stars being close to
the blue edge of the DAV instability strip, show few, but sufﬁcient,
low-degree and low-order g-modes, to obtain non-ambiguous
seismic solutions in all cases.

10

June 2022 | Volume 9 | Article 879045

Giammichele et al.

Seismic Cartography of White-Dwarf Interiors

FIGURE 5 | Left panel: Map of the merit function S projected onto the log g − Teff plane for models of SDSS J1136 + 0409, on a logarithmic scale. The location of
the optimal model in this plane is indicated by a white cross. The white dotted curves delimit the regions where the merit function has values within the 1σ conﬁdence level
relative to the best-ﬁtting solution. The black cross surrounded by the solid black box indicates the independent spectroscopic solution and its 1σ uncertainties. Right
panel: We show the derived chemical stratiﬁcation. The graph shows the distribution of oxygen (in red), carbon (in grey), helium (in blue), and hydrogen (in orange)
obtained from the optimal seismic model. The estimated 1σ errors (shaded areas around each curve) are derived from the probability distributions calculated during the
optimization process. The x axis shows the fractional mass depth (with log(q) = 0 corresponding to the centre of the star). The total mass fractions for each element are
indicated at the bottom right.
2

FIGURE 6 | Same as Figure 5, but for the star KIC 11911480.

We ﬁnd that the seismic ﬁts uncovered reproduce very closely
the measured frequencies for all 4 stars, although less so for SDSS
J1136 + 0409, as illustrated in Figure 4. While still reaching the
precision of observations, the quality of ﬁt for SDSS J1136 + 0409
is signiﬁcantly lower than those obtained for the other stars. This
case shows that our approach is not by nature an underconstrained problem that could match perfectly any period
spectra. Another important point to highlight is that matching
the periods at this precision with a model just reﬂects the fact that
internal errors of the ﬁt are very small, and that we are not limited,
for example, by the ﬂexibility of the parametrization or by
insufﬁcient grid resolution. Of course it should be clear that
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an almost perfect ﬁt does not necessarily imply that the
parameters inferred from it are perfectly constrained, for the
reason that additional sources of uncertainty or systematics must
also be taken into account (see below).
Our seismic estimates of the most relevant parameters derived
for the 4 stars considered are provided in Table 1. In all cases but
L19-2, we ﬁnd seismic solutions that show a very good
consistency with independent measurements of Teff and log g
from spectroscopy. The latter were obtained from the most recent
grids of DA model atmospheres (Bergeron et al., 1995; Gianninas
et al., 2011) and by applying the 1D/3D correction from Tremblay
et al. (2013). The apparent discrepancy for L19-2 is due to the fact
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FIGURE 7 | Same as Figure 5, but for the star EPIC 220347759.

FIGURE 8 | Same as Figure 5, but for the star L19-2. The core structure is less tightly constrained in this case which correlates to the degeneracy of the solution
seen in the log g − Teff map, while the thickness of the H-rich envelope is still well determined.

general rule of thumb, we typically ﬁnd that the best determined
proﬁle parameters are the positions of the main chemical
transitions–which is not surprising as they have a direct and
usually strong impact on the period spectrum through mode
trapping effects –, followed by central oxygen mass fraction in the
core, which is also rather tightly estimated. In contrast, the intershell mixed C-O-He regions are usually the least constrained ones
(larger uncertainties), with some variations from one target to the
other (see also Charpinet et al., 2019a).
Overall, our results point towards rather thick hydrogen
envelops and helium mantles, by mass. Remarkably, the
derived central core extent is found to be quite similar for the
four stars, ranging from log q(core) ~ − 0.63 to ~ − 0.82. We
emphasize that a similar core size has also been obtained from the
seismic analysis of the DB white dwarf pulsator KIC 08626021 for
which log q(core) = −0.72 ± 0.03 (Giammichele et al., 2018).

