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THRESHOLDS AND MORE BANDS OF A.C. SPECTRUM FOR THE

DISCRETE SCHRODINGER OPERATOR WITH A MORE GENERAL LONG

10.

RANGE CONDITION
SYLVAIN GOLENIA AND MARC-ADRIEN MANDICH

ABSTRACT. We continue the investigation of the existence of absolutely continuous (a.c.) spec-
trum for the discrete Schrédinger operator A 4+ V on £2(Z¢), in dimensions d > 2, for potentials

V satisfying the long range condition n;(V — 7°V)(n) = O(In"?(|n|)) for some ¢ > 2, k € N,

and all 1 < 4 < d, as |n| — o0. 77V is the potential shifted by x units on the i coordi-

nate. The difference between this article and [GM2] is that here finite linear combinations of
conjugate operators are constructed leading to more bands of a.c. spectrum being observed.
The methodology is backed primarily by graphical evidence because the linear combinations are
built by numerically implementing a polynomial interpolation. On the other hand an infinitely
countable set of thresholds, whose exact definition is given later, is rigorously identified. Our
overall conjecture, at least in dimension 2, is that the spectrum of A + V is void of singular
continuous spectrum, and consecutive thresholds are endpoints of a band of a.c. spectrum.
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1. INTRODUCTION

The discrete Schrodinger operators on the lattice Z¢ have a long history in modeling quantum
phenomena in media with discrete postions such as crystals, or more general media by means of
discretisation. This article deals with a specific modeling aspect in the spectral theory of these
operators and is a direct sequel to [GM2]. Let 3 := ¢2(Z%). The discrete Laplacian on Z%, which
models the kinetic energy of a quantum particle, is

(1.1) A =Ald]:=A1 + ...+ Ay, where A; :=(S; +5])/2.
Here S; = Si1 and S} = 5; 1 are the shifts to the right and left respectively on the i** coordinate.
So (Si'u)(n) = u(na,...,miF1,...,ng) forue H,n = (n,...,nqg) € Z4 Set [n|> = n2+...+n2.

Let o(-) denote the spectrum of an operator. A Fourier transformation shows that the spectra
of A; and A are purely absolutely continuous (a.c.), o(4;) = [—1,1] and o(A) = [—d, d].

Let V model a discrete electric potential and act pointwise, i.e. (Vu)(n) = V(n)u(n), for
u € H. We always assume V is real-valued and goes to zero at infinity. Thus the essential
spectrum of A +V equals o(A). Let N and N* be the positive integers, including and excluding
zero respectively. Fix k € N*. The shifted potential by +x units is defined by

(" V)u(n) := V(na,...,mi F &,...ng)u(n), Y1<i<d.
As in [GM2], we are interested in potentials V' satisfying a non-radial condition of the form
(1.2) n;(V —7FV)(n) = O(g(n)), as |n| —> o0, V1 <i<d,

where g(n) is a radial function which goes to zero at infinity at an appropriate rate, e.g. g(n) =
In7(|n| + 1), ¢ > 2. We refer to [GM2] for some examples of Schrédinger operators that satisfy
(1.2). Also, one may generalize (1.2) by shifting V' by a different amount in each direction (i.e.
ki instead of k in (1.2)). We do not study this question here and refer instead to [GM2| for
numerical examples. We also want to mention that the class of V' given by (1.2) is quite close
to the V(n) = O(1/|n|) class, for which the absence of singular continuous (s.c.) spectrum is
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proved in dimension 1, see [Lil| and [Ki], but remains an open problem in higher dimensions. In
our opinion the transition of spectral components at the V' (n) = O(1/|n|) level is still not very
well understood, especially in dimensions > 2, but see e.g. [Lil| and [Li2] for d = 1. This article
may be viewed as a contribution in this direction.

For a closed interval I < R let Iy := {z € C4 : Re(z) € I}, C4 := {z € C,+Im(z) > 0}. The
limiting absorption principle (LAP) is a statement about the extension of the holomorphic maps

(1.3) Lz (A+V —2)7!

to I. The LAP on an interval I implies amongst other things the absence of s.c. spectrum for
A + V on that set. This article aims for such type of results. In Mourre theory, which has its
origins in [Mol] and [Mo2], and is extensively refined in [ABG], the strategy to obtain a LAP
(1.3) on an interval I < o(A + V) depends roughly on the ability to prove two key estimates.
The first estimate is a strict Mourre estimate for A with respect to some self-adjoint conjugate
operator A on this interval, that is to say, 3y > 0 such that

(14) 1 (A)[A AL L(A) = 717(A),

where 17(A) is the spectral projection of A on I, and [-,iA], initially defined on the compactly
supported sequences is the extension of the commutator between two operators to a bounded
operator on H (this definition suffices for this article). The second estimate is one involving V/,
and according to a later version of the theory, is such as

(1.5) In?(1 + |n|) - [V,iA]o - InP(1 + |n|) is a compact operator on H for some p > 1.

To specify our choice of A we need the position operators (N;u)(n) := n;u(n). To handle condition
(1.2) we consider a (finite) linear combination of conjugate operators of the form

(16) A= 2 Pik * Ajna Pjk € Ra A]Ii = Z AZ(]a H)a

j=1 1<i<d

where each A;(j, k), initially defined on compactly supported sequences, is the closure in 3 of :

(L7) Ar) = 21.[’2'752” +5777) + (87"~ SZ”)Ni] - H(sgﬂ — SN + Ni(S9F — s;m]_
1 1
Each Aj, is self-adjoint in H by an adaptation of the case (j,x) = (1,1), and so A is self-adjoint,
at least whenever it is a finite sum. The reason choice (1.6) is relevant is that
[V,idjclo = Z (4i)~! ((V - 7'2-]'“‘/)5?H —(V - T-fj”V)S;j”) N; + hermitian conjugate,

(2
1<i<d

and so (1.2) implies (1.5), again, at least when A is a finite sum and g(n) = In"9(1 + |n|), ¢ > 2.
The frequencies of the A;(j, k) are in sync with the long range frequency decay of V. But the
coefficients pj. need to be chosen so that (1.4) holds. This is a challenge. Categorize energies
into two sets : p,(A) and O (A). s (A) are energies E € o(A) for which there is a self-adjoint
linear combination (finite or infinite) of the form (1.6), an interval 5 E and v > 0 such that
the Mourre estimate (1.4) holds. ©,(A) are energies E € o(A) for which there is no self-adoint
linear combination (finite or infinite) of the form (1.6), no interval I 3 E and no v > 0 such that
(1.4) holds. By definition o(A) is a disjoint union of p,(A) and ©,(A). From Mourre theory
i (A) is an open set and so ©,(A) is closed. In this article, including title and abstract, we
refer to energies in ©,(A) as thresholds. This definition depends on the modeling assumption of
A (see end of introduction for a comment). To be clear, the family A given by (1.6) is a modeling
assumption within the larger modeling framework of discrete Schréodinger operators given by
(1.1). Theorem 1.1 below highlights the usefulness of the sets p,.(A). Let o,(A + V) be the
point spectrum of A + V. Let (A) := /1 + A*A.
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Theorem 1.1. Let g > 2, k € N* be such that limsup ([V (n)], |ni(V — 7£V)(n)]) = O (In"%(|n])),
as n| — o0 and V1 <i < d. Let E € pu(A)\op(A + V). Let A= 3, pjuAji be a finite sum such
that (1.4) holds in a neighorhood of E. Then there is an open interval I, I 3 E, such that

(1) op(A+ V) I is at most finite (including multiplicity),

(2) ¥p > 1/2 the map I+ 3z +— (A +V — 2)"L e B(K,K*) extends to a uniformly bounded
map on I, with K = L%/Z’p(A) ={ypeX: [CAY2 InP ((AY)ep | < w0},

(3) The singular continuous spectrum of A +V is void in I.

This theorem can be refined, see [GM2] and references therein. Theorem 1.1 as such follows
directly from [GM1] and [GM2|. The main technique underlying our approach are commutator
methods. In this context, operator regularity is a necessary and important topic. According to the
standard literature, the regularity A,V € C%!(A), or adequate variations thereof, are required.
As far as we are concerned, it is clear that A, V belongs to Cl(Aj,{) for1 < j < N < o0, and this
implies A, V e C1(3, - j<n PjrAjr). Although the C1(A) compliance falls short of the required
regularity, since C'(A) = CH1(A), we refer to the section on regularity in [GM2] and let the
reader fill in the details. We do not expect regularity to bring complications at least for A’s =
(1.6) consisting of finite sums.

Properties of eigenfunctions of A + V' can also be analyzed thanks to the Mourre estimate
(1.4), see [FH]. For k = 1, an eigenvalue of A + V' belonging to p,.(A) with A = Zle Ai(1,1)
is such that the corresponding eigenfunction decays sub-exponentially ; in dimension 1 it decays
exponentially at a rate depending on the distance to the nearest threshold, see [Mal]. As far as
we know, the sub-exponential decay of eigenfunctions at energy € p,(A) is an open problem for
k > 2, any d > 1 ; the exponential decay to nearest threshold is unknown for x > 1, any d > 2.
The reason we make this observation is because here we find many more “thresholds”, and we
wonder if the prospect of thresholds is part of the reason adapting Froese and Herbst’s method
to the discrete Schrodinger operators is met with difficulty, see [Ma).

(P) Problem of article : determine for as many energies F € o(A) if E € pu(A) or E € O4(A).

In [BSa| it is proved that pe—1(A) > [—d,d]\{—d + 2] : | = 0,...,d} in any dimension d
and this is done choosing A = A; = Z?:l A;(1,1). Actually, equality holds and this is easy to
prove (see Lemma 1.6 below). In [GM2| we fully solved problem (P) in dimension 1, Vx € N*
(see Lemma 1.6 below), but in higher dimensions we obtained incomplete results for p,(A) and
®.(A) for k > 2, and there we chose A = A, = Z?:I A;(1,k). Note that this corresponds to
(1.6) with pj, = 1if j = 1 and pj,, = 0if j > 2. Table 7 displays the intervals already determined
(numerically) to belong to p,(A) for 2 < k < 8 (cf. [GM2, Tables 11 and 13]). In this article
we continue to determine g, (A) and O, (A) for d, k > 2.

The overall high level strategy we adopt is perhaps best summarized in 3 steps :

(1) Fix a dimension d and a value of k > 2. (we really only treat d = 2 ; d = 3 very briefly).

(2) Determine as many threshold energies in ©,,(A) as possible. To do this we use a simple
idea (but which is generally very complicated to actually execute and solve in full gener-
ality). This idea yields threshold energies £ = x1 + ... + x4 and their decomposition into
coordinate-wise energies ¥ = (x1,...,x4). These play a key role in the next step.

(3) Pick 2 consecutive threshold energies &, and &;, determined in the previous step (con-
secutive means that there aren’t any other thresholds between &;, and &;,), and try to
construct a conjugate operator A of the form (1.6) such that for every E € (&,&:,),
there is an interval I 3 E and v > 0 such that (1.4) holds. The A is the same for every
E € (&,,&i,). To determine the coefficients pj., we perform polynomial interpolation.
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For the most part, we give rigorous proofs for the existence of the thresholds in step (2), whereas
for step (3), we don’t know how to actually carry out the polynomial interpolation theoreti-
cally and so we implement it numerically, determine the p;; numerically, and plot a functional
representation of (1.4) to convince ourselves that strict positivity is in fact obtained.

We now describe the idea to get thresholds. Let U, be the Chebyshev polynomials of the second
kind of order k. As [A,id .]o = ZZ (1= AU —1(A;) and the A; are self-adjoint commuting
operators we may apply functional calculus. To this commutator associate the polynomial

d

(1.8) [~1,1]% 5 & > gju(®) := > (1 = 2])Ujn—1(z:) €R, T = (1,.... Ta).
=1

If the linear combination of conjugate operators is A = 2j21 i+ Aji, set Gy : [-1,1]7 - R,
(1.9) Gr(E) = ) pjn - Gjn(E)

j=1
Gy, is a functional representation of [A,iA],. Consider the constant energy E € o(A) surface
(1.10) Sp = {fe [—1,1]d:E=x1+...+xd}.
By functional calculus and continuity of the function Gy we have E € p(A) iff Gylg, > 0.
Definition of ©g ..(A). E € Og(A) iff 3 & := (x1,...,24) € Sg such that g;.(Z) = 0, Vj € N*.
If Z is such a solution, then for any choice of coefficients p;. € R, (1.9) = G (%) = 0.

Definition of Op, x(A), m € N*. E € O, (A) iff there are (:Eq)g;o = (Tg,15 -+ Tgd) o < SE,
and (wq);’:f c R, wg <0 (crucial), V 0 < ¢ < m — 1, such that

(1.11) 9jr(Tm) Z wq - Gjr(Zq), Vi e N

If the &, are such a solution, then for any choice of coefficients p;. € R,

(1.12) G (Tm Z Pk - Gir(Tm) Z Wy Z Pk - 9jr(Tq) Z wq - G(

j=>1 q=0 j=1

If @ (A) N p(A) was non-empty, then the lhs of (1.12) would be strictly positive whereas
the rhs of (1.12) would be non-positive. An absurdity. Thus :

Lemma 1.2. Fizd>1, k > 1. Then O, x(A) € Op, ox(A) € Oni(A), Ym e N, and YVa € N*.
Simply because we haven’t found any counterexamples, we actually conjecture :
Conjecture 1.3. Fizd =2, k> 1. Up0Om(A) = O4(A).

