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ON POISSON TRANSFORMS FOR DIFFERENTIAL FORMS ON
REAL HYPERBOLIC SPACES

SALEM BENSAID, ABDELHAMID BOUSSEJRA, AND KHALID KOUFANY

ABSTRACT. We study the Poisson transform for differential forms on the real
hyperbolic space H". For 1 < r < oo, we prove that the Poisson transform
is a topological isomorphism from the space of L" differential g-forms on the
boundary OH"™ onto a Hardy-type subspace of p-eigenforms of the Hodge-de

Rham Laplacian on H", for 0 < p < 25+ and q € {p — 1, p}.
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1. INTRODUCTION

Let G/K be a Riemannian symmetric space of non-compact type. For each
parabolic subgroup P of G there exists a natural Poisson transform from the
space of C*°-functions on G /P to space of analytic functions on G/K.

When the parabolic P is minimal, one of the main problem stated by Helgason
[12] claims that all eigenfunctions of G-invariant differential operators on G/K are
obtained as Poisson transforms of hyperfunctions on the Furstenberg boundary
G/P. This conjecture was proved by Helgason when G/K is of rank one, and in
full generality by Kashiwara et al. [16]. Since then, this problem has received a lot
of attention by many people in different settings (see, e.g., [2—6, 14, 18,19,23,26]).

A natural extension of this problem is to investigate the analogous of Helgason’s
claim for Poisson transforms for homogeneous vector bundles over G/K (see,
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e.g., [8,9,11,15,20-22,25,28,32]). One of the most interesting vector bundles is
the bundle of differential forms on G/K. In this paper we consider the vector
bundle of differential forms on the real hyperbolic space.

Let H" = G/K be the real hyperbolic space realized as the open unit ball in
R"™, where G = SOy (n,1) and K ~ SO(n). Its boundary OH" is the unit sphere
S"~1. As a homogeneous space, we have OH" = G/P, where P = MAN. Here
M ~SO(n—1), A~Rand N ~ R*"!,

For 0 < p <mn, let 7, be the p-th exterior power of the coadjoint representation
of K on V;, = APC". Then the space C°°(APH") of smooth p-forms on H" can be
identified with the space C°°(G//K; 1) of V. -valued smooth functions on G that
are right covariant of type 7.

Throughout this paper we will assume that 0 < p < 2% (for this choice of p
see Section 2). Then the decomposition of 7, restricted to M 18 Tp M = Op—1 B 0p,
where o, is g-th exterior power of the coadjoint representation of M on V,, =
AIC™ L, with ¢ € {p — 1,p}.

Let a be the Lie algebra of A, and identify its complexified dual af. with C.
For A € C, we consider the irreducible representation o4\ of P = MAN given
by ggx(mamn) = a4(m)eP~"Nt where p = o1l Let E,» be the corresponding
homogeneous vector bundle over 0H". We identify its space of hyperfunction
sections with the space C~*(G/P;0,) of all Vg -valued hyperfunctions f on G
such that

flgmagm) = e Plo (m™1)f(g) Vg€ G, ¥m e M,¥n e N, Va; € A.

For ¢ € {p —1,p}, let 1§ be the natural embedding of V;, into V. Notice that
e Hom s (V;,,Vz,). Then we can define a Poisson transform

7357)\: C“(G/P;04x) = C(APH")

P =\ G [ nknrak)ar, g <G

We mention that E, y can be seen as the vector bundle G' x p V,, @ E[p—i)], where
op is extended to a representation of P, and £[p—i\] is the density line bundle over

by

the character mazn — e(P~Mt of P. Sections of the above bundle are g-hyperforms
dim 7, (I)p i\

dimop

with value in E[p —iA]. In view of this observation, 775 Y , where

@0~ is the Poisson transform considered in [3)].

Let A = dd* + d* d be the Hodge-de Rham Laplacian, where d: C*°(APH") —
C>(APHIH") is the differential and d* is the codifferential (the adjoint of d which
is defined by the hyperbolic metric).

For A € C, denote by C25 (APH") the space of all w € C*°(APH") which are
closed if ¢ = p — 1 and co- closed if ¢ = p, with the additional condition Aw =
(A2 + (p — q)®)w. It was proved in [9], that for 0 < p < (n — 1)/2 , the Poisson
transforms P? o 4=P—Lp provide the following isomorphisms:

(1) Py _“(G/P; opa) = Con(APH™) iff iX & {—p +p} U (Z<o — p),

and
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(1) PL_ 0t C(G/Pioy10) = €2, \(APEY) iff i ¢ {p—p+1}U(Zo—p).

Now, let C~“(K/M;0o,) be the space of V, -valued hyperfunctions f on K
satisfying f(km) = o,(m~1)f(k), for all k € K,m € M. By the Iwasawa decom-
position, the restriction map f ~— f,. gives an isomorphism from C~“(G/P; 0, )
onto C™¥(K/M;o,). Via this isomorphism we can define the Poisson transform
from C7*(K/M;0,) into C74 (APH"). To state our main result, let us introduce
further notation.

For 1 < r < oo, let L"(K/M;0,) be the space of V5, -valued functions f on K
which are covariant of type o4, and such that

1
”fHL”"(K/M;aq) = (/K H f(k) ||§\an—1 dk) < 0.

The space L"(K/M;o,) is identified with the space of L" differential ¢-forms on
the boundary OH"™ = K /M. From above, it follows that the Poisson transform
7357/\ maps L"(K/M;o,) into the space CJ5 (APH").

The goal of this paper is to characterize those eigenforms in C79 (APH") which
are Poisson transforms of elements in L"(K/M;o,), for 1 < r < co. To this end
we introduce the Hardy type space &, \(G/K; ) of all F' in C7% (APH") such that

1

I leg = supel 20 ([ Fhar) e ab) <,
’ t>0 K

where we have identified C*°(APH") with C*°(G/K;1p).

We pin down that throughout the paper we will often view p-forms in C*°(APH")
as functions in C*°(G/K;1,) and vice-versa.

Our main result is the following;:

Theorem A (see Theorem 6.1). Let 0 < p < (n —1)/2 be an integer and q €
{p —1,p}. Assume X € C such that

R(iA) >0 if ¢ =p,
RGEA) >0 and iN#£p—p+1 ifg=p—1.

The Poisson transform Pf;A is a topological isomorphism of the space L" (K /M;o04)
onto the space 5;/\(G/K; Tp). Moreover, there exists a positive constant vy such
that

dim o,

1Py fller s < ANFllrre/at; o0)s

N T

|C‘Z()\ap)| ||f||LT(K/M;aq) <

dim 7,
for every f € L"(K/M;oy).