that the optimal seismic model rather belongs to a family of
solutions deﬁning a long valley mainly oriented along the
effective temperature axis, meaning that the observed pulsation
modes in L19-2 do not constrain very tightly that parameter. It is
important to note that, as was mentioned earlier, an almost
perfect ﬁt as obtained for L19-2 does not prevent possible
degeneracies in some parameters of the solution.
The seismic solutions uncovered lead to a complete mapping
of the chemical stratiﬁcation inside these stars. Some of the values
deﬁning these composition proﬁles are given in Table 1,
including the estimated masses for the hydrogen-rich envelope
(log q(H) = log[1 − M(H)/M*]), the helium mantle, log q(He),
and the central homogeneous C/O core, log q(core). We also
indicate the oxygen mass fraction in that central region, O(core).
In addition, we show in Figures 5–8 the derived composition
proﬁles (with estimated uncertainties) for these objects. As a
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FIGURE 9 | Impact of various identiﬁed global and localized sources of uncertainties on a selection of 10 low-order (k = 1 − 10), low-degree (ℓ = 1) g-mode periods,
representative of modes typical seen in the spectrum of a blue-edge pulsating DB white dwarf. The illustrated models are parametrized static structures in which
everything is kept identical except the varied chemical proﬁles as reconstructed from Figure 2 models. The references for the chemical proﬁles with varying TPs (0: DB0TP, and 10:DB-10TP), with different 12C(α,γ)16O reaction rates (DB-Kh,DB-Kl), and with extra-mixing (DB-3TP-noov) are from De Gerónimo et al. (2017). Global
effects, including trace amount of 22Ne (DB-3TP-Ne22), non-adiabatic effects (DB-3TP-nad), and the resolved neutrino cooling problem (DB-3TP-neut) are also
calculated. Mean and maximum values on the period and frequency differences relative to a reference model (DB-3TP-ad) are shown on the before last column. Largest
seen period variation is indicated at the bottom.

These values lead to a mass for the central homogeneous C/O
core–mainly produced by the former helium burning core–that is
~ 40% larger than predicted by standard stellar evolution
calculations. This striking consistency obtained from our
analyses of 5 different white dwarfs, so far, strongly strengthen
the conclusion that the helium burning phase generally produces
larger cores than currently expected. Similarly, we ﬁnd a
convergence from all the white dwarfs we have analyzed
toward a larger (by ~ 15%) mass fraction of oxygen produced
in the core compared to current model predictions. This will be
further discussed in Section 4, below.

solutions. Giammichele et al. (2018), and later on Charpinet et al.
(2019a), attempted to evaluate additional sources of uncertainty
(systematics or external errors), that could overcome the (often
very small) internal errors estimated from the period ﬁt
propagated to the derived parameters. Internal chemical
proﬁles and global parameters inferred do, to some extent,
depend speciﬁcally on the particular components of the
constitutive physics that went into building any model. That
is, the results must be sensitive to, for example, our choice of
radiative opacity, conductive opacity, or equation of state for the
fully ionized interior as well as the partially ionized non-ideal
envelope.
Beside those basic physics constituents, many other choices
come down in the building of one single model. In the
evolutionary approach, each WD chemical structure is the

3.2 On Internal vs. Systematic Errors
Quantifying proper uncertainties is a mandatory exercise in
evaluating what information can be extracted from the seismic
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TABLE 2 | List of potential contributions to the error budget that result from global processes and from speciﬁc prescriptions affecting the various layers of a white dwarf.
These are estimated for evolutionary models (before last column) and for our static models (last column). We note that various potential sources of uncertainties that can
affect the models have never been evaluated and their magnitude is unknown (those are indicated by question marks). We estimate the overall effect of TPs, overshooting
prescriptions, and different12C(α,γ)16O reaction rates with the chemical proﬁles retrieved from De Gerónimo et al. (2017). The last line sums-up all effects of the listed external
uncertainties in both cases, when known.
Process

Core

12
C(α,γ)16O rate
breathing pulses
convective mixing

Inter-shell region

Number of TPs (mass loss rate
model resol., conv. boundaries)
rotation
IFMR

Outermost Layer

Metallicity
C dredge-up
H removal
late He ﬂashes

Global Processes

EoS
Conductive and Radiative Opacities
Non-standard single ev. channel
Numeric noise
Neutrinos
Ne22
non-adiabatic effects

Total

Evolutionary Models
Mean (Max)

Our Models
Mean (Max)

2% (4%)
0.6% (2%)
0.36% (1%)

N/A
N/A
N/A

3.72% (10%)
?
?

N/A
N/A
N/A

?
?
? - Artiﬁcially imposed
?