We don’t understand d = 3 nearly as well to submit a Conjecture like 1.3 for it. It turns out
it is very easy to find threshold energies in ® . (A). We prove :

Lemma 1.4. ¥ d,x € N*, 0y ,,(A) := {Zlgqsdcos(jqﬂ/m) (s oees Ga) € {0, oo n}d} < O (A).
Remark 1.1. This lemma supports the conjectures in relation to the band endpoints in Table 7.
We prove equality in Lemma 1.4 for x € {2, 3,4, 6} in dimension 2 (Lemma 4.1). We conjecture:

Conjecture 1.5. The inclusion in Lemma 1.4 is not strict, i.e. equality holds.

Thresholds 6 (A) in Lemma 1.4 were already found in [GM2|. Here we prove ©,, .(A) # &,
¥Ym > 0, Vd, k > 2. Thus, there are infinitely many thresholds for d, x > 2. This is a remarkable
difference with the case of the dimension 1, or the case of k = 1 in any dimension (see [GM2]) :
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Lemma 1.6. Let (d,x) € N* x {1} U {1} x N*. Then 6y ,(A) = O¢ .(A) = O (A).

Now we clarify the interpolation setup of step (3) above. Suppose &;, and &;, are consecu-
tive thresholds, with &, € Oy, »(A) and &, € Oy, (A) for some my, my € N. Suppose the
coordinate-wise energies are (7q);2y < Sg; and (4,);2, < Sg,,. Recall we have the assumption
that the conjugate operator A is the same VE € (&;,,&;,). Thus, while we want G,, > 0 on
(&iy,Eiy), a continuity argument implies that G, is at best non-negative at the endpoints &;, and
iy, due to (1.12). Also by continuity, G, (Z) must be a local minimum whenever G (Z) = 0 and
Z is an interior point of Sg, or Sg, . Let int(-) be the interior of a set. Thus we require :

(1.13) Gp(Zg) =0, VO<g<mi, and VGu(Ty) =0, forZ,eint(Se ) [left],
. Gu(¥r) =0, VO<r<my, and VGu(4)=0, forg €int(Sg,) [right].

By (1.12) the conditions Gy (Zp,) = 0 and G (¥m,) = 0 are redundant. Constraints (1.13) set
up a system of linear equations to be solved for the coefficients pj., i.e. we have polynomial
interpolation. But in order for the computer to numerically solve the linear system, we need to
assume a certain set of multiples of k : ¥ := {j1k, jok, j3k, ..., jek}. We choose ¥ essentially by
trial and error but prioritize lower order polynomials to keep things as simple as possible. In
other words, we loop over sets > until we find an appropriate A. Of course, if our assumption
that the A is the same for all E € (&;,,&;,) is valid, then constraints (1.13) are necessary but
not necessarily sufficient in order to find an appropriate A, see section 15 for two illustrations
of an inappropriate A. Furthermore, for the sake of argument, suppose that (1.13) gives rise
to N linearly independent equations, then it is natural to consider a finite sum A consisting of
N +1 terms, so that the linear system is exactly specified (up to a constant multiple). Although
we have many examples where this works, we have an example where it does not ; instead we
considered an A with > N + 1 terms and this led to an appropriate A, see section 18. In that
case linear system (1.13) was underspecified as such.

Problem (P) is harder as d, x increase. So we focus mostly on the dimension 2. Some of those
results will carry over to higher dimensions. As for £ we mostly limit the numerical illustrations
and evidence to a handful of values. We always restrict our analysis to positive energies, because
i (A) = —p(A), by Lemma 3.2, but see the subtle observations after Lemmas 3.3 and 5.3.

Until otherwise specified, we now focus exclusively on the dimension 2. For k > 2, let

(1.14) Jy = Jo(k) := (2cos(n/k), 1 + cos(n/k)), J1=Ji(k):=(1+ cos(n/k),2).

By Lemma 1.4, inf Jy, sup Jo = inf Jy,sup J; € 6p (A). In [GM2] we proved J; < p(A), Vi. As
for Jo it was identified (numerically for the most part) as a gap between 2 bands of a.c. spectrum,
but this was based on (1.6) with j = 1 only, see Table 7. Let & = &y(k) := sup Jo. We prove :

Theorem 1.7. Fiz k > 2. There is a strictly decreasing sequence of energies {Ep}o_y

{En(Kr) Y2, which depends on K, such that {E€,} < Jo N OL(A) and &, \ inf Jo = 2cos(7/k).

n=1’
Also, Ean—1 and Eap € Oy . (A), YVn > 1.
Proposition 1.8. Fiz k = 2. The sequence in Theorem 1.7 is simply €, = 2/(n + 2), n € N*.
For k > 3 the &, are complicated numbers (see Proposition 7.5 and the discussion preceding
it). Table 1 gives the first values of {&,} for k = 3,4. After graphing some numerical solutions
for Eap,, 1 < n < 4800, for k € {3,4,5,6,8} (see also [GM4]), we propose a conjecture :

K ‘ 56 ‘ 55 ‘ 54 ‘ 53 ‘ 52 ‘ 81 ‘ 50
3| ~1.003 | ~1.112 | (14.2) ~ 1.137 | (14.1) ~ 1.173 | 26433 ~ 1,298 | 5£3v2 ~ 130 3/2
4| ~1.466 | ~1.476 ~ 1.491 ~ 1.512 ~ 1.545 8/5 1+ J5 ~ 1707

TABLE 1. First few values of {&£,} in Theorem 1.7. A in dimension 2. k = 3,4.
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Conjecture 1.9. Let {£,} be the sequence in Theorem 1.7. &, —inf Jo = c(k)/n? + o(1/n?),
Vk > 3, where c¢(k) means a constant depending on k.

In section 10 we state two Theorems and a Conjecture generalizing Theorem 1.7. The next
Theorem is the only mathematically rigorous proof we have of a Mourre estimate.

Theorem 1.10. Fiz k = 2. Then (2/3,1) = (£1,&) < px(A). Specifically, the Mourre estimate
(1.4) can be obtained with the conjugate operator A = Ag + 1%144 for all energies E € (&1,&).

Of the gaps identified in [GM2|, we believe Js is the simplest to understand its structure :

Conjecture 1.11. Fiz k > 2. Let {£,} be the sequence in Theorem 1.7. For each interval
. N .
(EnyEn-1), n =1, 3 a conjugate operator A(n) = Zq:(?) Pigr (M) Ajoks Ajur = Dli<ico Ai(Jgs K),

such that the Mourre estimate (1.4) holds with A(n), YE € (&n,En—1). A(n) is typically not
unique. It can be chosen so that N(n) = 2n. In particular, {€,} = Ja N Ok (A), Vk > 2.

This Conjecture is based on graphical evidence for k = 2,3, see sections 13 and 14, and see
[GM4] for more evidence. k = 2 is the only value of s for which the closure of Jy U J; equals
o(A)[0,2]. Thus, if Conjecture 1.11 is true, problem (P) is fully solved in the case of Kk = 2 (in
dimension 2). But for k > 3, Theorem 1.7 and Conjecture 1.11, together with the already existing
results recorded in Table 7, do not paint a complete picture. For example, the above discussion
does not address the situation on the interval (0, 8) ~ (0,0.542477), 8 = 3(5(5 — V)Y, for
k=3, oron (0,5) ~ (0,1.026054), 8’ = (% — %)1/2, for kK = 4. We make some progress in that

direction, but things are getting even more complicated. In addition to (1.14), for k > 3 set
J3 = J3(k) := (1 4 cos(27/k), 2 cos(m/kK)) .

J3, Ja, Jq1 are adjacent intervals. Based on evidence for k = 3,4 (section 16) we conjecture :

Conjecture 1.12. For any k > 3, J3(k) € pg(A).

Conjecture 1.12 is not the highlight of this article, but it is a head-scratching curiosity, and
perhaps quite a narrow question to investigate. We prove the existence of thresholds below J3 :

Theorem 1.13. Fiz k > 3. There are strictly increasing sequences of energies {Fn}o_1, {Gntoq,

which depend on k, such that {F,},{Gn} < (cos(m/k) + cos(2m/k),1 + cos(2m/k)) N OL(A) and
fn,gn / inf J3 =1+ COS(27T/I<L). fgn_l, fgn, ggn_l, g2n S @nﬁ(A), Vn > 1.

Conjecture 1.14. Sequences {Fn}y_1, {Gn};'_y of Theorem 1.13 are distinct : {Fp}n{Gn} = .

Unfortunately we were not able to accurately numerically compute many solutions F,, and G,
and so we are not well positioned to conjecture on the rate of convergence of F,, and G,, but
we speculate the rate is faster than the O(1/n?) rate of Conjecture 1.9. In section 11 we state
two Theorems and a Conjecture generalizing Theorem 1.13 for {F,}. A generalization for {G,}
is very likely.

Hopefully it will become clear from our examples and constructions that there are many more
thresholds € [0, inf J3(k)] for £ > 3 in addition to the sequences {F,} and {G,}. Just how many
more 7 Here are a few open questions we find interesting :

e Is there a decreasing sequence {H,}~_; < O.(A) with H, \, 0, for all kK > 2 7

e Of the thresholds € 6 ,(A), which ones are accumulation points, as a subset of ®,(A) ?

e Are there accumulation points € ©,,(A)\@g . (A) 7

e What are the rates of convergence to the accumulation points € ©,(A) ?

e Are there infinitely many accumulation points within @,(A) 7

e Is there an interval I < o(A) for which ®,(A) is dense in I ?

As k increases, the number of thresholds increases dramatically. The rate of increase is likely
exponential. In section 24 we use k = 10 to construct a countable set of thresholds that is in
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one-to-one correspondence with the nodes of an infinite binary tree. The construction is merely
to illustrate how easy it is to find an abundance of thresholds. However we do conjecture :

Conjecture 1.15. Fiz k > 1. Up>0Om «(A) and O, (A) are countable sets.

As far as the sets p,(A) are concerned, we have had little success on [0, inf J3(x)]. For instance,
for (0,1/2) N pe—3(A), we have only 1 piece of numerical evidence, namely ((9 —/33)/12,2/7)
~ (0.2713,0.2857) < pr—3(A), see Section 17. We were not successful in finding other bands of
a.c. spectrum on (0,1/2) for K = 3. There are various explanations for this setback and these
apply to all values of k and in general conceptually speaking. Either :

(1) whenever we picked &;,, &;, € ©,(A) we were mistaken and there is in fact a threshold
energy £ € ©,(A) lying between &;, and &;, that we are unaware of.

(2) simply we haven’t tried enough conjugate operators A. This is always a challenge because
we never really know before going into a numerical computation if system (1.13) should be
exactly specified or underspecified and which multiples of k {jik, joK, jsk, ...} to choose.

(3) our assumption that A is the same for all energies E € (&;,,&;,) is inadequate. Afterall
there is no obvious reason why it should be the case. The p;, may need to depend on E.
Or, it may be that an infinite linear combination (1.6) is required.

We still don’t understand the situation on [0, inf J3(k)] well, even for k = 3. Graphically we

found a plethora of thresholds on this interval for x = 3, enough to put someone in a trance, see
[GM4, Section 9]. In spite of this lack of understanding we dare conjecture boldly:

Conjecture 1.16. Fiz d = 2, k > 1. Let &,,&, € OL(A) be two consecutive thresholds —
meaning that there aren’t any other thresholds in between &, and &;,. Then there is a (finite?)
linear combination A = Zé\;l pirAjx such that the Mourre estimate (1.4) holds with A for every
energy E € (&,,&,). In particular, in light of Theorem 1.1, op(A + V) is locally finite on
(&iy,Eiy), whereas the singular continuous spectrum of A+ V is void.

We are done discussing d = 2. In higher dimensions we have only 1 general result : thresholds
in dimension d generate thresholds in dimension d + 1, via shifting. Recall notation (1.1).

Lemma 1.17. ¥d > 1, k = 1, me N, {cos(ZZ) : 0 < j < K} + Oy (A[d]) € Oy (Ald + 1]).
For (d, k) € N* x {1}, the inclusion in Lemma 1.17 is in fact equality. But we conjecture :

Conjecture 1.18. There are values of k > 2 for which the inclusion in Lemma 1.17 is strict
(see Example 20.1).

Lemma 1.17 generalizes [GM2, Lemma II1.5]. Our treatment of problem (P) in dimension 3
is brief. There is still considerable work to be done just to understand the case k = 2, especially
on the interval (0,1). Theorem 1.19 and Conjecture 1.20 below are for the dimension 3.

Theorem 1.19. Fix k = 2. We have :
e (2,3) € pu(A) (proved in |GM2]).
¢ 0,1,2,3€0y,(A) (Lemma 1.4).
o Let {&, = & (k = 2)} be the sequence in Theorem 1.7. Applying Lemmas 1.17 and 3.2
glves :
o (£, 41} (1,2) M O (A), with &, + 1\, 1,
o {£,} < (0,1) nOL(A), with &, \, 0,
o {(—&,+1}c(0,1) nO(A), with -, +1 /1.

Our graphical evidence also suggests the following conjecture, although it is quite mysterious
and surprising to us how and why it happens :
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Conjecture 1.20. Fiz k = 2. Let {&, = &E.(k = 2)} be the sequence in Theorem 1.7.
For each interval (&, + 1,Ep—1 + 1), n = 1, the Mourre estimate (1.4) holds with A(n) =
2i12q<N(n) Pigr (M Ajgrs Ajor = D2i1cics Ailgs £), YE € (En + 1,81 + 1), where the coefficients
pj.x(n) are evactly those used in the 2-dimensional case, see Congecture 1.11. In particular

{En + 117, = (1,2) n O4(A).