Above, c4(X,p) (¢ = p—1,p) denote the scalar components of the vector-valued
Harish-Chandra c-function c(A,p). We refer the reader to (4.2) for the integral
representation of c(A,p). The explicit expressions of c4(A,p) will be given in
Proposition 4.6.

As an immediate consequence of Theorem A we obtain when ¢ = p and i\ =
p — p (the harmonic case) a characterization of co-closed harmonic p-forms, see
Corollary 6.2. Furthermore, if in addition p = 0, we recover the classical fact
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that the Poisson transform is an isometric isomorphism from L"(0H") onto the
Hardy-harmonic space on H" (see [27]).

Our strategy in proving Theorem A is to begin with the case r = 2. The most
difficult part is to prove the sufficiency condition. Let us give a short outline of
its proof. Let F € 53’ \(G/K;Tp), then we show the existence of a functional 7'

on C*(G/P;o,5) such that F = %(T) ! (Proposition 5.1). To prove that T is
indeed in L? we need to establish the asymptotic behavior of certain Eisenstein

type integrals (see (5.8), (5.9)). To this end we prove a Fatou-type theorem
(Theorem 4.3),

dim 7,

: —i\)tpP _
Jm el Pyt (ka) = dim oy
in L"(K,APC™), for every f € L"(K/M;aoy).

Let us mention that instead of Proposition 5.1 we might use the result of
Gaillard, stated in Proposition 3.2 below, to ensure the existence of a hyperform
[ € C™(G/P;0,4,) such that F' = P§7Af. We would prefer to keep our argument
because it is potentially useful in studying Poisson transform on vector bundles
over symmetric spaces of non-compact type.

To establish Theorem A for every 1 < r < oo, we prove that any F €

aA(G/K;7,) can be approximated by a sequence (Fp,)p, in 5q27)\(G/K; 7p). Us-
ing the first part of our result which corresponds to r = 2, we can deduce that
there exists fn, € L?(K/M;o,) such that F,, = Pg,A(fm). By an L’-inversion
formula of the Poisson transform (Theorem 5.5) we conclude that f,, is indeed in
L"(K/M;o4). Henceforth the linear form

To(p) = /K on (), 9(F)) pagrs s,

is uniformly bounded on L*(K/M;0,), with 1 + 1 = 1. Thanks to Banach-
Alaouglu-Bourbaki theorem, there exists a subsequence of bounded operators
(T, )j which converges to a bounded operator T under the weak-x topology. Thus
by Riesz representation theorem, we conclude that there exists f € L"(K/M;o0,)
such that F' = 7757/\]0.

c(A; p)eg(f(K)),

The paper is organized as follows. Section 2 contains notations and background
material for later use. In particular we recall some materials on differential forms
on H” and OH" = S"~! as sections of specific vector bundles. Section 3 is devoted
to the definition of the Poisson transform 735, 4 on the space of differential forms
on S"!. In Section 4 we prove a Fatou type theorem for 775 y» Which will be
of particular use to find the explicit expression of the Harish-Chandra c-function
appearing in Theorem A. The Fatou type theorem will essentially play a crucial
role in Section 5 where we prove Theorem A for the case r = 2. Section 5 contains
also an L?-inversion formula for the Poisson transform. These results will allow
us in Section 6 to prove Theorem A for every 1 < r < oo.

IThe parameter A in Yang [32] corresponds in our notation to i\.
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2. BACKGROUND

2.1. The real hyperbolic space. Let H" = H"(R) be the real hyperbolic space
of dimension n > 2 realized as the open unit ball B"” in R". Let G = SOq(n, 1)
be the connected component of the identity of the group of all linear transforms
of R"*! with determinant 1 keeping invariant the Lorentzian quadratic form

[x, x| :x%+---+xi—azi+1, X = (@1, "+ ,Tn, Tnt1)-

Then the group G acts transitively on B by fractional transformations and as a
homogeneous space we have the identification H" = G/K, where K = SO(n), the
isotropy subgroup of 0 € B”, is a maximal compact subgroup of G.

Let g = so(n, 1) and ¢ = so(n) be the Lie algebras of G and K, respectively. Let
as usual g = €@ p be the Cartan decomposition of g. The subspace p is identified
with the tangent space To(G/K) ~ R" of G/K = H" at the origin o = eK.

Put

0 0 1
Ho=1|0 0,1 0] €p,
1 0 0

then a = RHj is a maximal abelian subspace of p, and the corresponding analytic
Lie subgroup A of G is parametrized by

cosht 0 sinh ¢
a; = exp(tHp) = 0 I 0 , teR.
sinh ¢ 0 cosht

Let
0 Y 0
n=¢|=y" 01 y' |, yeRV =R,
0 Y 0

so that g = £ ® a @ n is the Iwasawa decomposition of g. Here y! stands for the
transpose of a vector y € R"~ 1.

Let N = exp(n) be the connected Lie subgroup of G having n as Lie algebra.
According to the Iwasawa decomposition G = K AN, every element g € G can be
uniquely written as

g = r(g)e!n,

where k(g) € K, H(g) €aand n € N.

Let p be the half sum of positive roots of (g, a). Then p(Ho) = 5% and we will
write p = p(Hp).

Let P = M AN be the standard minimal parabolic subgroup of G, where M is
the centralizer of A in K given by

:m € SO(n—1) p ~SO(n—1).

o O =
= o O

0
m
0

Then G/P = K/M may be identified with the unit sphere S*~! in R™.



6 SALEM BENSAID, ABDELHAMID BOUSSEJRA, AND KHALID KOUFANY

2.2. Differential forms on H" and S"!. Let (-,-) be the standard Euclidean
scalar product in R™. Let (e, e9, ..., e,) be the standard orthonormal basis of R"
and denote (e}, e}, ..., e}) its dual basis.

For an integer p with 0 < p < n, let AP(C")* = AP(R"™)* ® C be the space of
complex-valued alternating multilinear p-forms on R™. A basis of AP(C")* is given
by set of

I={iy, i
e;:=e’ AN---Ae; where {1’ ’p},’
“ ' 1< < <idp < n.

The interior product t,w of a p-form w with a vector v € R™ is the (p — 1)-form
defined on the given basis by

)_{0 if 7 = any i,

te. (€5 N Nel —~
6]( i1 (_1)7"—16%1/\,,./\6;!;/\.../\6’5‘ 1f]:zr

ip
) ip

where ~ over e; means that it is deleted from the exterior product.
For a given v € R", the exterior product ¢,w of a p-form w with the linear form
v* is the (p + 1)-form defined by

Eow = VF Aw.