N/A
N/A
N/A
N/A

?
?
?
2% (8%)a
N/A
N/A
0.00003%

?
?
N/A
?
0.96% (2%)
0.10% (0.50%)b
0.00003%

4.7% (13.6%)

0.96% (2%)

a

Salaris et al. (2013).
b
Chidester et al. (2021).

result of stacking numerous physical processes through the
evolution of progenitor stars from the ZAMS to the thermally
pulsing and mass-loss phases on the AGB, and from timedependent element diffusion in the WD stage. Accepted
standard prescriptions are routinely used without proper
evaluation of systematics associated to them, and how those
uncertainties can propagate to the ﬁnal stages of evolution.
Uncertain convective boundary mixing during the He-core
burning and the thermally pulsating AGB phase (e.g.,
Constantino et al., 2015), coupled with the occurrence of
possible extra-mixing episodes generate major variations on
the extent of the convective boundary, and therefore on the
resulting WD chemical transitions. Efforts to secure an InitialFinal Mass Relationship (IFMR) for stellar evolution models are
weakened by the lack of proper prescription for convective
boundary mixing, uncertainties on mass loss rates and effects
of metallicity or He content dependence (Salaris et al., 2009).
Efforts have been made in the past few years to quantifying
some uncertainties inherent to WD progenitor evolution and
assess their impact on parameters of the resulting model (De
Gerónimo et al., 2017, De Gerónimo et al., 2019; Pepper et al.,
2022). These authors have tested the impact of the occurrence of
thermal pulses (TPs) in WD progenitors, the uncertainty in the
12
C(α,γ)16O cross section, and the occurrence of extra mixing
during core He burning. For example, they found that the
12
C(α,γ)16O reaction rate, as one of the main sources of
uncertainties, is alone, responsible for varying the central
oxygen abundance from 26% up to 45%. They also estimated
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that comparing models derived from having experienced 0 or
10 TPs leads to average variations in the period spectrum of the
order of 10–20 s, with absolute difference going up to 30 s. This is
by no mean a small effect on the pulsation periods of white
dwarf stars.
Such large period variations are obviously important
uncertainties propagating to parameters obtained from optimal
ﬁts based on evolution models. In addition, we recall that other
sources of systematic errors are still left unaccounted for. The He
content of the ﬁnal WD model, for instance, can vary by a factor
up to 3–4 (Romero et al., 2012), but is usually assumed ﬁxed in
model grids used for asteroseismology. The thickness of the H
layer (the principal inference that comes out from seismic
analyses built upon evolution models) is based on an artiﬁcial
procedure, which does not reconcile with a consistent standard
WD formation. The suppression of breathing pulses, occurring at
the end of the core He burning, which we will go into more details
in the next section, is also an overlooked model prescription that
could be source of uncertainties. Numerical smoothness of the
models is yet another critical point for accurate pulsation period
calculations. Worth noting in this context, Salaris et al. (2013)
evaluated that the sole effect of different numerical
implementations of the stellar evolution equations, while
having rigorously the same physics modules input, can lead to
a difference of 2–8% in WD cooling times, hence without even
taking into account different physics prescriptions, nor the
probable accumulation of numerical noise over the complete
stellar evolution.
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FIGURE 10 | Mean and maximum period differences, on a logarithmic scale, between the observed and computed periods for the DAV pulsators presented in this
work and the DBV KIC08626021 (Giammichele et al., 2018) using our new parametrized seismic models (in blue), compared to results obtained with full evolutionary
models (in red) for the same stars, when available (KIC08626021:Córsico et al. (2012), R548, G29-38, and L19-2:Romero et al. (2012), SDSSJ1136 + 0409,
KIC11911480:Romero et al. (2017)). We also indicate with a red horizontal line, half the value of the mean period spacing calculated for a typical DAV star of
~ 0.6 M⊙ (with Teff = 12000K, log g = 8.0) for ℓ = 1 periods. Reaching this limit is an objective criteria to assess the inconclusiveness of a ﬁt. We also pinpoint an estimate
of the observational precision limit of the TESS satellite mission (based on 12 combined sectors). Also of relevance, we highlight the magnitude of uncertainty arising from
the core chemical stratiﬁcation when using full evolutionary models.