Conjecture 1.20 may extend to x > 2, but we have not looked into it. Other than the two
sequences in (0,1) in Theorem 1.19, we don’t have any more knowledge about this interval.

We conclude the introduction with several comments.

In this article we construct finite linear combinations of the form (1.6). It would be very
interesting to know if there are energies € p,(A) for which an A = infinite sum is required.
Another related question : is there a @« ,(A) ? i.e. thresholds € ®,(A) with (1.11) = g;.(Zx) =
Z;OIO Wq - 9jr(Zq), V4 € N* 7 In the language of section 5, are there solutions € T (A) 7

To extend (1.6) one may be tempted to consider an even larger class of conjugate operators
of the form, say A = >}, _,_,p(S;",S; ") - Ny + N; - p(Sf, S;"), where p(-,-) is a polynomial in
2 variables, or perhaps even a continuous function of 2 variables, satisfying (p(S},S;"))* =
p(SF,S; ). We believe such extension doesn’t really add anything, as argued in section 23.

There is the question of whether a LAP for A + V could hold in a neighborhood of some
E € ©,(A), using a completely different idea or completely different tools. It is not clear at all
to us if threshold energies € ©,,(A) are artifacts of the mathematical tools we employ to analyze
the a.c. spectrum, or if on the contrary they have a special physical significance, such as notable
embedded eigenvalues or resonances under an appropriate (additional) perturbation.

A comment about the notion of threshold for one particle discrete Schrodinger operators.
These are traditionally defined as being the energies corresponding to the critical points of
FAF ' =d—-2%,_,_,sin?(&/2) (F = (3.1)), & € [, 7], see e.g. [LJ], [NoTa]. This definition
typically occurs in the context of the kernel of the resolvent of A. —d, d are elliptic thresholds ;
2—d,4—d,...,d — 2 are hyperbolic thresholds. In this article our notion of threshold is that of
energies corresponding to roots of F[A,iA]oF 1. It is not clear to us if it is a coincidence that
the 2 sets of thresholds coincide when A = A1, in which case F[AiA].F L =3, _,_,sin?(&).

Recall that the Molchanov-Vainberg Laplacian D is isomorphic to A in dimension 2, see
[GM2]. Thus, to search for bands < p,.(A) in dimension 2, it may be useful to use the results
for D as indication, see [GM2]. Let us illustrate for k = 2,3. Fix x = 2. From [GM2],
(0,1/2) © pox=4(D), which in turn implies a strict Mourre estimate for A on (0,1), but it
is with respect to a conjugate operator B._o distinct from (1.6) (Bx—z = TAox—47~! in the
notation of [GM2]). In turn compactness and regularity of the commutator [V,iB,] requires
a condition different from (1.2), see |[GM2, condition (1.15)]. Said condition is satisfied if for
instance (V — 7£V)(n) = O(|n|"*In"9(|n|)), ¢ > 2. As for k = 3, thanks to the fact that
(0,1/4) < pax=6(D) (this is a numerical result, see |[GM2, Table 15|), one obtains a strict
Mourre estimate for A on (0,1/2), but it is wrt. a conjugate operator B,—3 = mAgx—¢7 . These
observations support Conjecture 1.16.

Finally, we wonder if there is a corresponding class of potentials to (1.2) in the continuous
operator case for which an analogous phenomena — i.e. a plethora of thresholds embedded in the
continuous spectrum and a LAP in between — is observed.

Acknowledgements : It is a pleasure to credit Laurent Beauregard, engineer at the European
Space Agency in Darmstadt, for valuable contributions to the numerical implementations.
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2. BASIC PROPERTIES AND LEMMAS FOR THE CHEBYSHEV POLYNOMIALS

Let T}, and U,, be the Chebyshev polynomials of the first and second kind respectively of order
n. They are defined by the formulas

(2.1) T, (cos(0)) = cos(nh), U,—_1(cos()) = sin(nh)/sin(h), 6¢€ [—m, w],ne N*.
The first few T,, Chebyshev polynomials are :

To(z) =222 —1 and Ty(z) = Ta(y) < (x +y)(z —y) = 0.

(2:2) T3(z) = 423 — 3z and Tz(z) = T3(y) < (z — y)[4(2® + 2y + %) — 3] = 0.

The roots of U,_; are cos(im/n), 1 <1 <n —1. We'll absolutely need a commutator [-, -] for
functions. For functions f, g of real variables x,y, let

(2.3) [f (@), 9(y)] := f(x)g(y) — f(y)g(z).
Remark 2.1. The quantity [f(z), g(y)]/(z — y) is sometimes called Bezoutian in the literature.
Lemma 2.1. For z,y € [—1,1], Tu(z) = Tx(y) if and only if Tax(x) = Tax(y) for all o € N*.
Lemma 2.2. Fiz k€ N*. If cos(kf) = cos(k¢) then

sin(k) sin(260) = sin(k0) sin(2ke) = sin(are) sin(Bx0) = sin(axd) sin(Bre), Ya, 5 € N*.

To prove Lemma 2.2 use induction, on « and 5, apply angle formulas and Lemma 2.1.
Corollaries 2.3 and 2.4 are at the heart of our search for thresholds.

Corollary 2.3. Let k € N*, k > 2 be given. If x,y € R are such that U,_1(x), Ue_1(y) # 0,
then Ty(z) = Ti(y) < [Uar—1(2), Uss-1(y)] = 0,Va, B € N*.

Proof. Let x = cos(8), y = cos(¢). By assumption sin(x#), sin(k¢) # 0. So :

[Uar—1(2),Upk—1(y)] = 0,V € N* < sin(akg) sin(Sk0) = sin(arxf) sin(Br¢), Ve, B € N*
< sin(ke) sin(2k6) = sin(k0) sin(2k¢)
and  cos(kf) = cos(ko)
< Te(z) = Te(y).

0

Corollary 2.4. Let k € N*, k > 2 be given. Let z,y € [—1,1]. Then [Uax—1(x),Usr—1(y)] =0
for all a, f € N* if and only if Ug—1(x) =0, or Uu—1(y) =0, or T(x) = Tk(y).

Another identity we’ll exploit is

d

(2.4) —

—T.(z) = kKU,—1(2).
Finally, we’ll make use of the variations of T} :

Lemma 2.5. Fiz v > 1. T.([-1,1]) = [-1,1]. T,(1) = 1, Tx(-1) = (=1)*. The local
extrema of Ty, in [—1,1] are located at cos(jm/k), 0 < j < k. On (cos(jm/k),cos((j — 1)7/k)),
J€A0,...,k}, Ty is strictly increasing if j is odd and strictly decreasing if j is even.
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3. FUNCTIONAL REPRESENTATION OF THE STRICT MOURRE ESTIMATE FOR A WRT. A

Let F : H — L*([—n,7]%, d€) be the Fourier transform
(3.1) (Fu)(€) == (2m)~ %2 Y u(n)e™, &= (&,.... ).
neZd
The commutator between A and Aj., computed against compactly supported sequences, is
[A,id5] = FH S sin(e) sin(ings) | F = 101 — ADUje-1(A0), ¥ € N So [A,idy]
extends to a bounded operator [A,iA4;.].. Let
(3.2) m(x) :=1-— z2.

Fix E € 0(A) and consider the polynomial gi ([-1,1] 1 - R,

_ d—1
(3.3) gﬁ(xl,.. Tg—1) Z m(z;)Ujx—1(x;) +m< Z xl> k-1 (E— Z xz) .

Lemma 3.1. The roots of m(x)Ujx—1(x) are {cos(Ir/(jr)) : 0 <1 < jr}. The intersection over
J € N* of the latter set is {cos(Im/k) : 0 < | < K} and these are roots of m(x)Uje—1(x), Vj € N*.

If the linear combination of conjugate operators is A = ijl Pijr - Ajr set GE:[-1,1]91 — R,

(3.4) GE(x1,...,241) Zpﬂﬂ gjﬁ(xl,...,xd_l).
j=>1

Of course, GE depends on the choice of the coefficients pjr, but it is not indicated explicitly in the

notation. Recall Sg defined by (1.10) (constant energy surface). Note that Sg is symmetric in all

variables. So Sy := Sg|ge-1 is unambiguously defined. The point is that GE | o 1s a functional
E

representation of 1¢xy(A)[A,iA]o1(g(A). By functional calculus and continuity of the function
GE F e p.(A) if and only if GE o > 0. Note also that (3.3) and (3.4) are basically the same
E

thing as (1.8) and (1.9) but localized in energy E.
We highlight specially the 2 and 3-dimensional cases as this is our main focus. In dimension
2, we adopt the simpler notation :

(3:5) 9in(@) = m(2)Ujr-1(x) + M(E — 2)Ujp1 (E — x),

€ [max(E —1),min(E + 1,1)] < [—1,1]. In dimension 3, we adopt the simpler notation :
(3.6) 9]5(96 y) = m(@)Ujs—1(x) + m(y)Ujs—1(y) + m(E =z = y)Ujs-1(E =z = y),

€ [max(E —1),min(E +2,1)] and z € [max(F —y —1,—1),min(F —y + 1,1)].

Lemma 3.2. For any d,k € N*, p.(A) = —pg(A). Taking complements, ©,(A) = —O,(A).

Proof. The U,(-) are even when n is even, and odd when n is odd. Also S_p = —Sg. If k is even,

and we have a linear combination Z " | piAjx such that GE > 0 on S% so that E € p(A), then

taking ijl( pin)Aji gives G > 0 on S so that —F € p(A). Thus pg(A) € —pg(A).

The argument is reversed for the reverse inclusion. On the other hand, if x is odd, and we have

a linear combination Zjvzl pjrAjs such that GE > 0 on %, so that E € p,(A), then taking the

linear combination Z;\[:l((—1)j+1pj,{)Aj,.g gives G, ¥ > 0 on S’ 5 so that —E € p(A). O
Thanks to Lemma 3.2 we focus on positive energies only in this article. Also :

Lemma 3.3. For any d € N*, for any k € N* even (!), any m e N, O, .(A) = —Op, (A).
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The proof of Lemma 3.3 follows directly from the definition of ®,, ,(A). It is an open problem
for us to decide if Lemma 3.3 also holds for k odd. We also take the opportunity to prove Lemma
1.17.

Proof of Lemma 1.17. Let E € O, ((Ald]), with E = x41 + ... + 244 for 0 < ¢ < m. Set
E =FE +cos(lr/k), 0 < < k. Then Vj € N* (and using the notation (1.8) instead of (3.3)) :

m—1

9jr(Tm, cos(Im/k)) = gjr(Tm) Z Wy Gjn(Tg) = D wq - giu(Ty, cos(lm /).
q=0

This implies £ € Oy, (Ald + 1]). O

Lemma 3.4. Let d = 2. Fach gﬁ, and hence GE, is symmetric about the azis x = E/2. In
particular %gﬁ;(E/Z) =0 for each j and %GE(EQ) = 0 for any choice of coefficients pjy.

Proof.  Straightforwardly from (3.5), gﬁ(E/Q —t) = gﬁ(E/Z +t) for all t e R. O

4. TRYING TO IDENTIFY THRESHOLDS BY BRUTE FORCE : INITIAL ATTEMPT

In this section we have a first crack at trying to determine the thresholds € ©,, ,(A). If we
make simple assumptions, we are able to solve the equations (detailed below) for m = 0,1 (in
dimension 2) by brute force, but we don’t know if these assumptions are satisfactory to produce
all solutions for m = 0,1. For m > 2 however, we have no idea how to solve the equations. In
section 5 a different approach is used to determine thresholds € @, (A), in dimension 2.

4.1. Trying to determine 0" order thresholds. In dimension 2, E € @q(A) n [0,2] iff
JE €[0,2] and Y € [E — 1,1] such that gﬁ(Y) =0, Vj € N*. We start by proving Lemma 1.4.
Proof of Lemma 1.4 . Let E = Zg 1 Zq, Tqg = c0s(jqm/k). Then gjx(x1,...,2q) =0, Vje N*. O

We followed up Lemma 1.4 with Conjecture 1.5. Our evidence for Conjecture 1.5 is :
Lemma 4.1. For k = 2,3,4,6, in dimension 2, 6 ,(A) = Og (A).