For the reader’s convenience and to keep the notations simple, we will identify
(C™)* with C™ and AP(C™)* with APC™.
We define an inner product (-, -) apcn on APC™ as an extension of the one on C"
by setting
(VI A= vp, w1 A - wp)aren = det((vi, wj))i ;. (2.1)

It is easy to show that the basis of APC™ consisting of the p-vectors ey := e;; A
- Nej, (where I = {iy,--- ,ip}, with 1 <4y < --- < i, < n) is an orthonormal
basis of APC™ with respect to (2.1). We have further the useful identity

(Low, €) pp—10n = (W, €€)Avcn, v € R",w € APC™, € € APTIC™. (2.2)

For 0 < p < n, we let 7, to be the p-exterior product APAd* of the coad-
joint representation of K = SO(n) on pg. Its representation space being V. :=
AP(gc/tc)* ~ APC™. Notice that 7, is unitary with respect to the inner product
(2.1), and is equivalent to the standard representation of K on APC™. By |7]
or [13], the representation 7, is irreducible for p # 3 (n even), while 72 =

4+ @ 7». The two factors T;t being irreducible, inequivalent and act on the
2 2 2
following eigenspaces of the Hodge star operator x,

AE(C" = {we A2C" : w = piw},

where p+ = *1 if 5 is even and pg = 4= if § is odd. Since the Hodge operator
* induces the equivalence 7, ~ 7,_,, we will restrict our attention to the case
0 <p < 3, without loss of generality.

For 0 < ¢ < n —1, let o4 be the standard representation of M ~ SO(n — 1)
on V,, = AIC™ 1. Tt is an irreducible representation for q # ”T_l, and as before

On-1 = 0'1—,1 Do,,_;.
2 2 2
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Lemma 2.1 (See, e.g. [1,13]). Let Tp|,, D€ the restriction of 7, to M =~ SO(n—1).
Then gy decomposes into inequivalent factors as follow :
1) Forp=0, ol = Op
2) ForO<p< ”T’l,
Tp|yy = Op—1 ® oy, with

APC™ = ] AAPTIC" ™ @ APC™ ! ~ APTIC T @ APCPL (2.3)

1 _
3) Forp=1"5=, 7, =0p-19 of o, .

4) Forp= 3, Tply = 20p-1 ~ 20p.
Henceforth, we will assume along this paper that 0 < p < %‘1 (we say p
generic).

Remark 2.2. (1) In the decomposition (2.3) we have identified C"~! with span{es, - - -

The isomorphism (2.3) follows from the SO(n — 1)-equivariance of the decompo-
sition
w=e AW +&” with & € AP7IC" ! and w” € APC™ !
for any w € APC™.
(2) The scalar products on AIC" 1, ¢ € {p — 1,p}, are induced from the one
on APC™ defined in (2.1).
(3) For ¢ € {p—1, p}, we will consider the following natural isometric embedding

PV, = NC =V, = APC™. (2.4)
Notice that /) € Hom;(Vs,, Vr,) and it is given by
by APTICY e AAPTIC L g APCE
E = eaNEFHO
and
h: APC"L e AAPTIC L g APCP Y
& — 0+4+¢
In particular, for any w,w’ € AP~1CP 1,
(w, W) ap-10n-1 = (e1 Aw, e1 Aw')arcr
(4) For q € {p — 1,p}, let 7} denotes the natural projection
mh Vo, = Vo,

Then one can see from (2.2) that (m})* = .

3. POISSON TRANSFORM ON DIFFERENTIAL FORMS

In this section we shall define the Poisson transform for differential forms on
OH"™. We will follow the definition of Okamoto [21], see also Minemura [20],
Yang [32], Juhl [15], Van der ven [28], Olbrich 22| and Pedon [24,25]. There is
also another approach to define the differential forms-valued Poisson transforms
initiated by Gaillard [8] and generalized by Harrach [11].

,Ent.
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Let G x g Vz, be the homogeneous vector bundle over G/K associated with Tp-
The space of its smooth sections is identified with

C®(G/K;7y) = {f: G — V,smooth | f(gk) = 1,(k™")f(g) Vg € G, Vk € K} .

As a homogeneous vector bundle, we have APH" := APTEH" = G xx V;, and
therfore we identify the space C*°(APH"™) of its smooth sections (i.e., smooth
differential p-forms on H") with the space C>*(G/K;1p).

Consider the exterior differentiation operator d: C*°(APH") — C°°(APHH")
and the co-differentiation d* = (—1)"P+D+1 & dx: C®°(APH"™) — C®(AP~TH").
Let A = dd* + d*d be the Hodge-de Rham Laplacian on C*°(AH"). Let D(APH")
be the algebra of G-invariant differential operators acting on C°°(APH™). Its
known by [10] that for generic p, D(APH") is a commutative algebra generated
by dd* and d*d.

Next, we shall describe the eigenforms for differential operators in D(APH") by
means of Poisson transforms.

For g € {p—1,p} and A € C, we consider the following irreducible representation
of P= MAN,

Tg ) - Man — oq(m)e(p*’)‘)t

Let E, » be the homogeneous vector bundle over JH" corresponding to o, ». We
denote by C~*(0H"; E, ») the space of its hyperfunction sections and we identify
it with the space C~%(G/P;04) of Vg-valued hyperfunctions ¢ on G such that

Flgman) = =g, (m=1)f(g)
forall g € G,m € M,n € N,a; € A. Then, define the Poisson transform
7357/\: C™“(G/P;o4)) — C(APH")
by

P2, 1(9) = cng /K oK) (gk))dk, g € G,

where ¢} is the embedding given by (2.4), dk denotes the normalized Haar measure
on K, and where the constant factor ¢, , is given by

Cpg =] 2 = VP (3.1)
dim oy \/% ifg=p—1.

Let us mention that for ¢ = p, F, \» can be seen as the vector bundle G' xp
Vo, ® Elp — iA], where o, is extended to a representation of P and E[p —i)] is

the density line bundle associated to the character mayn — e(P~Nt of P. Then
C~%(0H"; E,\) can be viewed as the space of p-hyperforms on 0H" with value in
E[p—1iA]. In view of this observation, 735,/\ = cpypq)zfi/\, where @gii)‘ is the Poisson
transform considered in [8]. When i\ = p— p (which corresponds to the harmonic
case, see below) the space C~“(0H"; £}, _;(,—p)) consists of p-hyeprforms with
value in E[p).

By the Iwasawa decomposition, the restriction map of f +— fix gives an iso-
morphism from C™%(G/P;0, ) onto the space C~¥(K/M;o,) of Vj-valued hy-
perfunctions f on K satisfying f(km) = o4,(m™1) f(k), for all k € K, m € M.
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In this compact model, the Poisson transform
7357)\: C “(K/M;o,) — C(APH")

takes the form
PELF(9) = g /K e RN 1 (g7 k) )B(f (gk))dk, g € G.