Figure 9 illustrates the impact of various global (non-adiabatic
effects, presence of 22Ne traces, impact of neutrino cooling) and
localized (in that they affect the core stratiﬁcation; e.g., a varying
number of TPs, uncertain rate for the 12C(α,γ)16O reaction, extra
mixing) sources of uncertainties on low radial-order g-mode
pulsation spectra representative of a pulsating white dwarf
near the blue edge (i.e., showing low radial-order g-modes).
We emphasize that in this comparison, static models were
used to provide a strictly identical structure (and parameters),
except for the part of the model that is modiﬁed to reproduce the
effect being investigated. For instance, the model corresponding
to an evolution that experienced no TP is exactly the same as the
model corresponding to 10 TPs, except for the internal chemical
proﬁles which were reconstructed from the evolution models
shown in Figure 2. This ensures that only the signature coming
from the effect under consideration is measured, a
disentanglement that is usually difﬁcult to achieve when
comparing evolution models. From Figure 9, we clearly see
how the global effects considered tend to be minor in
magnitude compared to other sources of uncertainties coming
from the core structure generated by past evolution. It is also
important to note that the periods are almost uniformly shifted in
those cases, meaning that trapping/conﬁnement properties of the
modes are essentially preserved (we point out that this was
explicitly veriﬁed by Timmes et al. (2018), in the context of
the impact of neutrino cooling). A consequence is that these
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global sources of uncertainties are unlikely to signiﬁcantly bias
model quantities that can be derived from asteroseismology
thanks to their sensitivity to mode trapping, namely the
positions of steep chemical gradients inside the white-dwarf
star (Charpinet et al., 2019a showed that these are indeed
robust determinations). In contrast, processes affecting locally
the core chemical proﬁles can greatly modify periods on an
individual basis. It is clear from just a glimpse at Figure 9
that the period distribution itself is strongly affected, meaning
that the trapping/conﬁnement status of the modes are changed.
Therefore, we warn that adopting a ﬁxed, potentially inaccurate
chemical stratiﬁcation for the core structure could be disruptive
regarding the reliability of the seismic solution uncovered.
Table 2 is an effort to gather and sum-up all possible
contributions that could contribute to the external error
budget when using our static seismic models with the
parameterized cores or when using approaches based on
evolutionary models. The two approaches are not equivalent
in that respect, as the use of static models can in many
occasions mitigate the uncertainties associated to a given
process by an increased ﬂexibility on how the model is
designed. An example of this comes from the parametrization
of the core chemical stratiﬁcation which, in our static models, can
handle any proﬁle generated by the processes shaping the core of
a white dwarf, including those deriving from the uncertainties
associated to such processes. Deviations from the expected
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FIGURE 11 | Inferred core oxygen proﬁles for the 4 DAV stars presented in this work, namely: SDSSJ1136 + 0409, EPIC 220347759, KIC11911480, and L19-2,
and for the DBV star KIC08626021 (Giammichele et al., 2018).

all, we argue that caution should be used when the quality of ﬁt
reaches close to half the mean period spacing of the ℓ = 1 and 2 gmode series, as it is the case for many DAV analyses performed
with evolutionary models. This is an indication that the ﬁt might
be inconclusive to properly identify modes and derive reliable
structural parameters, because the “best” seismic solution then
becomes dangerously close to the worst cases that might be
achieved when matching the periods. In addition to that, the
impact on pulsation periods of the uncertainties associated with
the core stratiﬁcation (see again Figure 9), which would normally
add up to the quality of ﬁt, is also approaching the limit of half the
value of the mean period spacing. To this account, we ﬁnd
Figure 10 to be particularly suggestive that what currently
limits evolutionary models to achieve seismic solutions with a
better quality of ﬁt is the adoption of a core chemical structure
that derives from evolution without considering its associated
uncertainties. On average, the quality of ﬁt obtained from
evolutionary models remain close to two or three orders of
magnitude larger than the actual precision of the measured
periods, while static models provide a signiﬁcant improvement
in terms of quality of ﬁt to that respect.