Proof. gﬁ(Y) =0 mY)Ujk—1(Y) = —m(E - Y)Uj,—1(E —Y). This happens iff :

e m(Y)=0and m(E—-Y) =0, or

e m(Y)=0and U,_1(E — Y)—Oor

e U, 1(Y)=0and m(E—-Y)=0,or

e U, 1(Y)=0and U,_1(E—-Y) =0, or

e m(Y), m(E—-Y), U.,1(Y) and U,_1(E —Y) are all non-zero, and for all j,
(4.1) U (Y) _ m(E-Y)

. Ujs—1(E =Y) m(Y)
We don’t know how to solve (4.1) directly, but instead we note that it implies

(4.2) [Ujii—1(Y),Ujp—1(E =Y)] =0, orequivalently, T.(Y)=T.(E-Y),

which is easy to solve (the equivalence holds due to Corollary 2.3). So we solve (4.2) and

keep only those solutions that also satisfy (4.1).
The solutions to the first 4 bullet points are included in Lemma 1.4. We briefly discuss the
solutions to the 5th bullet point. For k = 2, (4.2) has solutions E = 0,2Y. As a general rule,
for any k, E = 2Y solves (4.2) but not (4.1). So E = 0 is the only valid solution and it is
included in Lemma 1.4. For k = 3, (4.2) leads to E —Y = (=Y —v/3V1-Y2)2or E-Y =
(=Y ++/3v/1 —Y?2)/2. Plugging these into (4.1) for j = 1, leads to the solutions E = +1/2, —1
and E = £1/2,1, respectively, which are already included in Lemma 1.4. For k = 4, (4.2) leads
to E =0, or E =2Y (which we reject), or E—Y =+4/1—Y?or E—Y = —v/1—Y?2. Plugging
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the latter 2 equations into (4.1) for j = 1, leads to the solutions E = 0,+1,4++/2, which are
all included in Lemma 1.4. For k = 6, (4.2) leads to £ = 0, or E = 2Y (which we reject), or

E-Y =(xY £V3V1-Y2)20r E-Y = (£Y F/3v1 — Y?2)/2. Plugging these into (4.1) for
j =1, leads to the solutions F = +1/2, +1,0, ++/3/2, which are all included in Lemma 1.4. [

4.2. Trying to determine 1% order thresholds. We try to find thresholds € @1 ,,(A) N[0, 2]
in dimension 2 : E € O ,(A) iff 3£ € [0,2], Yo,Y; € [E —1,1], and wp < 0 such that
" gﬁ(ﬂ) gE (Y1)
0= = ;
95.(Yo)  gfi(Yo)
(we assume gﬂ(Yb) # 0 otherwise we are back in the case of subsection 4.1), which leads to
solving [gﬁ(%),gﬁ(l/l)] = 0. Expanding, this is :

(4.3) Vi, 1 e N*

m(Yo)m(Y1)[Ujr—1(Y0), Ule—1(Y1)]
+m(E - Yo)m(Y1)[Ujs-1(E — Yo), Upe—1(Y1)]
Yo)m(E — Y1)[Ujx-1(Y0), Ups—1(E — Y1)]
E —Yo)m(E — Y1)[Ujs-1(E = Yo), Ue—1(E — Y1)] = 0.

4.4
(44) + my(
+ m(
We don’t know how to proceed in order to thoroughly solve this equation. Instead, we propose

a handful of assumptions which simplify things (and basically amounts to setting each of the 4
terms in (4.4) equal to 0). The list of various Ansatz is :

(1) E— }/0 = 1, [Uj,ﬁfl(E - 1), Uln—l(}/l)] =0 and [Uj,{,l(E - 1), Ulﬁ_l(E - Yi)] = 0,

(2) F— }/0 = —1, [anfl(E + 1), Ulm—l(Yl)] =0 and [Ujﬁfl(E + 1), Ulﬁ_l(E — Yi)] = 0,
(3) Yo = E/2, [Upn1(E/2), Uy 1(%1)] = 0 and [Us—1(E/2), Upe 1(E — Y1)] = 0,

(4) Un—l(yl) = Oa [an—l(}/o)v Uln—l(E - Yl)] = 0) [an—l(E - YO)7 Uln—l(E - Yl)] = 07

(5) Us—1(E = Y1) = 0, [Uji—1(Y0), Uie—1(Y1)] = 0, [Uj—1(E — Y0), Uie—1(Y1)] = 0,

(6) T/i(Yb) = Tli(}/l)’ TH(E_YO) = TH(Y].)7 TR(%) = T,@(E—le), and TH(E_}/D) = TH(E_Yl)'

The correct statement is that (i) implies (4.4) for i = 1,....,6. Note also that for i = 1,..,5 we
have boiled down to 3 equations, 3 unknowns, whereas for ¢ = 6 we have created ourselves 4
equations, 3 unknowns. In solving (), we systematically use Corollary 2.4. Once () is solved, we
compute wy as per (4.3) and check if it is negative. If it is the case, we have found a valid solution
to our problem (4.3). To speed up calculations, we always ignore solutions where Yy = Y7 or
Yy = E — Y7 as these would lead to wg = 1.

Lemma 4.2. For k = 2, solutions to (1) are E = 2/3, Y1y = E/2 and E = 1/2, Y1 = 0. For
2 <1 < 6, either there are no solutions to (i) or they are the same as (1). For k = 3, solutions
to (i) are in Table 2.

(1) (3) (4)
E=(5-3v2)/7~0108,Y, = E/2~0.054 | E=2/7~0285, | FE=1/y/6~0408,Y, =1/2, Yy =—1/2
= (9—+/33)/12~0.271, Y = 1/2 Yi=—-1/2 | E=1/4, Y =1/2, Yo = (1+35)/8 ~ 0.963

= (9++/33)/12 ~ 1.228, Y1 = 1/2
E = (5+43v2)/7 ~ 1.320, Y1 = E/2 ~ 0.660

TABLE 2. Solutions to (i) for k = 3. For (2), (5), (6) either there are no solutions
or they are the same as in (1), (3), (4)
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4.3. Trying to determine m'" order thresholds. For general m > 1, E € ©,, .(A) n [0,2]
in dimension 2 iff 3F € [0, 2], (Yy)pLo < [E — 1,1], and (wq)gjol c R, wy <0, such that

m—1
gﬂ(Ym) = Z Wy -ngH(Y;]), VjeN* (wq independent ofj).
q=0

Now, if this linear relationship holds, it must be that for any choice of disctinct j1, ja2, ..., jm € N¥,

-1

Win—1 9EYm-1)  gEYm—2) ... gE(Yo) 95 (Ym)
wn—2 | _ [ 95 (Ym-1)  93(Ym—2) - g5:(Y0) 951 (Yim)
(4 5) wo gﬁn(Ym—l) 95K<Ym—2) gr%n(yb) gﬁ,{(ym)
. -1
gﬁn(ym—l) ngi/@(Ym—Q) gﬁn(%) ngiH Ym)
— gJEg‘,Lg(Ym—l gﬁn(ym—2) g_]Egn(}/O) ngn Ym)
g]EmH(Ym—l) ng;nn(Ym—2> g]Emn(Yb) ngmn(Ym)

Note we are perhaps uncorrectly assuming that the above matrices are invertible, but at this
point we're just trying to illustrate the concept. Unless there is a simplification we do not see,
this system appears very complicated to solve directly, even for small m. In other words solving
(4.5) apparently entails inverting Vandermonde matrices, whose entries consist of the polynomials
{gfﬁ(m) ne1 evaluated at x = Yy, ..., Y1 (which together with Y;, and E are unknowns).

For m = 2, (4.5) leads to solving (unknowns are E,Yj, Y1,Y>) the system of 2 equations

(4.6) [95 (Y1), 972, (Y0)] x [93.(Y0), 97 (Y2)] = [9F (V1), 95 (Y0)] x [9}:.(Y0), 9. . (Y2)],
[97 (Y1), 912 . (Y0)] x [g5,. (Y1), g% (Y2)] = [92 (Y1), 95, (Y0)] x [955. (Y1), 95 . (Y2)].

Of course, here one is interested in solutions where each of the commutator terms is non-zero,
otherwise that leads us back to the case m = 1. Frankly, we have no idea how to solve this
system, and this is just m = 2.

5. A GEOMETRIC CONSTRUCTION TO FIND THRESHOLDS IN DIMENSION 2

The idea below is our bread and butter to find thresholds € ©,, (A) in dimension 2. In
sections 7, 8 and 9 we apply the idea and prove the existence of valid solutions to (5.1) and (5.6).
Fix k > 2, n € N. Consider real variables &,, Xon, X1n, .., Xnns Xnt+1,n- For n € N* odd
define T, ,; to be the set of &, = &, (k) such that the system of n + 3 equations in n + 3 unknowns

5.1) {TAXq,n)  Tu(Xngn), ¥ q=0,1,...(n—1)2

anq,n = gn - X1+q,n, W q = —1,0, ceey (n — 1)/2

has a solution satisfying

(5.2) Xgns Xn—gn€(—1,1), V0<g<(n—1)/2,
(5.3) Xnt1,n € {cos(jm/k) : 0 < j < K},
(5.4) T.(Xgn) To(Xn—gn) <0, VO0<g<(n—1)/2.

When n is fixed and no confusion can arise we will simply write X; instead of X;,. Note also
that the X;’s depend on k.
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Proposition 5.1. (odd terms) Fiz k > 2, let n € N* odd be given. Let (X, );”&, En(k) be a
solution to (5.1) such that &,(k) € T, . Then for all j € N*,

(n—1)/2 n—q X (X
(5.5) g5 (X(ns1)2) Z wy - g7 w =2(—1)("_1)/2_qnp:(n+1)/2m( P)0eil p).
p'=q P k—1 P

The components of w are all strictly negative and independent of j. In particular, for allm € N*,

SQ?’L*LK - QH,K(A[d = 2])

According to (5.2) and (5.4), and using (2.4), note that the denominator of w, is well-defined.
A similar comment applies to the n even case, which we now describe. For n € N* even define
T to be the set of &, such that the system of n + 3 equations in n + 3 unknowns

56) {TR(XW) = T(Xn_gn), ¥Yq=0,1,..,n/2—1
Xn—gn=En—Xi4qgn, Vqg=-10,..,n/2—-1

has a solution satisfying

(5.7) Xgn: Xn—gne(—-1,1), VO0<g<n/2-1

(5.8) Xy 2,ms Xny1n € {cos(jm/k) : 0 < j < K},

(5.9) T (Xgn) To(Xn—gn) <0, YO0<g<n/2—1.

Again, when n is fixed and no confusion can arise we will simply write X; instead of X ,,.

Proposition 5.2. (even terms) Fix k > 2, let n € N* even be given. Let (Xq)g;’&, En(k) be a
solution to (5.6) such that &,(k) € T, . Then for all j € N*,

£ 10 /21 _(_qyn/2-1q HZ;Z/2+1 m(Xp)Un—l(Xp)
Hp/:q m(XP')Uﬁfl(XP')

The components of w are all stmctly negative and independent of j. In particular, for all n € N*,
Tonw © Op w(Ald = 2]).

Remark 5.1. For k > 3 and fized n, systems (5.1) and (5.6) usually admit several solutions.
This is because T} is not an injective function on [—1,1]. So for given x, Ty(x) = Tx(y) has
several solutions (although we crucially require T, (z) - T)(y) < 0, see (5.4) and (5.9)). The
fact that the equation Ty(x) = Tx(y) for given x typically has several solutions means there is
generally an abundance of solutions, see section 24 for an obvious graphical illustration.

Remark 5.2. Equation X, 4 = &, — X144 in (5.1) and (5.6) entails £,/2 —min(X,,—q, X144) =
max(Xy,—q, X14¢) — En/2. Graphically this equation says that X,,_, is the symmetric of X144
wrt. the vertical azis x = &,/2. This is very helpful to bear in mind to construct solutions.
Furthermore, in the n odd case, X, 1y/2 = En/2, which helps for a graphical construction.

Behind systems (5.1) and (5.6) is a simple graphical construction and interpretation.

Figures 2, 4 and 5 illustrate solutions to Propositions 5.1 and 5.2 for 1 <n < 6 and Kk = 3.
The vertical dotted line is the axis of symmetry = = &, /2. The key observation when looking at
these graphs is that every point (Xg, T (X,)) always satisfies 2 crucial conditions :

1. a symmetry condition : each X, is the symmetric of another point X, wrt. the axis
x = &,/2, namely X, = X,,_q41. This is Remark 5.2.

2. a level condition : each X, satisfies at least one of the following 3 conditions :
2.1. m(Xy) =0, or
2.2. Uy—1(X4) = 0 (equivalently T}.(X,) = 0), or
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2.3. 3X, such that T, (X,) = T.(X,) and T).(X,) - T.(X;) <0 (!), namely X, = X,,_,.
The symmetry and level conditions set the rules of the game to construct a valid threshold

solution € ¥, .(A). Possible constructions are as follows :
Algorithm for n odd — system (5.1) along with conditions (5.2)—(5.4) :

(1) Fix k > 2 and plot the Chebyshev polynomial T} (x).

(2) Initialize energy E to a certain value such that F/2 € [—1,1]\{cos(jn/k) : 0 < j < K},
and draw the vertical axis of symmetry x = E/2.

(3) Place the first point (Xg,, T (Xy,)) such that X, = E/2.

(4) Place (Xq,, Tu(Xq))s (Xgo, T(Xg)), s (Xgnir» T(Xgns1)) by alternating between ap-
plying the level condition 2.3 wrt. the last point constructed, and then the symmetry
condition wrt. to the last point constructed.

(5) Finally calibrate E in such a way that the xz-coordinate of the last point constructed,

Xg,..1, also satisfies a level condition 2.1 or 2.2. Upon calibration, £ = &,.

Algorithm for n even — system (5.6) along with conditions (5.7)—(5.9) :

(1) Fix k > 2 and plot the Chebyshev polynomial T} (x).

(2) Initialize energy E to a certain value and draw the vertical axis of symmetry x = F/2.

(3) Place a first point (X, T (X)) such that X, satisfies a level condition 2.1 or 2.2, (and
for n even perhaps require Xy, # E/2).

(4) Place X, as the symmetric of X, wrt. the axis of symmetry.

(5) Place (Xg,, Th(Xg,))s (Xgs, Tu(Xg3)), oy (Xgni1> T(Xg,.1)) by alternating between ap-
plying the level condition 2.3 wrt. the last point constructed, and then the symmetry
condition wrt. to the last point constructed.

(6) Finally calibrate E in such a way that the x-coordinate of the last point constructed,
X also satisfies a level condition 2.1 or 2.2. Upon calibration, F = &,.