Below, we shall give the explicit action of the algebra D(APH") on the Poisson
transform of elements in C~“(K/M;o,). The following result is due to Gaillard
18,9], see also Pedon [25].

Proposition 3.1. For f € C~“(K/M;0,) with ¢ € {p — 1,p}, we have

d*PE L (f) =0 dpy_, ,\(f) =0,

d*dP,\(f) = ,(/\2 +(p=p)?)PpA(f), dd* Py \(f) = (N + (p—p+1)*)Pp_y \(f).

p

For a character x : D(APH") — C, let £, (APH") be the corresponding eigenspace,
E(APH") :={f € C°(APH") | Df = x(D)f, YD € D(APH")}.

Put x(A) =~ and suppose v # 0. Similarly, denote x(dd*) = v; and x(d*d) = 2.
Consider the eigenspace

£,(APH") := {f € C(APH") | Af = 7/},

Since (d*d)(dd*) = 0, we have v172 = 0. As v # 0 and v = 71 + 72, therefore, we
have either (y; = 0 and 2 = 7) or (72 = 0 and 73 = ). We denote x by x1 in
the first case and by y2 the second case. Thus,

£, (APH) = £, (APH) @ &,,,(APH).

In view of Proposition 3.1, we deduce that 41 = N2+ (p—p+1)2, 72 = A2+ (p—p)?
and

)

Exv (APH™) = {f € C®°(APH") | {Af z é/\Z +(p _p)Q)f}

d* f
Af
df

Under the identification C*°(APH") ~ C*°(G/K; 1), we let D, D* and —C to be
the counterpart of d, d* and A acting on C*°(G/K;T,), given by

D=> Xjex,, D'=-) Xjx,, C=) X;-> Y7 (3.2)
' j j j

J

Evo (APH™) = {f € C™(APH") | { (())\2 +(p—p+ 1)2)f} .

where (X;) and (Y;) are orthonormal * bases of p and £ respectively. Thus, the
spaces &£y, (APH") and &, (APH™) are identified respectively with

2with respect to the normalized Killing form B

1
2(n—1)
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Epa(G/Ki7y) = {f € O™ (GK:m) | {Cf =W le=pS } (33)

D*f =0

cf =—(A2+(p—p+1)2)f}_(3.4)

gp—l,)\(G/K;Tp) = {f € COO(G/K,TP) | {Df -0

Notice that C is the Casimir operator of g acting on C*(G/K;1,).

Proposition 3.2 (see [9]). Let 0 <p < (n—1)/2, g€ {p—1,p} and let A € C
such that

iXNE{=p+p}U(Zco—p) if ¢=np,
iXE¢{p—p+1}U(Zco—p) ifq=p-1
The Poisson transform 735/\ is a topological isomorphism from the space C~ (K /M ;o)

onto the space E,\(G/K; ).

We point out that the above statement was stated in [15] for ¢ = p and n even.
For 1 < r < oo, we denote by L"(K/Mj;o,) the space of AC" !-valued func-
tions on K which are covariant of type oy, i.e.,

flkm) = a,(m ") f(k), Vke K, Vm € M,
and such that
1
TP ( 1509 acne dk) .

Note that, for any F: K — A*CY we have

H/I(F(k)dk o S/K||F(/€)Ilmcwdk. (3.5)

From above, it follows that the Poisson transform 735 y maps L"(K/M;o,)
into &\ (G/K;7,). Our aim is to characterize the exact image of the space
L"(K/M;o,) by the Poisson transform 735)\ for generic p and ¢ € {p — 1, p}.

4. FATOU-TYPE THEOREM AND THE HARISH-CHANDRA c-FUNCTION

For A € C, generic p, and q € {p — 1,p}, we define for 1 < r < oo, the space
&y A(G/K;7p) to be the subspace of all F' in & 5\ (G/K;7p) for which

1
I leg, = supe 20 ([ Fkan) [ ai )
’ t>0 K

is finite.

Proposition 4.1. For every A € C with R(i\) > 0, there exists a positive constant
Y such that, for any f € L"(K/M;04) we have

1/r '
( / HPﬁ,Aﬂkat)uapcndk) < g PP et (A1)
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Proof. By (3.5) we have
I Pyf(kae) [|arce

< g [ EOIDHEIT | a  F0) v

< Cp’q/Ke—(éR(i)\)+p)H(at1k;lh) [ ng(f(h)) | arcr dh,

where the last inequality follows from the unitarity of 7,. Since ¢} is an isometric

embedding, we can deduce that

| Py af(kar) larcn < cpg / o~ (RONFOH (@, k70 || £ () || yagnms dh
’ K
= cpgent()* || F() [laecn— (K),

where ey (k) = e*(%(iA)+p)H(a;1k71), and * is the convolution over K. Therefore,
by Young’s inequality, we obtain

1/r
</ | Py s f (kat) [[Arcn dk) <cpg llexe ool llor /oy -

Further,
- 7 a71 -1 ( 7l»7l)
” ENt HLl(K/M;Jq): /Ke REA)+p)H e, "k )dk = ¢_pmfz)\)2 (t),
where qﬁ(ya’ﬁ) is the Jacobi function, see (4.7). Since R(iA) > 0, by (4.8) we have

( ) IN)— . .
czb_”mw (t) = eV (¢ 1 L (<iR(N)) +0(1)) ast — oo,

p
consequently that the Poisson transform is continuous from L"(K/M;o,) into

g,A(G/K§ Tp)-

1
3
where ¢, _1 _1(—iR(i\)) is given by (4.9). This proves the estimate (4.1) and
27 2

O

Let N = §(N), where 6 is the Cartan involution of G. For A € C and 0 < p <
”T_l, define the generalized Harish-Chandra c-function by

c(\p) = /N o MAH@ L (1 (7))d7 € End(APC"). (4.2)

Here d7 is the Haar measure on N with the normalization

/ o 20(H() g73 — 1.
N

The integral (4.2) converges for A such that $(iA\) > 0 and has a meromor-
phic continuation to C (see, e.g. [31]). Since the restriction c(\, p)|ng commutes

with o4, then by Schur’s lemma, there exists a complex scalar cq(A, p) such that
c(A, P, = ¢q(A, p)Idpacn-1. Therefore,

c(\,p) = cp—1(A\, p)Idpp-1cn-1 + (A, p)Idppcn-1. (4.3)
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In [29], an explicit expression of c,—1(\,p) and cy(A,p) are given by a direct
computation of the integral (4.2). However, below in Proposition 4.6, we will
recover their expressions by using a different approach.

The following lemma is needed for later use.