proﬁles (i.e., the uncertainties in the processes that produce them)
are already part of the search space for a best-ﬁt seismic solution
in that case. From the table, we clearly see that the more physical
processes we add to the making of a pulsating WD model, the
more uncertainties pile up. What is especially important to realize
is that many of the processes involved in the making of a WD
model through an entire evolutionary loop are not thoroughly
asserted yet. And for those already evaluated, the impact on the
error budget is already an order of magnitude greater than the
remaining external uncertainties estimated for the static seismic
models.
Beside a proper assessment of uncertainties, another essential
aspect when performing a seismic analysis, is the criterion used to
quantify the goodness of the ﬁt. Recently, we have seen number of
studies that rely on the Bayes Information Criterion (BIC) to
evaluate and compare quality of different ﬁts, which has the
advantage of taking into account different numbers of data points
and free parameters. As we mentioned before, ﬁnding an optimal
ﬁt does not guarantee that it is a good or even an acceptable ﬁt.
The same reasoning goes into comparing different ﬁts with a BIC
value. There is absolutely no guarantee that a better BIC value will
yield a better ﬁt (i.e., if the comparison model is a bad ﬁt to the
periods to start with, having a better BIC value does not guarantee
that the new model indeed provides a good ﬁt, merely that the ﬁt
is better). We therefore advocate here for the use of more robust
criteria and more thorough analyses to ensure the conclusiveness
of the optimal solution and quality of the parameters extracted.
As an example of why this is a critical point, we illustrate in
Figure 10 the different orders of magnitude achieved in terms of
quality of ﬁt (here quantitatively evaluated as the mean and
maximal differences achieved between the matched observed
and computed periods) for typical DAV pulsators at the blueedge using both methods. We show in the process some relevant
precision limits that those ﬁts should be compared with. First of
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4 ASTROPHYSICAL IMPLICATIONS AND
CONCLUSION
4.1 White Dwarfs Have Larger, More
Oxygen-Enriched Cores
Our most constant and robust ﬁnding from the analyses of
KIC08626021 by Giammichele et al. (2018) and of the 4 DA
pulsators reported in Section 3, is that the central homogeneous
core in white-dwarf stars is signiﬁcantly more massive (by ~ 40%,
with − log[1 − Mcore/M*] ~ 0.6–0.8) and more oxygen-rich (by
~ 15%, with X(O) ~ 0.80–0.90) than predicted by canonical
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FIGURE 12 | log g − Teff diagram showing a representative evolutionary track computed with STELUM for a typical, Mtot = 0.48 M⊙, EHB star having a thin
hydrogen-rich envelope of logarithmic mass fraction log q(H) ≡ log(Menv/Mtot) = −5.0. The sequence starts at helium ignition (ZAEHB; upper right end of the curve) and
proceeds through core helium burning (until the dip near 50,000 K), helium shell burning, and ultimately the white dwarf cooling stage down to Teff ~ 8500 K. The insert
shows a closer view of the track during the helium-core and helium-shell burning phases.

evolution models (Salaris et al., 2010). This ﬁnding is highlighted
in Figure 11, where we gather the core oxygen proﬁles derived for
these 5 white-dwarf stars from our seismic modeling.
This has implications at various levels, starting with our basic
understanding of the core helium burning phase that shape
these layers. We discuss speciﬁcally this aspect in the next
Section 4.2. It also has impact on the estimation of whitedwarf cooling ages which depend on the internal C/O
composition ratio. To this respect, our seismic estimates
provide a powerful calibration of the internal composition
proﬁles that is of direct beneﬁt for white-dwarf
cosmochronology (Fontaine et al., 2001). The total C/O
ratio–that we ﬁnd lower than expected–also has an impact
for the study of type Ia supernovae (Domínguez et al., 2001).
Less 56Ni is produced during the supernova explosion when this
ratio is lower, with a direct inﬂuence on the light curve of type Ia
supernovae which is governed by the decay of 56Ni. These
supernovae are often used as standard candles in Cosmology,
notably for testing the cosmological equation of state which
might then beneﬁt from a more accurate seismic calibration of
white-dwarf core composition. Finally, we point out that our
ﬁndings should also impact the ﬁeld of white-dwarf
asteroseismology itself, when methods based on full
evolutionary models or models incorporating proﬁles from
evolution calculations are used to estimate fundamental and
structural parameters of white dwarf pulsators. The core
composition and structure has a signiﬁcant impact–in fact
much larger than other effects of lesser importance, such as
neutrino cooling (Charpinet et al., 2019a) or the presence of
minor species like 22Ne–on the g-mode period spectrum.
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Therefore, assuming a canonical core structure derived by
evolution calculations is likely to introduce a signiﬁcant bias
in the obtained seismic solutions.