Note that the proposed Algorithms are dynamical constructions : the positioning of all the
Xg,’s depends on the value of E (with the exception of X, in the n even case). In the final step
when FE is adjusted, all the X,’s migrate (with the exception of X, that stays put in the n even
case). Adjusting F preserves the symmetry and level conditions.

As we’ll be using these systems as our only strategy to find thresholds for the rest of the
article, it is useful to know that we can allow ourselves to focus only on positive energies :

dn+1>

Lemma 5.3. T, ., = =%, ., for alln e N*, k > 2.

Proof. Use the fact that T, and U, are even polynomials if x is even and odd if « is odd. Also
use (2.4). Finally, note that &,, Xy, ..., X,,+1 satisfy (5.1) and (5.2) — (5.4) (respectively (5.6)
and (5.7) — (5.9)) iff —&,, —Xo, ..., — X, 41 satisfy the same equations and conditions. O

Note the similarity of Lemma 5.3 with Lemma 3.2, but partial discrepency with Lemma
3.3 — this is another issue we don’t understand. It is an open problem for us to decide if
‘Ignflﬁ U Tgnj,ﬁ = @n,n(A[d = 2]) holds.

To close this section, we mention it is possible to express the thresholds &, in systems (5.1)
and (5.6) as solutions to a single equation (with nested square root terms). It’s a matter of
knowing which branch of T.71(x) to choose from. It is easier to explain with an example : using
system (5.1), for n = 3, let X,,11 = X4 be given by (5.3). Then £3(k) is the solution to the
following equation :

E3= X4+ Xo=Xy + T, T (X3) = Xy + T, 1T (E5 — Xy)
= Xy + T T, (& — T ' Te(X2)) = X + T, ' T (65 — T, ' T (€3/2)) -

The advantage of having 1 equation with 1 unknown over a system of equations with several
unknowns is that it is easier (in our opinion) to solve numerically. Proposition 7.5 is one (of
many) applications of this idea.
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Proof of Proposition 5.1.
From (5.1), X(ns1)2 = En/2 = g5 (X(ns1)2) = 2m(X (n31)/2)Ujn—1(X(ns1y2)- For ¢ = 1, let

n—1

) wn 2o w1 q-1

@ 1= HOm(XT)UK_l(XT) — a H1 1(X) [ ] m(Xp)Unoa (X).
r= ntl p'=0

In order for what follows to apply to the cases n = 1,3 as well, interpret ]_[g = 0 and Zg =0
whenever 3 < o. Multiplying (5.5) throughout by 27! ]_[(n /2 m(X;)Ux—1(X,) shows that (5.5)

is equivalent to
(5.11)

(X (nr1)/2)Ujn—1(X (n11)/2) H ~1(Xp)

() 2 (X )U e (Xo) ﬁ (X Unos (X,)
n-+

p=(n+1)/2
(n—1)/2 (n—1)/2
+ Z wqm(Xq)Ujr-1(Xq) + 2 Wqm(Xn—q+1)Ujn—1(Xn—g+1)
q=1 g=1
= ()" Pm(Xo) U1 (Xo) [ m(Xp)Us1 (X))
p=(n+1)/2
(n—3)/2
+ (X (n-1)2) Uit (X (1) 2) M X (ns1)2) Ut (X nsny2) [ [ m(Xp) Usa (Xp)
=0
n—1
— (=) Pm(Xo) Ut (Xo)m(Xn)Uj1 (X)) [ ] m(Xp)Us-1(X))
p=(n+1)/2
(n—3)/2 (n—1)/2
+ Z wqm(Xg)Ujr-1(Xq) + Z Dqm(Xn—q+1)Ujn—1(Xn—g+1)-
q=1 q=2

We apply Corollary 2.3. The 2nd term on the rhs of (5.11) equals the lone term on the lhs of
(5.11). The 3rd term on the rhs of (5.11) cancels the 1st term on the rhs of (5.11). Finally the
2 sums at the very end of the rhs of (5.11) cancel each other ; specifically, the ¢ term in the
first sum equals

(_1)(n71)/27qm(Xq)Uj~—1(Xq) H m(Xp)Usx—1(Xp) H m( Xy )Ui—1(Xp)
p=(n+1)/2 p'=0

and it cancels the ¢ + 1** term in the second sum which equals

n—q—1 q
_(_1)(n_1)/2_qm(Xn—q)Ujﬁ—1(Xn—q) H m(Xp)Un—l(Xp) H m(Xp’)Um—l(Xp’)a
p=(n+1)/2 p'=0

and this for ¢ = 1,2, ..., (n — 3)/2.
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It remains to prove that w, < 0. Because we assume X4, X;,—, € (—1,1), V¢ =0,...,(n—1)/2,
m(Xy), m(X,—q) € (0,1). Thus the sign of w, is that of
(_1>(n—1)/27q Us—1(Xn—g) Us—1(Xn—g-1) Us—1(Xn—g—2) % x Uﬂfl(X(nJrl)/Q)_
Un—l(Xq) Un—l(Xq-H) Uf-e—l(Xq-Ir?) Ufi—l(X(n—l)/Z)
By Lemma (5.4), Ux—1(Xp—g—1)/Ux—1(Xg41) <0 for 1 =0,...,(n —1)/2 — g, and so the sign of
wy is (—1)(P1/270 x (—1)(n=D/2maHl = O

Proof of Proposition 5.2. Very similar to that of Proposition 5.1 so we leave it to the reader. [

6. GRAPHICAL VISUALIZATION OF THE THRESHOLD SOLUTIONS € 6 ,(A) IN DIMENSION 2

Recall the basic threshold solutions € 8 ,(A) given in Lemma 1.4. In dimension 2, these can
framed as solutions &y to the following system :

(6.1)

X1 =& — Xo,
Xo, X1 € {cos(jm/k): 0 < j < K}.

Note that this is a simplification of system (5.6) to n = 0 (¢ = —1). A graphical interpretation
of this system is given in Figure 1 for £ = 8. The vertical dotted line is the equation x = &/2.

FIGURE 1. k = 8. T,,—g(x). Illustration of solutions & in system (6.1). Left to
right : & = cos(67/k)+cos(n/k), & = cos(3n/k)+1, Ey = cos(3m/k)+cos(37m/K),
Eo = cos(3m/k) + cos(m/k), E = cos(dn/k) + 1, & = cos(2m/k) + cos(3m/kK).

7. A DECREASING SEQUENCE OF THRESHOLDS IN J(k) := (2cos(7/k), 1 + cos(m/k))

This entire section is in dimension 2. Using ideas of section 5 we prove the existence of a
sequence of threshold energies € Jy := (2cos(m/k), 1 + cos(m/k)). Theorem 1.7 is a consequence
of Propositions 7.1, 7.2, 7.3, 7.4. We state these Propositions now, and prove them at the end
of the section. We also prove Proposition 1.8 and give justification for Conjecture 1.9.

Proposition 7.1. (odd terms) Fiz k > 2, and let n € N* odd be given. System (5.1) admits a
unique solution satisfying &, € Ja(k) and

71 5n—1=X0<X1<X2<...<X(n,1)/2
(1) < cos(m/k) < X(pi1y2 < oo < Xp < Xpg1:= 1.
Furthermore, this solution satisfies (5.2), (5.3) and (5.4), and so &, € Ty, 4.

Proposition 7.2. (even terms) Let k > 2, and n € N* even be given. System (5.6) admits a
unique solution satisfying &, € Ja(k) and

(72) & -1=Xp<X;<Xo<..< Xnjp = cos(m/k) < Xpjoqp1 < oo < X < Xpy1:= 1.
Furthermore, this solution satisfies (5.7), (5.8) and (5.9), and so &, € Ty, 4.



LAP FOR DISCRETE SCHRODINGER OPERATOR 19

Figure 2 illustrates the solutions in Propositions 7.1 and 7.2 for 1 <n < 6 and k = 3. A few
exact solutions are given in Table 1.

FIGURE 2. Tx—3(x). Solutions &, in Propositions 7.1 and 7.2. Left to right :
E1 ~1.3207, & ~ 1.2287, & ~ 1.1737, & ~ 1.1375, & ~ 1.1121, & ~ 1.0934.

Proposition 7.3. Fiz k > 2. The odd and even energy solutions &, of Propositions 7.1 and 7.2
interlace and are a strictly decreasing sequence : Enio < Ent1 < En, Yn € N*.

Proposition 7.4. Let &, be the solutions in Propositions 7.1 and 7.2. Then &, \, 2 cos(7/kK).

We now prove Proposition 1.8.
Proof of Proposition 1.8. Fix k = 2. We prove that the unique solutions of Prop. 7.1 and 7.2 are

En=2/24+n), Xq=& —1+4+¢&, q=0,..,n, neN*

In particular, £, \, 0 = inf Jo and Conjecture 1.9 holds.
o Fixnodd. Th(Xy) = Ta(X)—g) © Xy = X = +(En—Xg4+1), ¢ =0,1,...,(n—1)/2. Thanks
to ordering (7.1) and X(,,1)/2 = €,/2 the appropriate sign is always —. Thus, recursively :

Xo=En—1= -+ (—En+ () = —(n+ 1)En/2 + En)2 = En = 2/(n + 2).

e Fix n even. We also have X, = +(&, — X¢41), ¢ = 0,1,...,n/2 — 1. Thanks to the ordering
(7.2) and the fact that X, /2 = 0 and we assume &, > 0 the appropriate sign is always —. Thus :

Xo=&E —1==-&E+ (=& +(...) = —n&E/2= &, =2/(n+2).
Moreover, finite induction shows that the system also implies X, = &, —1+¢&p, ¢ = 1,2,...,n. [

Remark 7.1. As a consequence of the proof of Proposition 1.8, the distance between adjacent
Xy'’s is the same for k =2 : | Xy — Xqq11| = En, 0 < g < n. This property is specific to k = 2.

Let us express the solutions &, as solutions to a single equation for x = 3,4. To do this we
need to select the appropriate branches of T’ L and T, 1 Let

{fE DT —(E—a:)+\/§2v ) LT 3,

feix— /1 —(FE—x)? if K =4.

Figure 3 illustrates solutions &ay, (k) of Proposition 7.5 for k = 3,4. In these graphs the slope of
the orange trend line is close to —2, and this is our rationale behind Conjecture 1.9. Numerically
we found similar behavior for k = 5,6, 8, see [GM4|. Based on these graphs the interested reader
could conjecture on the constant ¢(x) in Conjecture 1.9.

Proposition 7.5. Let k € {3,4}. Even terms: the Eay, in Theorem 1.7 are solution to the equation
Eop =1+ fé:g (cos(m/k)), n € N* (fg, composed with itself n times evaluated at cos(mw/k)). Odd

terms: the Eop_1 in Theorem 1.7 are solution to the equation Eop_1 =1+ fé:g_l(%)

We now sequentially give the missing proofs of the aforementioned results in this section. We
begin by a remark :
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= -1994x + 1.256 y=-1995x + 0514

FIGURE 3. Graphs with log(n) on z-axis and log(&2, (k) — 2 cos(m/k)) on y-axis.
Left : K = 3 ; Right : Kk = 4. Green dots are 1 < n < 400 ; black dots are
n = 400, 800, 1200, ...,4800. Orange line is trend line based on linear regression
of black dots.

Remark 7.2. Thanks to Lemma 2.5,
(1) Given cos(2m/k) < a < b < cos(m/k), there exist unique cos(m/k) <V < a' <1 such that
Ti(a) = Ty(ad') > T (V') = T,(b).
(2) Given cos(m/k) < b < a' < 1, there exist unique cos(2m/k) < a < b < cos(n/K), such
that T(a') = Tx(a) > Tx(b) = T, (V).
Moreover, (a,b) depends bi-continuously on (a’,V').

Proof of Proposition 7.1.

We implement the dynamical algorithm for n odd of section 5. Initialize energy E to E =
E(a) = 2cos(m/k) + o with a € Apez := (0,1 — cos(m/k)). First, by Remark 5.2 we know
Xnt1)2 = E/2 = cos(n/k) + /2 € (cos(m/k),1). In particular when o ™\, 04, note that
Xn+1)/2 "\ cos(m/k) . Now, up to a smaller « still within A;a,, we construct inductively and
continuously in « all of the remaining X, = X,(«a), by checking all the constraints of (5.1), (5.2)
— (5.4), but with the exception of (5.3),i.e. Xp411 =1 Xo=FE—1.

® X(,—1)/2 is determined in (cos(27/k),cos(m/k)) so that Ty (X(—1)/2) = Tu(X(ns1)2). In
particular, X(,_1)/; < cos(m/k) < X(n41)/2- Note that X(,_1)2 /" cos(m/k)—, as a \ 0;.