Lemma 4.2. (1) For every v € Vg,
le(Asp)eg(©)l[aren = leq(X p)[|v]| xagn-1- (4.4)

(2) For every linear operator L form a vector space V to Vy,,
le(A p)eg Llims = leq(As p)II| L, (4.5)
Proof. Using Remark 2.2, the first statement follows directly from
A A =p-—1
e p(v) = | TP e 1=
(A, P, q=p.
On the other hand,
le\p)hLlfis = tr((c(A,p)hL)*(c(A p)ihL))
= tr (L*(Wgc()\,p)*c()\,p)Lg)L) .
Notice that mic(X, p)*c(X, p)ugy € Endm(Ve,), (hence is scalar). By (4.3), we
deduce that

1A, p)PIdpgp-10n—1 0
c(\,p)c(\,p) = [ep-1(Ap ApiC )
A p)e(r.p) ( 0 ‘Cp()\,p)PIdAptcn—l
Thus mhc(A, p)*c(A,p)dh = |cg(A, p)|*Idpecn-1, and this proves the second state-
ment. Il

Theorem 4.3. Let A\ € C such that R(iA) > 0. Then
Jlim e =NIPY f(kar) = cpge(Xp)d(f(K)),

(i) uniformly for f € C°(K/M;oy),
(i7) in the L"(K; APC™)-sens, for every f € L"(K/M;oy).

Proof. The statement (i) has been proved earlier, see for instance [28] and [32].
(i7) Let f € L"(K/M;0,) and € > 0. By density argument, there exists a K-
finite vector ¢ in O°(K/M;0,) such that || f — @l r(x /a0, < € Put pi(f)(k) =
P§7Af(kat), then
le™ AP (f) (k) = cpgeA p)ibf (B)[hoen < e PTPDR(F = @) (k) [hncn
+Hle™ 8 (0) (k) = ep g p) (k) o
pq”c Avp q (k) - C(/\7P)Lgf( )HAP(C"'

From Proposition 4.1 we obtain

/Wm“AWmm—¢NMMWMk§ﬁ@wf—w;mmww

and form part (i) above it follows that

mH/Hemptt)%%fmdMM£ﬂ@hka=0

t—o0
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Further, according to (4.4) we obtain

/K!!C(A,p)%’sv(k)—C(/\vp)éé’f(k)H’"Apmdk < legA P =l (ke /ar; 0

In conclusion we have

lim /K le” =P (F) (k) = cpgeO p)hf (B) [hnendk < €7¢ o (V4 + [eg (A, p)["),

t—o00

and this proves the desired statement. Il
The following inequalities are crucial.

Proposition 4.4. For every A € C such that R(i\) > 0, there exists a positive
constant vy such that for all f € L"(K/M;04), 1 <1 < 0o, we have

eralea DI i ation) < UPPATler s < ol fliraeation.  (46)

Proof. The right-hand side inequality is noting but the estimate (4.1). For the
left-hand side inequality, by Theorem 4.3[(4i)], there exists a sequence (¢;); with
tj — oo such that

lim [P N5PP | f(kay,)|avcn = llepg €0 p)E(F(R)) | arcn

Jj—00
almost every where in K. Consequently, by the classical Fatou theorem and (4.4)
we get

r r r r —q . t; r
e Jlea(\p)] /K 1F () Ragnordk < sup =iV /K Ipy (f) (k) [npcndk,
J

which implies
palcg N DNl (ke ppiog) < P S ller -
O

In the rest of this section we will see how the asymptotic behavior formula given
in Theorem 4.3 will allows us to give explicitly the Harish-Chandra c-function

c(\p) = /N e~ A H®) - (4 (7))dm.

To this aim, recall the Jacobi functions, see, e.g. [17],

a ANta+B+1 —iAt+a+58+1
o0 = (20T i+l

2 ’ 2 ’
with R(a+1) > 0 and o F7 is the classical hypergeometric function. We shall need
the following asymptotic behavior of Jacobi functions,

(;5&0"@ (t) = ===l (e, 5(N) + 0(1)) as t — oo (4.8)
for R(i\) > 0, where

o + 1; — sinh? t> , (47

20+ AHI=IAD (o + 1)T' (M)

Ca,g(N) = - (i)\+a2+,3+1> T (iA+a2—B+1) ’

(4.9)
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A continuous function F': G — End(V;,) is called elementary 7,-spherical if F
satisfies

(i) (mp-radial function) F(kigks) = 7,(ka) ' F(9)mp(k1"), Vg € G, Vki, ks €

(i1) F is a joint-eigenfunction of all D € D(G/K; 1) with F(e) = Id.

A 7p-radial function F': G — End(V;,) (i.e. satisfying (4)) is determined by its
restriction F|, to the subgroup A of G. Since A and M commute, F|, becomes
an M-morphism of V, = APC". Now, in the generic case, D) s is multiplicity
free, therefore by Schur’s lemma, F, is scalar on each M-irreducible component
Vo, = APC™ ! and Vo1 = AP~1C"=1. Thus

F|A(at) = fpfl(t)IdAp—l(cn—l =+ fp(t)IdAp(Cn—l’
the coefficients f,_1 and f}, are called the scalar components of F'.
For X\ € C, we define the Eisenstein integral ®(), g) € End(V;,) by
DY(A,g) = Cpq/ e AR (1o~ h) )b (i (mp () 1)) . (4.10)
K

Proposition 4.5 (see [25, Theorem 5.4]). Assume that 0 < p < 5L

(1) The set {P4(N\,-),q = p— 1,p; A € C\ {£1}} exhausts the class of 7p-
elementary spherical functions.

(2) The scalar components ¢qp—1(A, 1), pqp(A,t) of Ph(N, ar) are given by

opp1 (M) = 6132 (1),

DP(N, ar) 1 n _1 (4.11)
! Cop(t) = Z 0\ T (1) — L2 (cosht)olt (1),
and
n (5=1=3)\  n—p (5.-3)
(I)p_1(/\,at)f @p—l,p—l()‘ t) = ﬁ;@fé (t) (COSht)¢ (t), (4.12)
p—1,p(A, 1) = </5 272,

For ¢ € {p — 1,p}, let us introduce the notation p; = p —q = %‘1 —q.

Proposition 4.6. Let A € C such that R(iX\) > 0. The generalized Harish-
Chandra c-function is given by

c(\,p) = cp—1(A\, p)ldpp-1cn-1 + (N, p)Idppgn-1,

where the scalar coefficients are explicitly given by

i\ —
Cpfl()\vp) fpl ()‘)7

IAN+p
and
Z)\"’,Op
with .
, AT 5
() = s LV (o 4 5)

A+ iMp+1)
r(Eg)r ()
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Proof. Let A € C such that (i\) > 0. Since
Oh(N kar) = Pl (cpgmi(r(k™1)) (ar),
Theorem 4.3 implies

PI(N, ar) = ciqc()\,p)e(i’\_p)t (Wg +0(1)) ast— oo, (4.13)

2
Cp,q_{

Let us first consider the case ¢ = p. Using the asymptotic behavior of Jacobi
functions (4.8) together with the relation

with

s

= ifg=p,
ifg=p—1.