4.2 Can Stellar Evolution Produce the Cores
Determined by Asteroseismology?
The internal chemical stratiﬁcation inferred from our white
dwarf seismic models naturally raise the question of how such
proﬁles can be produced by stellar evolution processes.
Signiﬁcant differences exist between these proﬁles and those
predicted by standard evolutionary models and reconciling the
two may indeed be challenging, possibly requiring deep
introspection into our current understanding and modelling
of stellar interiors and evolution. De Gerónimo et al. (2019) has
been among the ﬁrst to explore this issue by attempting to
reproduce the seismic model uncovered by Giammichele et al.
(2018) for the DBV pulsator KIC08626021. Exploring with
some of the constitutive physics making up their evolution
models (mostly varying parameters and values of already well
identiﬁed and implemented processes), they could not easily
reach a structure similar to the one found by Giammichele et al.
(2018) unless–they ﬁnd–unrealistic adjustments are imposed to
the constitutive physics. Their underlying conclusion was
therefore that it is not possible to reproduce the seismic
model of KIC08626021, thus casting doubts about its
validity. We have, however, to point out that De Gerónimo
et al. (2019) did not consider all possible reasons, even amongst
already known phenomena, that might have led to the
differences suggested by asteroseismology.
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determine white dwarf most central layers, considering that these
cores are expected to be similar, in structure and evolution, for all
horizontal branch stars.
A full description of STELUM is beyond the scope of the
present paper. We refer the interested reader to Bédard et al.
(2021; see also Brassard and Fontaine 2015) for a detailed
presentation of this numerical instrument and the historical
background behind it. Yet, it is worth mentioning that one of
the most important and deﬁning particularity of STELUM is that
it uses the so-called Galerkin ﬁnite-element scheme to solve the
stellar structure equations, unlike most other stellar evolution
codes that rely on ﬁnite-difference methods. Brassard et al.
(1992b) showed, in the context of solving stellar pulsation
equations, that Galerkin ﬁnite elements outperform ﬁnitedifference schemes in terms of stability, accuracy, and
effectiveness. Another particularity of STELUM, which is most
relevant in our present discussion, is that it treats element
transport, including ordinary convection, convective overshoot,
semi-convection, chemical and thermal diffusion, gravitational
settling, thermohaline convection, stellar winds and external
accretion as time-dependent diffusive processes that are all
considered simultaneously. Special care is taken to resolve
these processes over their highly varying timescales during
evolution, meaning that substantial computational effort (and
time) is invested by the code into computing many (often
thousands of) intermediate models between each evolution
time step. This implementation turns out to be important for
following the evolution of convective helium burning cores. In
this speciﬁc context, the mixing processes that we ﬁnd to be
essential are convection, convective overshoot, and gravitational
settling. Convection is treated in the framework of the mixing
length theory using our so-called ML1/α = 1 ﬂavor (Tassoul et al.,
1990) for the sequence described below. Convective overshoot at
the edge of the convective core is modeled as suggested by Freytag
et al. (1996), using an exponentially decaying diffusion
coefﬁcient. In the calculated evolution sequence, the overshoot
parameter was set to its “standard”, 3D simulation-calibrated
value fov = 0.02 (Herwig et al., 1997). Gravitational settling and
diffusion in general (including thermal and chemical diffusion)
are treated with the formalism of Burgers (1969) using diffusion
coefﬁcients evaluated from the results of Fontaine et al. (2015)
based on an improved version of the method described in
Paquette et al. (1986). Finally, the nuclear reaction rates
adopted for these calculations are those of Angulo et al. (1999).
Figure 12 shows, in the log g − Teff plane, our reference
STELUM evolutionary track computed from an initial structure
of 0.48 M⊙ on the Zero Age Extreme Horizontal Branch
(ZAEHB) to a Teff ~ 8500 K white dwarf. The model evolves
through the typical core helium-burning phase (EHB)–the main
focus of the present discussion –, followed by the shell heliumburning (post-EHB), pre-white dwarf and white dwarf stages.
Figure 13 shows the evolution of the central composition and
core size from ZAEHB until full exhaustion of helium at the
center of the star. Figure 14 illustrates how the core helium,
carbon, and oxygen mass fraction proﬁles evolve during core
helium burning (left and middle panels), and during the postEHB and white dwarf stages (right panel).

FIGURE 13 | Evolution of the convective core (red-shaded area) and
central C, O, and He mass fractions throughout the core helium-burning
phase in the representative EHB evolutionary sequences computed with
STELUM. The core evolution experience three main phases : 1) a steady
core growth until X(He) ~ 0.7, 2) the development of a partially mixed (semiconvective) region above the fully convective core whose size increases over
time, and 3) the onset of breathing pulses when X(He) reaches ~ 0.05 for the
ﬁrst time. The three breathing pulses occurring in the model turn out to be the
key events that raise the oxygen mass fraction up to ~ 0.86 at the time of core
helium exhaustion. Our seismic measurements of the central oxygen mass
fraction in white dwarfs are remarkably consistent with this value. These can
be seen as evidence that breathing pulses are not numerical artefacts from
models and that helium-burning cores indeed experience such events.