L4 X(n+3)/2 is the symmetric of X(n—l)/Z wrt. X(n+1)/2 = E/2 So X(n+1)/2 < X(n+3)/2' Up to
a smaller o possibly, X(;,,43)/2 € (cos(m/k),1). As a ™\ 04, X(ny3)2 \ cOS(T/K) .

e As per Remark 7.2, 31X(,,_3)/5 € (cos(27/k),cos(m/k)) such that X, _3)5 < X(;_1)/2 and
To(X(n-1)/2) = Te(X(nr1)2) < Ta(X(ny3)2)- Again, X, 3)/2 / cos(m/k)—, as a \, O4.

o X(nys5)/2 is the symmetric of X(,_g)/9 wrt. X,11)2 = E/2. Up to a smaller a possibly,
X(nt5)/2 € (cos(m/k), 1). Since X(,_3y/0 < X(n—1)/2, We infer X(,,13y/0 < X(545)/2. In particular,
Te(Xn-3)2) = Te(X(n+3)/2) < Te(X(nt5)/2). Once more, X, 55 \, cos(m/k)1, as a N\, 0.

e We continue this ping pong game inductively till all of the X, = X,(«), ¢ = 0,...,n + 1,
have been defined. Note that the last step of the ping pong game was to place X, 1 in such a
way that it is the symmetric of Xo wrt. X(,,41)/2 = E/2 (2nd line of (5.1)). Now we consider the
set A,, (A depends on n) of all the positive a’s that allow a construction verifying :

(73) E—-1<Xo< X1 <Xo<...<X(pony2 <cos(m/k) < Xppnye <o <Xy < Xpp1 <1

A, c Ay since if @ > 1—cos(n/k), Xpy1 = E—Xo > 1+cos(n/k) — Xo > 1. This observation
will imply that &, € Ja(k) when the proof is over. As a side note, it is not hard to see that



LAP FOR DISCRETE SCHRODINGER OPERATOR 21

A, 12 © A, ; later in this section we prove MpeN, n oddAn = . It remains to argue that there
is a unique a* € A, such that X, ;1(a*) = 1 & Xy(a*) = E(a*) — 1. First, note that by
construction, the chain of strict inequalities in (7.3) remains valid as « increases in A,,. Second,
recall that X,,41 > 1 as @ > 1 — cos(n/k). Moreover, X, ;1 is strictly increasing for a € A,,.
Thirdly, and finally, note that by construction, as « increases in A,,, X, 11 must reach 1 before
X reaches cos(2m/k). This is because T)(Xo) = Tx(Xn) < Tx(Xn+1). Another way to see this
is to argue by contradiction. If Xy were to reach cos(27/k) before X, 11 reaches 1, then

2cos(m/k) — cos(2m/k) < E —cos(2m/k) = E — Xo = Xp41 < 1= 2cos(n/k) — cos(2m/k) < 1,
which is a false statement. Thus, 3la* s.t. X,+1(a*) = 1. The energy solution &, is E(a*). O

Proof of Proposition 7.2.

We implement the dynamical algorithm for n even of section 5, and mimick the proof of
Proposition 7.1. The main difference is that this time X, 5 := cos(7/k). It implies that the values
X0, X1, oy Xpya—1 will belong to (cos(27/k), cos(m/k)), whereas the values Xy, /911, Xy /949, -
X, will belong to (cos(m/k),1). X, 41 will be placed ultimately so that it equals 1.

Initialize energy F to E = E(a) = 2cos(n/k) + a with a € Ay = (0,1 — cos(7/k)).
First, £/2 = cos(n/k) + a/2 € (cos(m/k),1). Now, up to a smaller a still within A4, we
construct inductively and continuously in a all of the remaining X, = X,(a), by checking all
the constraints of (5.6), (5.7) — (5.9), but with the exception of the X, condition in (5.8), i.e.
Xpi1=1leXg=F—1.

® X, /241 is the symmetric of X,, o wrt. E/2. So X, o < E/2 < X,,)541 = cos(m/k) + . As per
Remark 7.2, X, 5_; is constructed in (cos(2m/k), cos(m/k)) so that Ty (X, 0-1) = Th(Xpnja11)-
We turn to X, /5,9 which is is the symmetric of X, 5 wrt. E/2. Up to a smaller « possibly,
Xnja+2 € (cos(m/k),1). As per Remark 7.2, there is a unique X,,/5_5 € (cos(2m/k), cos(m/k))
such that X, o o < X;,5 1 and T (X, 0-0) = Tu(Xnjay2) > Tu(Xnj241)-

e We continue this ping pong game inductively till all of the X, = X,(a), ¢ = 0,...,n + 1,
have been defined. Note that the last step of the ping pong game was to place X, .1 in such a
way that it is the symmetric of Xy wrt. £/2 (2nd line of (5.6)). Now we consider the set A,, (A
depends on n) of all the positive a’s that allow a construction verifying :

(7.4) E-1<Xo<X1<Xo<..<Xpp=cos(n/k) < Xppop1 < ... <Xp<Xpy1 <1

A, c A since if a > 1—cos(/k), Xpi1 = E—Xog > 14cos(n/k)— X > 1. As a side note, it
is not hard to see that A, 12 < A, ; later in this section we prove NpeN, n evenArn = . It remains
to argue that there is a unique a* € A,, such that X,,+1(a*) =1 < Xo(a*) = E(a*) — 1. First,
note that by construction, the chain of strict inequalities in (7.4) remains valid as « increases in
A,,. Second, recall that X,,11 > 1 as @ > 1 — cos(mw/k). Moreover, X, is strictly increasing
for @ € A,,. Thirdly, and finally, note that by construction, as « increases in A,, X, 11 must
reach 1 before Xy reaches cos(27/k) (see the previous proof for the argument). Thus, Ila™* s.t.
Xnt1(a®) = 1. The energy solution &, is E(a*). O

Proof of Proposition 7.3.

Fix n odd. So n + 1 is even. Fix F := min(&,,&,41) (we suppose at this point that we
don’t know which of the 2 energies is smaller) with &, and &, determined as in the proofs
of Propositions 7.1 and 7.2 respectively. The construction gives (X;,(E))!, satisfying (7.3)

and (X ,41(E)) 2 satisfying (7.4). By the choice of E we either have X,11,(E) = 1 or



LAP FOR DISCRETE SCHRODINGER OPERATOR 22

Xnt2n+1(E) = 1. This is to be determined. Starting from the bottom of the well we see that :

X(n—l)/Q,n(E) < X(n+1)/2,n+1(E) = cos(m/k) < E/2 = X(n+1)/2,n(E) < X(n+1)/2+1,n+1(E)'

By the ping pong game that ensues, and using Remark 7.2, we inductively infer

X1y 2qn(E) < X1y prgrins1(E),  forg=0,1,.. (n+1)/2.
So Xpt1.0(E) < Xnt2n+1(E). It must be therefore that X, 12 ,11(E) = landso E = &£,41 < &p.
Furthermore, X, 10 (E) < Xpi2n+1(E) implies £,41 < &p.
Fix n even. So n+1 is odd. We proceed with the same setup as before. Fix E := min(&,, E,+1)

with &, and &,11 determined as in the proofs of Propositions 7.2 and 7.1 respectively. The
construction gives (X;,(E))) satisfying (7.4) and (X ,+1(E))¢ satisfying (7.3). By the

=0 1=0

choice of E we either have X,11,(FE) = 1 or X, 42 ,4+1(F) = 1. This is to be determined.
Starting from the bottom of the well we see that :

Xn/2,n+l(E) < Xn/Q,n(E) = COS(TF/'V”') < E/2 = Xn/2+1,n+1(E) < Xn/2+1,n(E)
By the ping pong game that ensues, and using Remark 7.2, we inductively infer
Xn/2+q’n(E) < Xn/2+q+1’n+1(E), for q = O, 1, vy Tl/2 + 1.

S0 Xp+1.0(E) < Xnt2n+1(E). It must be therefore that X, 12 ,1+1(E) = landso E = £,41 < &p.
Furthermore, X, 115 (EF) < Xpi2n+1(E) implies £,41 < &p. O

Finally, to prove Proposition 7.4, we’ll start with a Lemma which characterizes a geometric
property of the graph of T} :

Lemma 7.6. Let k > 2. If cos(2m/k) < a < cos(m/k) < b < 1 are such that T,.(a) = T (b), then
(7.5) cos(m/Kk) —a > b — cos(m/kK).

Proof.  To prove this Lemma we analyze the function Sy (z) := Tk(x) — Tx(2cos(n/k) — x).
If we can prove that Si(x) > 0 on (cos(w/k),1), then Tx(a) = Tk (b) > T,.(2cos(w/k) — b) for
b e (cos(m/k),1) and a € (cos(2m/k),cos(m/k)). This implies a < 2cos(w/k) — b, i.e. (7.5) holds.
Clearly S, (cos(m/k)) = 0. Thus, to prove that Si(z) > 0 on (cos(m/k),1) it is enough to prove
that Sy is strictly increasing on (cos(w/k),1). First note that

(7.6) cos(2m/k) < 2cos(m/k) —x < cos(m/k), for x € (cos(m/k),1).
We aim to show that S (z) > 0 for x € (cos(w/k),1). Fix x € (cos(n/k), 1).
Si(z) = k(Ug—1(x) + Ug—1(2 cos(m/k) — x))
k—1 rk—1
= k2r1 (H x — cos(jm/kK)) +

J

(2cos(m/k) —x — COS(jT"/K')))
1

k—1

= k2 Yz — cos(n/k)) (H(m —cos(jm/K)) 1:[ 2cos(m/Kk) —x — cos(gw/n)))

j=2

Since cosine is decreasing on (0, 7) and since (7.6) holds, note that x —cos(jn/k) = z—cos(7/k) >
0 and 2 cos(m/k) —x —cos(jm/k) > 0 for j € {2,...k—1}. Next, for j € {2,...k — 1}, using again
(7.6), note that

0 < 2cos(m/k) —x — cos(jm/k) < x — cos(jm/K).

Therefore, S/, is positive on (cos(7/k), 1).

Remark 7.3. S, in Lemma 7.6 is stricly convez.
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Proof of Proposition 7.4.

By Proposition 7.3 and since &, > 2 cos(7/k), 3¢ such that &, \, £ > 2 cos(7/k). It is enough
to show that 9,41 — 2cos(w/k), n € N*. Therefore, we suppose that n is odd. We proceed
by contradiction. Suppose 2¢ := £ — 2cos(7/k) > 0. Recall X(,11)/2.,(En) = En/2. Then for all
n > 1 and odd, X, 41y/2,n(En) — cos(m/k) > e. Choose n odd large enough so that ne > 1.

By Lemma 7.6, cos(m/k) — X(n—1)2n(En) > Xn+1)2,n(En) — cos(m/k) > €. Next, since
Xn—1)2,n(En) and Xy, y3)2,(En) are symmetric wrt. the axis z = &,/2, it must be that
X(n+3)/2,n(En) — cos(m/k) > 3e. Again, apply Lemma 7.6 to get cos(m/k) — X(n_3)/2,n(En) > 3e.
Continuing in this way, we end up with X, 4)/2.,(En) — cos(m/k) > ge for ¢ = 1,3,5,...,n. But
Xnn(En) > ne > 1 is absurd. We conclude that ¢ = 2 cos(n/k). O

8. AN INCREASING SEQUENCE OF THRESHOLDS BELOW J3(k) := (1 + cos(27/k), 2 cos(m/k))

This entire section is in dimension 2. We prove the existence of a sequence of threshold energies
Fn = Fn(k) /" inf J3(k). This section proves Theorem 1.13 for {F,}.

Proposition 8.1. (odd terms) Fiz k > 3, and n € N* odd. System (5.1) has a unique solution
(which we denote Fy, instead of &) such that F,, € (cos(w/k) + cos(2m/k), 1 + cos(2m/k)) and

(8.1) cos(2m/k) =1 Xpy1 < X < oo < X1z = Fn/2 < Xpo1y2 < o < Xo < 1,
Furthermore, this solution satisfies (5.2), (5.3) and (5.4), and so Fy, € T, .

Proposition 8.2. (even terms) Fiz k > 3, and n € N* even. System (5.6) has a unique solution
(which we denote F,, instead of &,) such that F,, € (cos(n/k) + cos(2m/k), 1 + cos(2m/k)) and

(8.2) cos(2m/k) =: Xpy1 < Xp < oo < Xpyjo = cos(m/k) < Xpjp_1 < ... < Xo < 1.
Furthermore, this solution satisfies (5.7), (5.8) and (5.9), and so F, € T, .

Figure 4 illustrates the solutions in Propositions 8.1 and 8.2 for 1 <n < 6 and k = 3. Exact
solutions for Fy, Fo and F3 are :

Fi1=2/7, Fa=1/V6, Fs3=

16 24/2479 cos <1 ¢ <741\/2190>

247 T o7 garctan { =iy

: | . LT, |
: f \ Fik b
\ o] / \\\ . - / ol “\
\ T |
‘ \ . . / \ |
/ \ / \ |
/ \ o [ \> |
/ PRy / |
/ \ / \ /
J \ [ [ / \ /
| i / - / S ' 1\ /
| \ / | i / of \ /
| X #x y o \
Gl | -\ | %) i, ol § /
\ { wo—H\ il ol N1/
NEIL NG i
; \_/ Nt t it

FIGURE 4. k = 3. T.—3(x). F, of Propositions 8.1 and 8.2. Left to right :
F1 >~ 0.2857 ; Fo ~ 0.40824 ; F3 ~ 0.46617 ; F4 ~ 0.49099 ; F5 ~ 0.49867 ;
Fe ~ 0.499920.

Proposition 8.3. Fiz kK > 3. The odd and even energy solutions F, of Propositions 8.1 and
8.2 interlace and are a strictly increasing sequence : F, < Fpi1 < Fnao, Vn € N*. Also,

Fn / inf J3 := 1+ cos(2n/k).

Remark 8.1. Numerically we tried to compute several solutions Fy(k = 3) in order to conjecture
the rate of convergence, but we struggled to get accurate numbers because of precision limitations.
We found : Fg ~ 0.4999999956, which suggests F, converges rather quickly to inf Js.
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9. ANOTHER INCREASING SEQUENCE OF THRESHOLDS BELOW J3(k)

We revisit the sequence of the previous section but add a twist to it. The twist is that instead
of placing Xy on the branch of T to the right of X,, we place it on the branch of T to the left
of X,,; and instead of placing X,,+1 at cos(27/k), we place it at 1. This gives a sequence which
we believe is distinct. This section proves Theorem 1.13 for {G,}.