IS 3

we obtain
1 .
— (mfmt( . _b. )
L N — ney 1) =5es 1) +o(1)),
_ (ix—p)t "M iAX+p—0p
t—o0 © n_pcn—L—g( )< M-i—p + (1)

Similarly, we get

Opp1(At) = elr=pLit (c%_%()\) + 0(1)) .

t—o00

Thus

PN, ar) = elPA=p=1)t (c (A + 0(1)) Idpp—10n—1

n _ 1
2°7 2

(A-p)i_M Atpop
+e n_pc%_lﬂ_%(A) < Z>\—|—p +0(1) IdAp(Cnfl,

from which we deduce that

; (p—iN)tHp _ n iNt+p—p
tligloe PP(N, ar) g ( s 03_17_%()\)Id/\pcn71. (4.14)
Finally, by identification of (4.13) and (4.14) it follows that
_iA+p—p _iA+p—p
cp(Ap) = chfl,f%(/\) = WC()\)-
Similarly, for ¢ = p — 1 we can prove that
tli{go e( A p)t(I)g_l()\, at) = 5 (’M—i—p) C%_L_%()\)Id/\pfl(Cnfl,
from which we deduce that
A—p+p—1 tA—p+p—1
1 Ap)=———cn A)=————c(N).
i) = SR ey )= PRy
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5. THE L2-RANGE OF THE POISSON TRANSFORM

Recall that our main goal is to characterize the image of the space L" (K /M;oy)
under the Poisson transform 7357 y for 1 < r < oo. To do so, we will start with
the case r = 2.

Fix 0, € M acting on the space V,, = AIC™ ! of dimension dg,. To simplify
notations, we will write sometimes (o, V,,) instead of (og, Vs, ).

Let (6, Vs) be an element in K (), where K () C K denotes the subset of those
classes containing o upon restriction to K. It follows from Frobenius reciprocity
theorem together with [13] that o occurs in 6|3, with multiplicity one and therefore
dim Hom;(V;s, V,;) = 1. We choose the orthogonal projection Py : V5 — V, as a
generator of Homy(Vs, V).

let (vj);l‘szl be an orthonormal basis for Vs, where ds = dimVs. Then the
functions

ks 05(k) = Ps(0(k~ )v;), 1<j<ds, 6 €K(o)

define an orthogonal basis of the space L?(K/M;a,), see, e.g. [30]. Thus, the
Fourier expansion of every f € L*(K/M;o,) is given by

Z Za6¢6

seR(0) 7=
with
d(s 2
1 F W22k at; o) Z Z [ aj |?. (5.1)
SeK( o') 7 j=1

Next, we will prove a general result giving the Poisson integral representation
of a joint eigensections of the algebra D(G/K;7,) of G-invariant differential op-
erators acting on C*°(G/K; ).

By a functional on Ey y = Gx pV,, we shall mean a linear form 7" on C™(G/P; 0, 5).

For a such functional 7', we define 7757 \(T) by
(v,%T(g))Apcn = cp (T, Tl Ly®Py\v), Vv e APC" (5.2)
where L, is the left regular action, and ®y: G — End(V,) is given by

Dx(g) = MW ((g). (5:3)

Notice that ®x(¢~"k)* = P, \(g, k), where P?,: G'x K — End(V7,) is the Poisson
kernel given by

—(i -1 —
Py (g,k) = e AFHE 07 (g™ ). (5-4)
If T'= Ty is a functional given by f € C*°(G/P;0y), then

Pp/\(Tf) PP () (5.5)
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Indeed,

(0, PP TH(g))arcn = pg(T,miLg@0),
— o | )L e,
— [ L0 7 R 0hpoc
= G [ (@3RI, v)vcnd
= o [ (L0 RS 0R) vhascnd

= <U77D§,,\f(g)>Ap<cw

Proposition 5.1. For every eigensection F' of D(G/K;T,), there ezists a func-
tional T on C*(G/P;o, ) such that F = PgAT.

Proof. Let F be an arbitrary joint eigensection of all D € D(G/K;7,). Then F
has an expansion

in C*°(G/K;1p). Since Fj is K-finite of type 0, then, by [32, Corollary 10.8], there
exists a K-finite vector fs5 in C°>°(G/P; 0, ) such that Fs = 735/\]%. We have

ds
fs(k) = alPs(6(k™ ;).
j=1

Define a functional T' by

ds
To)= 3 30 [ e BEE e dk, (56)

sek (o) I=1
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for all ¢ € C*°(G/P;0,5) for which the above sum converges. Choose ¢ in (5.0)
to be ¢: k¢, qu(cb)\( 'k)w) with w € V;,, then we get

S D 3 / (r4A ™ K, P05 1) s

6€K(U J=1

s 7
=c a® w, e~ P HGTE) L (0 =11)) P Po(5 (ko dk
p,qZZJK<, o (m(g™ R Pk ) ,

APC™

<w Zcpq/ —(iA+p) H(g_lk) LpZa6P5 v])dk>Ap(Cn,
= <’U), Z 7))\7pf5(g)>Ap(Cn7

seK (o)

On the other hand, by the definition (5.2) of the Poisson transform on functionals,
we have

(T, Cp,q”g(Lg(I)/\w)) = (w, Pg,AT(g»AP(Cn,
from which we deduce that F(g) = @T(g), since the vector w is arbitrary. [

Theorem 5.2. Assume that A\ € C such that

{%(i/\) >0 if ¢ = p,

5.7
R(GA) >0 and iX#£p—p+1 ifq=p— (5.7)

The Poisson transform 775)\ is a topological isomorphism from the space L?(K /M; oq)

onto the space 537/\(G/K; Tp). Moreover, there exists a positive constant vy such
that

Cpglq(A, p)|||f||L2 (K/M;oq) = <[P >\f||$2 < Cpq%\HfHL2 (K/M;0q)s
for every f € L*(K/M;0y,).
Proof. On one hand, by Proposition 3.2 and Proposition 4.4 it follows that 775 A

is a continuous map from L?*(K/M;a,) into 52/\(G/K Tp)-
On the other hand, for F' € 52 \(G/K;Tp), by Proposition 5.1, there exists a

functional T on C*°(G/P;0,5) defined by (5.6) such that F' = PPAT From the
proof of Proposition 5.1, it follows that