As an illustration of this, we hereafter focus speciﬁcally on the
problem of producing more oxygen at the white dwarf centre and
overall larger cores than predicted by evolution. On that matter,
De Gerónimo et al. (2019) reported that the rate of the 12C(α,γ)
16
O reaction would have to be increased by at least a factor 100 to
reach the mass fraction of oxygen found by Giammichele et al.
(2018), which by far sounds unrealistic. However, raising the rate
of nuclear reactions is not the only lever that can affect the
amount of oxygen ultimately produced in the helium-burning
core. In order to illustrate this point, we present a full
evolutionary sequence computed with our most recent version
of the STELUM package3, our specialized stellar structure code
used for asteroseismology (among other applications) and
evolution of evolved compact stars. STELUM cannot, in its
current state, evolve stars through the Asymptotic Giant
Branch (AGB; i.e., the usual path followed by low-tointermediate mass stars prior the white dwarf stage), but it can
produce Extreme Horizontal Branch (EHB) models and evolve
them through the helium-core and helium-shell burning phases,
and then let them contract and cool on the white-dwarf sequence.
Therefore, if STELUM cannot currently account for all the
processes that ultimately shape the white-dwarf internal
chemical stratiﬁcation (those occurring during the AGB), it is
useful to explore the evolution of helium burning cores that

3
STELUM is for STELar modeling from Université de Montréal and is actively
maintained and developed by one of us (P.B.).
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FIGURE 14 | Evolution of the helium, carbon, and oxygen mass fraction proﬁles, from the onset of helium burning in the core to the white-dwarf cooling stage, in our
reference evolutionary model. Left panel shows the growth of the helium burning core until the ﬁrst breathing pulse. Middle panel shows the proﬁles evolving during third
stage of the helium-burning core that experiences three breathing pulses before complete exhaustion of helium at the center. For completeness, right panel shows the
chemical distribution that builds up during the shell helium-burning and white dwarf cooling phases. The last model represented in this panel corresponds to a white
dwarf that has cooled down to ~ 8500 K.

During central helium burning, the core experience three main
phases. In a ﬁrst early stage that last for ~ 25 − 30 Myr, the core
(deﬁned as the region of mixed C/O/He composition underneath
the nearly pure helium mantle) is fully convective and grows with
time due to the production of carbon (more opaque than helium)
transported above the purely convective layers by overshoot. This
well-known outward migration proceeds smoothly until injecting
carbon above the Schwarzschild limit becomes strongly
destabilizing. This point is reached when a minimum in the
radiative temperature gradient coincide with the core boundary,
which happens when the central helium mass fraction Yc ~ 0.7 in
our model. Evolution models often diverge at that point,
depending on the treatments implemented to handle
convection and the core boundary (see, e.g., Paxton et al.,
2013, Paxton et al., 2018, Paxton et al., 2019; Constantino
et al., 2015; Li et al., 2018 and references therein). Some
prescriptions allow for a second convection zone to develop
above the central one while others introduce prescriptions to
produce a stabilizing partial mixing (or “semi-convective”) zone
above the fully convective core. In calculations carried out with
STELUM, no explicit prescription for semi-convection or partial
mixing is used. However, we ﬁnd that a partial mixing zone does
indeed naturally develop from our implementation, resulting
primarily from the competition between convective mixing,
overshooting, and gravitational settling above the fully
convective core.
The second stage of the core evolution is therefore
characterized in our model by the development of a partial
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mixing region that further extend the overall core size over
time. During that period, occurring from ~ 30 Myr to ~ 173
Myr, a mild composition gradient builds up between the fully
mixed convective core and the core-to-mantle sharp boundary. A
closer look at the corresponding model structures indicate that
this gradient tends to achieve convective neutrality in this region4.
During that period, the 12C(α,γ)16O reaction becomes more
prominent and oxygen is produced at an increasing rate in the
core. At roughly 160 Myr, oxygen becomes the dominant element
(in mass fraction) in that region.
When Yc reaches ~ 0.05 (at an age of ~ 172 Myr), the core
enters a third phase characterized by another instability of its
outer boundary. The convective core undergoes a series of shortlived (a few tens of thousand year long) episodes, referred to as
“breathing pulses” during which its size grows signiﬁcantly,
transporting fresh helium from the mantle into the core. The
existence of these breathing pulses in real stars has been a long
debated issue which is not settled yet (Sweigart and Demarque
1973; Castellani et al., 1985; Caloi 1989; Caloi and Mazzitelli 1993;
Salaris and Cassisi 2017; Li et al., 2018; Ostrowski et al., 2021; Li
and Li 2021). In most evolution codes, in particular those that