Proposition 9.1. (odd terms) Fiz k > 3, and n € N* odd. System (5.1) has a unique solution
(which we denote G, instead of &,) such that G, € (cos(m/k) + cos(2m/k),1 + cos(27/k)) and
(9.1) On—1=Xo<Xp<Xp1<..< X(n+1)/2 < X(nfl)/2 <..< X1 < Xn+1 = 1.
Furthermore, this solution satisfies (5.2), (5.3) and (5.4), and so G, € Ty, 1.

Remark 9.1. The proof reveals that Xo € (cos(37/k),cos(2m/k)), Xpn, Xn-1, -, X(ng1)/2 €
(cos(27/k), cos(m/k)), and for n = 3, X(n_1y/2,---, X1 € (cos(m/k),1). This is important because
it means that Us_1(Xo) > 0, Us—1(Xn), -, Us—1(X(n41)2) <0, and forn =3, Us—1(X(,—1)/2),
ceey Uﬁ_l(Xl) > 0.

Proposition 9.2. (even terms) Fix k > 3, and n € N* even. System (5.6) has a unique solution
(which we denote Gy, instead of &, ) such that G, € (cos(mw/k) + cos(2mw/k),1 + cos(27/k)) and
(92) gn —1= X() < Xn < Xn—l <. < Xn/2+1 < Xn/2 = COS(W/K) <.<Xi< Xn+1 = 1.
Furthermore, this solution satisfies (5.7), (5.8) and (5.9), and so G, € Ty, 4.

Remark 9.2. The proof reveals that Xo € (cos(37/k),cos(2m/k)), Xn, Xn-1, .., Xyjoq1 €
(cos(2m/k), cos(m/K)), and forn =4, X9y, ..., X1 € (cos(m/k),1). This is important because

it means that Us—1(Xo) > 0, Us—1(Xpn), -, Us—1(Xpj241) < 0, and for n = 4, Us_1(Xp/2-1),
ceey U,;_l(Xl) > 0.

Figure 5 illustrates the solutions in Propositions 9.1 and 9.2 for 1 < n < 6 and kK = 3. Exact
solutions for G, Go and Gg are :

Gi1 = (5—3v?2)/7~0.10819, Gy = (9 —+/33)/12 ~ 0.27129,
1 (199 1 1 4340412
= + V16838 +a+b— 4 [32766 —a — b + ~ 0.382291,
9= o7 < 2 "2 ¢ 2\/ ¢ V16333 1 a+ b)

1
a = (3958654304767 — 2109209004864/327)"/3, b := 741(3601 + 1921/327)1/3.
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FIGURE 5. k = 3. T,—3(x). G, of Propositions 9.1 and 9.2. Left to right :
G1 ~ 0.10819 ; Go ~ 0.27129 ; G3 ~ 0.382291 ; G4 ~ 0.446704 ; G5 ~ 0.480492 ;
Ge ~ 0.495054.

To justify G, € (cos(m/k) + cos(2m/k),1 + cos(2m/k)) for n even, we know that we want
X ja41 € (cos(2m/k), cos(m/k)), and since X,, 5 = cos(m/k) and X,, /541 is the symmetric of X, o
wrt. Gn/2, it must be that G, — X,, /o = G, — cos(7/k) € (cos(2m/k), cos(m/k)), i.e. cos(27/k) +
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cos(m/k) < G, < 2cos(m/k). For the upper bound, we know that X+ X,,11 = Xo+ 1 = G,, and
Xo < cos(27/k), so G, < 1 + cos(27/k). For n odd we probably can get the range by using the
interlacing property.

Proposition 9.3. Fiz kK > 3. The odd and even energy solutions G, of Propositions 9.1 and

9.2 interlace and are a strictly increasing sequence : Gp, < Gni1 < Gnio, Vn € N*.  Also,
Gn /" inf J3 := 1+ cos(27/k) as n — .

10. A GENERALIZATION OF SECTION 7 : A SEQUENCE &, \ 2cos(j7/K)

The construction used to get a sequence in the right-most well of Ty (z) in section 7 is not
specific to the right-most well. One can build a similar sequence in other wells.

10.1. Decreasing sequence in upright well, j odd. Figure 6 illustrates a decreasing sequence
En "\ 2cos(3m/k), for k = 8, j = 3. Note that the dotted line x = &,/2 is to the right of the
minimum z = cos(37/k) but converges to it.

FIGURE 6. Tx—s(x). Solutions &,. Left to right : & =~ 0.9781, & ~ 0.9216,
E3 ~ 0.8877, &4 ~ 0.8650, &5 ~ 0.8488, & ~ 0.8368.

Thus, we propose a generalization of Theorem 1.7 :

Theorem 10.1. Fiz k > 2. Fiz 1 < j < |k/2|, j odd. There is a sequence {E,}0_,, which

depends on Kk, s.t. {E,} < (2cos(jm/k),cos((j — 1)w/k) + cos((j + 1)7/K)) N Ok(A), and E,42 <
Ent1 <&y, Yne N*. Also, Eapn—1, Eon € Op kx(A), V> 1, and

(10.1) En—cos((j—1)m/k) = Xo < X1 < ... <Xy < Xpy1:=cos((j — D7/k).
10.2. Decreasing sequence in upside down well, j even. For j even, the well is upside

down. Figure 7 illustrates a decreasing sequence &, \, 2cos(27/k), for k = 8, j = 2. Note that
the dotted line z = &,,/2 is to the right of the maximum = = cos(27/k) but converges to it.

FIGURE 7. Tx—s(x). Solutions &,. Left to right : & =~ 1.5536, & ~ 1.5142,
E3 ~ 1.4906, &4 ~ 1.4750, &5 ~ 1.4640, & ~ 1.4559.

Thus, we propose a generalization of Theorem 1.7 :

Theorem 10.2. Fiz k > 2. Fiz 2 < j < |k/2|, j even. There is a sequence {Ep}i_y, which

depends on Kk, s.t. {€,} < (2cos(jn/k),cos((j — 1)m/k) + cos((j + 1)7/K)) N Ok(A), and Epta <
Ent1 < &n, Yne N*. Also, Eapn—1, Eon € Op kx(A), V> 1, and

(10.2) En—cos((j—1)m/k) = Xo < X1 < ... <X < Xpy1:=cos((j — Dn/k).
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10.3. A comment on the proofs of these Theorems and a Conjecture on the limit.
To prove the Theorems 10.1 and 10.2 one needs to adapt the proofs of Propositions 7.1, 7.2 and
7.3. The adaptation of these Propositions is straightforward. As for the limit we conjecture :

Conjecture 10.3. Let {&,} be the sequence in Theorems 10.1 and 10.2. Then &, \, 2 cos(j7/kK).

To prove this conjecture we tried adapting the proofs of Proposition 7.4 and Lemma 7.6 but
to no avail. To adapt the Lemma however, we do conjecture :

Conjecture 10.4. Let k > 2. Fizx 1 < j < |k/2]. If cos((j + 1)7/k) < a < cos(jm/k) < b <
cos((j — 1)w/k) are such that T;(a) = Tk(b), then

(10.3) cos(jm/k) —a > b —cos(jm/kK).

We don’t know how to adapt the proof of Lemma 7.6 to prove Conjecture 10.4. We would
want to prove that the function S.(x) := Tk(x) — Tx(2cos(jn/k) — x) is positive for x €
(cos(jm/k),cos((j — 1)m/k)), for j = 1,2,..,|k/2]. We speculate this statement is true for
j=1,2,..,|x/2]. However the statement that S/, (z) > 0 appears to be true only for j = 1.

11. A GENERALIZATION OF SECTION 8 : A SEQUENCE F,, / cos((j — 1)m/k) + cos((j + 1)7/k)

Again, the construction used to get a sequence in the right-most well of T};(x) in section 8 is
not specific to the right-most well. One can build a similar sequence in other wells. In this section
we get an increasing sequence J,,. At first, it may be tempting to think that F,,  2cos(jn/k),
but this is not the case because cos((j — 1)7/k) + cos((j + 1)7/k) < 2cos(jn/k). Instead, we
have F,, / cos((j — 1)7/k) + cos((j + 1)7/k).

11.1. Increasing sequence in upright well, j odd. Figure 8 illustrates an increasing sequence
Fn /" cos(4m/k) + cos(2m/k), for k = 8, j = 3. Note that the dotted line z = F,,/2 is to the left
of the minimum = = cos(37/k), approaches it, but converges before.

FIGURE 8. T,—g(x). Solutions F,. Left to right : F; ~ 0.5054, F5 ~ 0.5657,
F3 ~ 0.6014, F4 ~ 0.6249, F5 ~ 0.6415, Fg ~ 0.6537.

Thus, we propose a generalization :

Theorem 11.1. Fiz k > 2. Fiz 1 < j < |k/2], j odd. There is a sequence {Fp}r_,, which

depends on k, s.t. {Fn} < (2cos((j + 1)7/k),cos((j — )m/k) + cos((j + 1)7/k)) N On(A), and
Fn < Fot1 < Fny2, Yne N*. Also, Fopn—1, Fon € Op x(A), Vn =1, and

(11.1) cos((j + 1)m/k) = Xpt1 < Xy < ... < X1 < X <cos((j — 1)7/k).

11.2. Increasing sequence in upside down well, j even. For j even, the well is upside
down. Figure 9 illustrates an increasing sequence F,, / cos(37/k) + cos(n/k), for k = 8, j = 2.
Note that the dotted line z = F,,/2 is to the left of the maximum x = cos(27/k), approaches it,
but converges before.

Thus, we propose a generalization :
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FIGURE 9. Tx—g(x). Solutions F,. Left to right : F; ~ 1.1874, Fo ~ 1.2331,
Fy ~ 1.2589, F; ~ 1.2749, Fs ~ 1.2853, Fg ~ 1.2922.

Theorem 11.2. Fiz k > 2. Fiz 1 < j < |k/2|, j even. There is a sequence {Fp}_, which

n=1»
depends on K, s.t. {Fn} < (2cos((j + V)7w/k),cos((j — 1)7/k) + cos((j + 1)7/K)) N Ok(A), and
Fn < Fot1 < Fny2, Yne N*. Also, Fopn—1, Fon € Op x(A), V=1, and

(11.2) cos((j+ 1)m/k) =: Xpi1 < Xpp < ... < X7 < Xp <cos((j —1)n/k).

11.3. Conjecture on the limit. We conjecture :

Conjecture 11.3. Let {F,} be the sequence in Theorems 11.1 and 11.2. Then
Fn /cos((j — )m/k) + cos((j + 1)7/k).

12. DESCRIPTION OF THE POLYNOMIAL INTERPOLATION IN DIMENSION 2

This entire section is in dimension 2. In this section we adapt the linear system (1.13) to the
interval Ja(x) := (2cos(%), 1+ cos(%)). This will setup our framework behind Conjecture 1.11.
In sections 13 and 14 we numerically implement the equations of this section.

Fix k > 2, n € N*. First, let &,, Xon, ..., Xnt+1,n be the solutions of Propositions 7.1 and 7.2
(also Theorem 1.7). Our aim is to find the coefficients p; . of A(n) = Z(]JV:(;L) Pjgr(n)Aj,« so that
a strict Mourre estimate holds on the interval (&,,&,—1). For n odd, the linear system (1.13)
becomes (using notation (3.3) and (3.4) instead) :

Gi"(Xq,n) =0 qg=0,..(
%G‘:::”(X%H) =0 g=1,..,(
G (Xyn1)=0  q=0,...(n—3)/2
LG (Xgn1) =0 q=1,...,(

(12.1)

This system of 2n — 1 equations has at most rank 2n — 1, but part of our conjecture is that it
always has rank 2n — 1 and so one solves for 2n — 1 unknown coefficients pj,. For n even, the
linear system (1.13) becomes (using notation (3.3) and (3.4) instead) :

G& (Xgn) =0 ¢q=0,...,n/2—1
4G (Xgn) =0 qg=1,...n/2

Go ' (Xgn1)=0 q=0,...,n/2—1
LG (Xgn1) =0 q=1,.,n/2 1.

(12.2)

Again, this system of 2n — 1 equations has at most rank 2n — 1, but part of our conjecture is
that it always has rank 2n — 1.

For the coefficients p; . we will assume 3 = {pj s, Pjors - Pjonr} and further always take the
convention that j1 = 1 and pj;x = px = 1. Thus we have a system of 2n — 1 unknowns and
2n — 1 equations.
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Remark 12.1. Fiz n odd. By the second equation in (5.1) gfg(XHq) = gfg(Xn,q) for q =
0,1,....; (n —1)/2. So GE"(X144) = GE(Xp—y) for any choice of coefficients pj. And by (5.5),

G&n (X(n+1)2) = 251161)/2 w,G (X,). So to avoid obvious linear dependencies, we require the

first line of system (12.1) only for ¢ = 0, ..., (n — 1)/2. Also a direct computation of LGE(x)
shows that %G‘:ﬂ (X14q) = d%Gﬁ” (Xn—q) for ¢ =0,1,...,(n—1)/2 and any choice of coefficients
pjr- And by Lemma 3.4, %G‘En (X(n+1)/2) = 0 always holds. So to avoid obvious linear depen-

dencies, we require the second line of system (12.1) only for g =1,...,(n—1)/2 (we don’t include
q = 0 either but that is for a separate reason based only on numerical and graphical evidence).