)=Cog D Z / ~OEDHGTR) L (g7 ) B Ps (8 (k™ )vj)dk
s5ek (o
Define @) s by

Dy5(9)(v) = cpg /K e AFTPHGTR 7 (g7 k) 2 Ps (5 (k™ )v)dk, (5.8)
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for g € G and v € V;. Clearly ® s(k1gk2) = 7,(ky 1) ®x5(9)(kyt) for every g € G
and k1, ko € K. Further

/(F(k:at) F(kay))arcrdk = > > " abaf /@A,g(kat)vj,<I>>\75/(kat)vg>/\p(cndk:.
K 5.8 Gl

By the covariance property and Schur’s lemma, we obtain

/k (B 5 (kae)v;, D g (ka)o) ancn dk = / (Brg(a) D s (ar)5 (k). 8 (kYo v, dk
K

~fo if 67 6
d—lﬁtr (Pas(ar)*Prs(ar)) (vj,ve)v; otherwise
Thus

/K | Fhag) pen b = S0 Z\aﬂ b (B 5 (ar) B 5 ar)

5eK) b =1

= > d*é“‘l)/\,é(@t)ﬂgls > lajP,
j

0

where || - ||gs is the Hilbert-Schmidt norm. Hence, for a finite subset A C K (0)
we get

Z Zl\a PNy sar)llfis < sup PRV / I F(kay) |[Rocn dk,
6€A ; >0 K

_ 2
= 1171 .
Under the assumption (5.7) we may use Theorem 4.3, i.e.,
. —iA)t _
tliglo PP, 5(ay) = Cp.a€(\, )b P, (5.9)

and (4.5) to obtain

Cpalca D) Z Z||G6P5HHS <|IFllgs -

6eA J
That is
62
Aplz Zd\a|<HFng-
éeA j

Since the subset A C K (o) is arbitrary, it follows that
dy s
BaleaAp)P Y Y Pl P < .
seK (o) J
This shows that the functional T'(k) ~ Zéef((o) Z] 1 ]Pgé(k‘ Do, defines a func-
tion f € L?(K/M;0o) and by (5.5), we deduce that F = PpAf with

cpalcaM P I F |z oy < PyaS llez
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Lemma 5.3. We have

b P RO By 5(ar)|lns < acpgll Psllas = acpgV/ do-
>

Proof. By Proposition 4.1 we have

1/2
sup =R (/ P2\ (P55~ <>v>><kat>\ipcndk) < gl PO (V) | 2 o

Since 735,)\( Ps(67()v)) (kar) = @y 5(kat)(v), we get
[P o kaRocndt = [ (B sadh o, B sa)dko)arcn ds
K K

=t @as(a) Baslon) ol

1
= 36||¢A75(at)||%s|!v||%5-

Now the desired inequality follows from

d
—1 2 T 1112
1E5(0 o)l z2 (ke ar;00) = a0 [0lly;-
U
Lemma 5.4. We have
Tim 2RO 0 s = ¢ leq (A, ) Py
where cq(\, p) is the scalar component of ¢(X,p) on V,, = A1C" 1.
Proof. Recall that ®) 5(at) = PpA(Pg(é L())(az). Then
ds
AN Gy s(an)lfis = D Nl Dy s(ar)vjllFocn
j—l
= Z e REVPE | (P5(57 (Yo an) [Roce
Using Theorem 4.3 and (4.5), we obtaln
ds
tli)rgoe 2(p—R(iA)) H<I)>\ 5(at)HHS = szo,qz (A, p)i P Psvj, c c(A, p)L Psv;j) arcn.
7=1
= ¢ qllc(X p) i Fsllns
= C}%,q|cq()"p)’2d0q
U

Theorem 5.5 (Inversion formula). Assume A € C such that

R(iA) > 0 if ¢ =p,
RGEA) >0 and iN#p—p+1 ifg=p—1.
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Let F € 52/\(G/K ) and let f € L*>(K/M;0,) be its boundary value. Then the
following inversion formula holds in L*(K/M;oy,)

709 = Gl s 0 80ng ([ P2 oy F(haryan).
where Pp)\(-, -) is the Poisson kernel given in (5./).

Proof. Let F € 52)\(G/K 7p). By Theorem 5.2, there exists a unique f €
L*(K/M;0,) such that F = P?  f. Write

ds
> > a6k ).

§eK(o,) I=1

Then

F(kay) ZZa D) s5(ar)d l)vj,

and therefore
a3 !2

/K |F(kas)|Gocn db = ZZ @5 5(a0)|l2s.

From Lemma 5.4 we deduce

lim 2P REV) /K 1Py s f (kae)[Rwen dk = ¢ gleaO\ P)PIF IR 2 k110,

t—o0
which implies
S (9o, )22 (k) 0500) = (9 22k /M30)0 - VP € L*(K/M;0y),
where g; is the V,, -valued function defined by
ge(k) = cpaleq(N, p)| 2P REAra /K P\ (hay, k)*F(hay) dh.
To obtain the inversion formula, it is only required to show that
tlggo ||gtHL2(K/M;Uq) = ||f||L2(K/M;oq)~

To do so, let us first compute the Fourier coeflicients c?(gt) of g4

d _
O ROICR G T I

_ _1|Cq(>\ p)|—2 2(p—R(iN))t

d )
X ‘52 5/ wq/ A(hag, k) @y 5 (ar) 8" (W vedh, Psd (k™" )v;) s gon-1 k.
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Since (73)* = (b, we get
Cg'(gt) = C;;‘Cq(/\,p)’_2 2(p—R(iN))t
Jve, Py (ha, k)LZP55(k_1)vj>APCn dhdk,

d§ // / 1
X = a P s\a &' (h
do’ 5’Z,f ¢ K K< A ( t)

As /KPg)\(hat,k)ﬁq’Pgé(k Ydk = ¢, ,® 5(has), we obtain

Hge) = cpgleg(Ap)| 22~ FN)

d
X 62(@/ (I))\(;/ at)é(h
K

palca(A,p)| 22N

X Z 5// h)® s5(ar)* @y s (ar)d' (b

_I)Ufa q>/\,5(at)5(h_1)’l)j>/\p(cn dh’

_l)vg, vj>Ap(cn dh.