4

We emphasize that resolving accurately the abundance variations in this partial
mixing zone, as done by STELUM, comes at a high cost in terms of computation
time. The computation of our reference model sequence took several weeks using a
contemporary fast multi-core CPU. Most of the computation time was spent on the
mid/late stages of the core helium-burning phase.
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currently produce canonical white-dwarf models, actions are
usually taken to prevent this instability to occur and the pulses
are suppressed (Caputo et al., 1989; Dorman and Rood 1993;
Cassisi et al., 2001; Constantino et al., 2016, Constantino et al.,
2017). In our STELUM models, the breathing pulses do not
appear to have the characteristics of a numerical instability. They
build up progressively and are well-resolved events. We therefore
let them develop as a natural evolution of the stellar core, in
particular since they have interesting implications. These
episodes, that occur three times in our sequence, have two
main effects on the star. First, each pulse pushes further out
the boundary of the mixed C/O/He region, therefore increasing
its overall size. Second, injection of helium into the core has a
rejuvenating effect on the star which moves back to a (Teff, log g)
position that it had earlier in its evolution (the visible loops in
Figure 12). Consequently, the sequence reaches full helium
exhaustion at the center after ~ 220 Myr. This age for the
whole core helium-burning phase is roughly 40 Myr (20%)
larger than the age that would have been obtained without the
breathing pulses. Another consequence of these pulses is that
more oxygen is ultimately produced in the stellar core. Without
the pulses, oxygen would top at a mass fraction of ~ 0.7 at the end
of core helium burning, the value that is typically obtained from
standard evolution codes. With the breathing pulses, oxygen
reaches a mass fraction of ~ 0.86 at the time helium is
exhausted. The latter value is remarkably consistent with the
amount of oxygen estimated from our white-dwarf seismic
models, a result that we interpret as evidence that breathing
pulses are not model artefacts and that helium-burning cores do
experience such events (we point out that Li and Li 2021 has
reached similar conclusions). As a corollary, we suggest that
arguments developed in the past to support the suppression of
these pulses in evolution models–e.g., from the study of globular
clusters (Caputo et al., 1989)–should be re-investigated.
In summary, it is not necessary to modify the 12C(α,γ)16O
reaction rate to obtain more oxygen in white-dwarf cores at levels
comparable to the seismically determined ones. Breathing pulses
during the late stage of core helium-burning evolution lead to
such oxygen enrichment and appear to be the key process that is
generally missing (or dismissed) in current stellar evolution
models used to predict white-dwarf interior structures. More
speciﬁcally, the breathing pulses were suppressed in the models
discussed by De Gerónimo et al. (2019) and they were not
considered as an alternative to solve some of the discrepancies
these authors ﬁnd between their evolution calculations and the
seismic model obtained by Giammichele et al. (2018). We also
ﬁnd that the breathing pulses, along with the careful numerical
treatment of mixing in the STELUM evolution code, contribute to
produce cores that are larger than those obtained from canonical
evolution calculations, thus closing or narrowing the gap between
seismic and evolutionary models on that respect too. Overall, this
demonstrates that reconciling our white-dwarf seismic models
with evolution is not an impossible task, as claimed by De
Gerónimo et al. (2019), but requires to review more critically
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how star interiors and evolution are modeled during the ultimate
stages, keeping open the possibility that key events or processes
may have been overlooked.

4.3 Concluding Remarks
Stellar structures derived solely from observed oscillation
frequencies using direct modeling or inversion techniques
(that we commonly refer to as seismic models) have also been
obtained for other types of stars. In particular, helioseismology
has led to the construction of a seismic model of the Sun which
shows puzzling differences with evolution calculations (see, e.g.,
Gough et al., 1996). An example of this is the sound speed proﬁle
at the base of the Sun’s convective envelope that appears to be
shallower than expected from standard evolutionary models.
While the seismic Sun still cannot be fully reproduced by
evolution models, it is not an argument that is used to
invalidate the seismic model itself, but rather to question the
treatment of physics in the evolution calculations. White-dwarf
seismic models, as the ones we presented in this paper and in
Giammichele et al. (2018), have a vocation in all accounts similar
to the establishment of the referential seismic Sun, with the added
observation that uncertainties in the evolutionary path leading to
white dwarfs are certainly far greater than the uncertainties in
evolution that led to the Sun structure. We are therefore
convinced that building seismic models of white dwarfs, and
more generally of evolved compact stars (including hot-subdwarf
pulsators; see Charpinet et al., 2019b and references therein), will
be amongst the most proliﬁc ways to shed light on the grey zones
that still plague our understanding of the late stages of stellar
evolution. For that purpose, the context is particularly favorable
on the observation side, as large amounts of high-quality seismic
data collected from space with instruments such as Kepler and the
still operating TESS are available. We are committed to fully
exploit these data in the upcoming years and reﬁne our tools to
do so.
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