By the Schur lemma, we get
S(ar) Cpaleq(A, p)| 2P RIY)

p7
d 1 .
52@;2/ d—tr (Pas(ar)* ®as(ar)) (ve,vj)v; dh

=262 R(A) L d a?l| @ 5(ar) |Is-

C;,zlcq(/\:p)
From all the above computations, we conclude that
. N2 d 1
loZaeneey = (0 lengeqp) ) 32 T D cladPl@asalis.
1 J g

and by Lemma 5.4 we get
d
. 2 o 612 2
Jin g6l ke jaroy = > 7 Z @317 = NNz a5 -
To finish the proof, we have to justify that we can reverse lim; o and ) 5 by

proving that the serie
Z z|a5| 1®5(ar) s
SeK( a') ] 1
is uniformly convergent. This follows easily from Lemma 5.3. d

6. THE L"-RANGE OF THE POISSON TRANSFORM
2to L"(K/M;o4) with1 < r < oo.

In this section we shall generalize Theorem 5

Theorem 6.1. Let 0 <p < (n—1)/2, and A € C such that
if ¢ =p,

R(IA) >0
' - ifq=p—1

REA) >0 and iN£p—p+1
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For 1 <r < oo, the Poisson transform Pé)A is a topological isomorphism from the
space L™ (K /M;o04) onto the space &, \(G/K; ). Moreover, there exists a positive

constant vy such that

cpalea NI e (c/ntiog) < Pgafller, < coq M Fllr(x/ar;00);

for every f € L"(K/M;oy).

Proof. The necessary condition follows from Proposition 3.2 and Proposition 4.4.
For the sufficiency condition, let F' € & ,(G/K;7p) and write F(g) = >, Fi(g)u;
where (u;); is an orthonormal basis of APC"™. Fix (xm)m to be an approximation
of the identity in C*°(K) and let Fjm(g9) = [x Xm(k)Fi(k~'g)dk. Then (Fjm)m
converges point-wise to F;. Define F,, : G — APC" by Fy,(9) = >, Fim(9)u.

Then

Fu(g) = Z( /K xm(kwk‘lg)dk) Ui,

)

_ /K Xn(k) 37 ik gusd

- t/ﬁXth)PYk_ig)dk-
K

We have || Fyn(9) — F(9)||3scn m—_>)90 and since the operators C, D and D* in (3.2)

are K-invariant, then F,, € & \(G/K;,) for every m. Further,

Fo(kay) = /K Xm(R)F(h™ kay)dh,

= (Xm * Ft) (k)7

where F': K — APC" is defined for any ¢t > 0 by F'(k) = F(ka;) for every F.

By (3.5) we have

1Oxm * F*) (k) [l arce S/KIxm(h)lIIFt(h_lk)llApcndh,

that is
IE (F)larce < (Ixm ()] 1FY () lavcn) (k).
Therefore

IN

[15m ()] # I1F* () [ v

IEyll e (rcarcemy LK) -

By Young’s inequalities we obtain

IFb ey < Iomllzaey INEOaren g

- ”FtHLT(K;AP(C")a

and

N

IFb ey < omllzzey INE O aren s

= lxmllz2ry IF e crcinremy-

(6.1)
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The inequality (6.2) implies

' 1/2
sup olP— RO ( / HFm(kat)H%pcn> < Ixmllz o I Fller , < oc.
>0 K '

Hence, for each m, F),, € 53 \(G/K;T1p) and from Theorem 5.2 it follows that
there exists f, € L?(K/M;o,) such that F,, = 5)\fm. To prove that f,, €

L"(K/M;o,) we will follow the same method as in [5]. According to Theorem 5.5
we have, for any ¢ € C*°(K/M;0y),

/K on (), (B pagnsdle = Timn [ (g (k). o(k)) nago-dl,

t—o00 K

where
g (k) = & 2leq (A, p) 220 R / Py(hag, k) Fyn(hay)dh.
K
Further,

[ gk ok racedk
K

= C;Z|Cq()\7p)| ~2e2p— RN )t/ / Py(hay, k)" Fy(hay)dh, o(k)) nacn—1dk,
K

= 2] (A, p) 22RO / / (o (har), Pa(hae, k)2 o(k)dk) snndh,

— C;,q|cq()\,p)r2e2 pﬂ%(m))t/ (F(hay), (ngktp)(hat»/\p@ndh.
K

It follows that

’/ Aan ldk‘

< 3y (O, p) 220 RN / | By (hao)l|avcn [ PP s p(has) | ascndh.

By Hélder’s inequality (with 1+ 1 = 1), we deduce

TRACRICINe—

< cpaleq(X,p)| 22RO EL | e anen | (P P\l Ls(rarenys

where (PV ) (k) = (P} \¢)(kat). Using (6.1) and Proposition 4.1 we get

\ /K <fm(k)7<ﬂ(k)>Aq<Cnldk‘ < G 2leA D) Emler  llellzex/atson)

< e 2leaA D)2 Fller el o/ -

By taking the supremum over all ¢ € C*°(K/M;oq) with [|¢|| sk /a0, = 1 we
obtain

||meLT(K/M;Uq) < PYAC;E‘CQ()Vp)|_2||FH5;’A7
which implies f,,, initially belongs to L?(K/M;ay), is in fact in L"(K/M;o,).
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For every m, define the linear form T;, on L*(K/M;o,) by

Tm(‘P)—/K<fm(k),80(k)>chn1dk.

Clearly, T, is continuous and
Tn(o)l < mepgleaN D) 2N Nler Nl e rear; o) -
This shows that (T},)m, is uniformly bounded in L*(K/M;o,), with

sup [ Tonllop < ey 2lca(Mp) 1 Pl
m

The Banach-Alaouglu-Bourbaki theorem will then ensures the existence of a sub-
sequence of bounded operators (T;,,) which converges to a bounded operator T
under the weak-* topology, with

1T lop < a6y 2leg (0 )21 E ler

Thus, Riesz’s representation theorem guarantees the existence of a unique f €
L"(K/M;o4) such that

T(p) = /K (k) F(E)) nagn-rdlk.

By means of the Poisson kernel (5.4), we consider the test function ¢,4(k) =
PP (g, k)v with v € APC™, then
q7
T(pg) = (v, PL \f(9))arcr.
On the other hand

Ton; (9) = (0, Py s fm; (9)) arce = (v, Finy (9)) avcn

Taking the limit of the above identity when j — oo we conclude that F(g) =
ngf(g) for every g € G. O

As an immediate consequence of Theorem 6.1 we obtain the following charac-
terization of co-closed harmonic p-forms on H":

Corollary 6.2. Let p be an integer with 0 < p < (n —1)/2. For 1l < r <
oo, the Poisson transform sz(p ») is a topological isomorphism from the space
L"(K/M;aop) onto the space £ (G/K;Tp). Moreover, for every f € L"(K/M; op)
the following estimates hold,
2(p —p)
2p —
where

pyi(p—p)

Cp(p)HfHLT(K/M;O'p) = |’P£1 (p—p) f“g (p)HfHLT(K/M;O'p)a

pi(p— p) -

. 2T+ l)F(p - p)
"PT(p— BN (p—5+3)

In the case where p = 0, we recover the classical fact that the Poisson transform

is an isometric isomorphism from L"(0H") onto the Hardy-harmonic space on H"
(see [27]).

cp(p) =
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