Remark 12.2. Analogous remark to 12.1 holds for n even.

13. APPLICATION OF POLYNOMIAL INTERPOLATION TO THE CASE Kk = 2 IN DIMENSION 2

In this section we prove Theorem 1.10 and give some graphical illustrations to justify our
Conjecture 1.11 for n = 1,2,3,4 and k = 2. See the plots of GZ_,(z) in Figure 10. In this
Figure, note that in the left and right-most columns, GEZQ > 0, whereas in the middle column,
GZ ,(z) > 0, Vx € [E — 1,1]. Throughout this section the sequence &, referred to is that of
Theorem 1.7 and Propositions 7.1 and 7.2. In the middle column of Figure 10 the values of E
used to illustrate GE:Q are, from to top to bottom, £ = 0.8,0.6,0.45,0.36. Subsections 13.2,
13.3, 13.4 and 13.5 detail the calculations underlying Figure 10.

Proof of Theorem 1.10.

Fix d = k = 2. It is enough to prove that GZ(z) = g¥ (z) + 9/14g¥ (z) is such that GE(x) > 0
for E € (2/3,1) and x € [E — 1,1]. Thanks to the computer, G¥(z) = —(180E/7)(2?> — Ex +
r_ry)(x? — Ex + s_s;) where

r+ =

1 V20 — 15E2 — 2/54/16 — 20E2 + 9E4 1 7/20 — 15E2 + 24/51/16 — 20E2 + 9F4
— E i‘ , St =5 E i ’
2 V15 2 V15

which satisfy r— +ry =s_ + sy = F and
r_ry = (15E2 — V/5V/16 — 20E2 1 9ET — 10) /30, s_sy = (15E2 +V/5v16 — 202 + 9ET — 10) /30.

The parabola 22 — Ex + r_r, has real roots iff E € [-2/3,2/3]. Thus for E € (2/3,1), this
parabola is strictly positive. On the other hand, the parabola 2> — Ex + s_s.. is strictly negative
if and only if = € (s_,sy+) (one checks that s_, sy are real numbers if and only if E € [—2,2]).
For a fixed value of E, we want GZ(z) > 0 for all # € [E — 1,1]. Thus we are led to solve
s- < E—1<1< s which has solutions F € [2/3,1] u [4/3,2]. This implies the result. Note
also GE(x) =0 for E=2/3, 2 =—1/3,1/3,1and E = 1, 2 = 0, 1, as expected. O

13.1. A specificity of the polynomial interpolation problem for x = 2. We have a remark
that is specific to the case K = 2. Recall the definitions of g;, and G, given by (1.8) and (1.9)
respectively. For x = 2, note that the linear span of {Uj.—i(z) : j > 1} equals the linear
span of {#%/71 : j > 1}. So we can interpret the polynomial interpolation problem of finding
coefficients pj,. such that G.(Z) > 0, instead as, we are looking for an odd function f_ such that
Grea(%) =X cicg(l—22) f—(x;) > 0 for all € Sp. We don’t know if this remark is helpful but
we found it still interesting enough to mention.
Table 3 gives the inputs we need to feed linear systems (12.1) and (12.1) into the computer.
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n Left endpoint Right endpoint ‘ Y=

1 =2 X1=&/2=3 =1 {2,4}

2 E=1,X1=0,X2=1 S1=2,X1=3 {2,4,6,10}

3 53=%,X1=—é,X2=%,X3=% 52=%7X1:07 X2=% {2747678710712}

4 €4=%7X1=—%,X2=0, X3=%,X4=§ €3=§,X1=—%7X2:%7X3=g {2747678710712714720}

TABLE 3. Data to setup polynomial interpolation on (&,,&,-1). kK =2. d = 2.

13.2. 1st band (n = 1). By Lemma 1.4, & € O (A) and GE (& — 1) = 0 is always true. By
Lemma 3.4, %Gil (X1) = 0 is always true. So these are fake constraints. Then we compute

M=[g5E-1) fE-D]=[-% 2], p=[ p] . Mp=0=p=9/14

13.3. 2nd band (n = 2). Matrix M equals

952 (& —1) ¢2(&2—1) ¢32(&—1) ¢3(E—1) ~3/4 3/4 0  3/4
Lo (X1)  LoP(Xx1) Le(xn) Lep(xy) | =32 -132 12 92

16 224 1840 42416
951(51—1) 951(51—1) ggl(gl—l) 9‘1%(51—1) a7 243 T 2187 177147

Mp=0= p=1[1,ps,ps,p10)" = [1,598/787,464/2361,189/787]" ~ [1,0.7598,0.1965,0.2401]%.

13.4. 3rd band (n = 3). Matrix M equals

EE-D RGN R B IR - SR
00) B0 | NI MR RN R
%953 (X1) - %9183 (X1) | = % _% ?225? 37587182254 _132222324 44885882688112952
g2 (E2—1) .. gB3E&-1)| |[-3/4 34 0 ~3/4 3/4 0

_%ng(Xl) %g‘fﬁ(Xﬁ_ | 3/2 —13/2 12 —23/2 9/2 0 ]

The system Mp = 0 has the solution p = [p2, p4, s, pg; p10, p12]* equals

879159 368515 419505 83750 1146875 |7 T
~|1,1.4018,1.1751,0.6689,0.2670,0.0795]" .
[ 6271547 313577 6271547 313577’ 14424542] L1, ’ ’ ’ ’ ]

M has rank 5, which is the number of unknown parameters in p.

13.5. 4th band (n = 4). Matrix M is too large to write out. Mp = 0 = [p2, pa, p6, P8, P10, P12, P14, P20] . =
[ 91312852394687883497633 2214634471921172327027 7972149322756114102612 1480399911203653752057

" 60342582799484620292280° 1508564569987115507307° 7542822849935577536535 " 2514274283311859178845’
305875819949113732527  6549161566940548875 16094965193651953125 }T

1149382529513992767472° 71836408094624547967°  8045677706597949372304
~ [1,1.5132,1.4680, 1.0569, 0.5887, 0.2661, 0.0911, —0.0020] " .

M has rank 7, which corresponds to the number of unknown parameters in p.
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FIGURE 10. Plots of GZ_,(x), v € [E — 1,1]. Rows correspond to n = 1,2,3,4.
Left column : F = &,. Middle : some E € (&,,&,—-1). Right column : F =&,,_;.

Remark 13.1. We check the linear dependencies between the rows of M wusing linear regression
(Python’s statsmodels for example) and assess based on the R? among various statistics.

14. APPLICATION OF POLYNOMIAL INTERPOLATION FOR Kk = 3 IN DIMENSION 2

In this section we give graphical illustrations to justify our Conjecture 1.11 for n = 1,2,3,4
and k = 3. See the plots of GE_;(z) in Figure 11. In this Figure, note that in the left and
right-most columns, GE_; > 0, whereas in the middle column, GE_;(z) > 0, Vz € [E — 1,1].
Throughout this section the sequence &, referred to is that of Theorem 1.7 and Propositions
7.1 and 7.2. In the middle column of Figure 11 the values of E used to illustrate GE_; are,
from to top to bottom, £ = 1.4,1.26,1.2,1.15. Subsections 13.2, 13.3, 13.4 and 13.5 detail the
calculations underlying Figure 11.

Table 4 gives the inputs we need to feed linear systems (12.1) and (12.1) into the computer.
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Left endpoint ‘ Right endpoint

31

=

£ = TE2VZ o 13203, X, — 2t3Y2

n

1 Eo=1+cos(3) =
2 Es = (9++/33)/12 ~ 1.2287, X1 = 1/2, X2 = (3 ++/33)/12

3

4

= left endpt data of n =1
= left endpt data of n = 2

N| o

83 ~ 11737, Xl ~ 04077, X2 = 53/2, X3 = 53 — Xl.
84 jad 1.1375, X1 ~ 0.3484, X = 1/27 X3 = 54 — X2, X4 = 54 - X1

TABLE 4. Data to setup polynomial interpolation on (&,,&,-1). K =3. d = 2.

14.1. 1st band (n =1). Mp=0= p = [ps, ps]

V]

T = [1, 10827« [1,0.6027]"

A )

03 04 045 05 055 06 08 07 075 08 085 09 095

{3,6}
{3,6,9,18}
{3,6,9,12,15,18}

= left endpt data of n =3 | {3,6,9,12,15, 18,21, 36}

i oas o5 os5 o6 o0ss o7 o075 o8 o085 08 085

N

085 06 oss 07 o7 08

0B 0o 08

Bl

3

| \ /\ |
MN | ’A \/ M f

04 us 05 0% 06 o0& 07 075 08 085 09 085

[ |
| | [
I\ |
| /
| x\ a P /
| \ /N /N /

\ A

AR Rl AREE\GHVRERANARE/

\ \/ \ ./

FIGURE 11. Plots of GE_;(z), z € [E — 1,1]. Rows correspond to n = 1,2, 3,4

Left column : E = &,. Middle : some E € (&,,E,—1). Right column : F =&,_;.
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14.2. 2nd band (n =2). Mp = 0= p = [p3, ps, po, p1s]’ =~ [1,0.8854,0.2861, —0.0452]"".
14.3. 3rd band (n = 3) X2 = 53/2 and T3(53—1) = T3(53—X1), Tg(Xl) = T3(53/2). Applying
(2.2) leads to

4 ((53 — 1)2 + (53 — 1)(53 — Xl) + (53 — X1)2) =3

4(XT+ X1&3/2 + E3/4) = 3.

Subtract the equations to get X1 = (363 — 11£2/4 — 1)(1 — 7€3/2)~L. This leads to
(14.1)

&3

199 /49149 + 247t + 2223s 1 \/32766 t 3s 4340412+/3

=—— + foA e — e — o+ ,
494 494+/3 2\ 61009 741 247  61009+/49149 + 247t + 22235

where t = \3/2625129 — 139968+/327 and s = \3/3601 +1924/327. So &3 ~ 1.1737. On the other
hand, & = (X7 — 11X2 +37/4)(3 + 9X1)~ L. So

T 494 1976/3 2

X, = .
! 61009 11856 494 61009 /2129040 + 247q + 17784r

73 | /2129040 + 247¢ + 17784r 1 \/88710 q 3r 5651424 V3

q = /569651470848 — 1240676352/327, and r = /1526201 + 33244/327. So X1 ~ 0.4077. The
minimal polynomials of &5 is

mp(E) = 247TE* — 3983 + 141E? — 20F + 4,
Also, X3 = —(E3—1)/2+4/34/1 — (€3 — 1)2/2 ~ 0.76598. Next we suppose ¥ = [3,6,9,12, 15, 18].

Python says the solution to Mp = 0 is
p = [p3, pe, P9, P12, p1s, p1s]t =~ [1,1.38266,1.09831,0.56967, 0.18700, 0.03160]7 .

14.4. 4th band (n = 4). X2 = 1/2, and T3(84 - 1) = T3(54 - Xl) and Tg(Xl) = T3(54 - 1/2).
Thus :
E -1+ E-DE-X)+(E-XP = [X+XE -+ E - =
2 _1 _1y2_3 < _ BE2-8E,43
Xi+Xi(la—3)+(Ea—3)" =73 X1 = eg,—6

Technically speaking there are 4 solutions for £4 ~ 0,0.23,0.44, 1.13. Given the context we infer

17 /58 1 214687
(14.2) &= o8 T g cos (3 arctan < E01 >> ~ 1.1375.

The minimal polynomial of & is mp(E) = 224E3 — 408E? + 198E — 27. To solve for Xj,
eliminate the £F in the system. One gets & = (—8X? + 10X; + 7)/(24X1). Technically there
are 4 possibilities for X7 ~ —0.70, —0.5,0.34, 0.89. Given the context we infer

(14.3) X = % - \5)’ (\/gsin(ﬁ) - cos(ﬂ)) ~ (.3484.

where § = %arctan (14275{167@) The minimal polynomial of Xj is mp(X) = 224X3 — 120X2 —

126X + 49. The minimal polynomial of X3 = & — Xo ~ 0.6375 is mp(X) = 112X3 —
36X2 — 21X — 1. Determining the minimal polynomial of X4 = & — X; ~ 0.7890 didn’t
seem worth the effort. Next we suppose ¥ = [3,6,9,12,15,18,21,36]. We fill the matrix M

with floats (exact numbers are getting complicated). Python says the solution to Mp = 0 is

(03, P6; Po, P12 P15, P18, P21, P36]T =~ [1,1.48690, 1.34705,0.86282,0.39635, 0.12308, 0.02043, —0.00012] 7.
On the other hand it seems ¥ = [3,6,9,12,15,18,21, 35] is not valid for j = 8,9, 10, 11.
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15. HOW TO CHOOSE THE CORRECT INDICES X = {j1K, joK, ..., jonk} 7

This section is in dimension 2. In this section our message is : certainly not any 2n-linear
combination of the form (1.6) works on the interval Ja (k) := (2 cos(m/k), 1+ cos(m/k)), but many

do work.
e For k =2, n =2 : let us assume instead ¥ = {2,4,8,16}. Then we find coefficients

0 ]T B [1 3975779 2837741 13851
P12 PP P16 = 5 5359390° 106646407 1184960
This gives a valid combination. We have additionally checked that the combinations ¥ =
{2,4,8,2j} are also valid, for j = 5,6,8, whereas ¥ = {2,4,6,8}, {4,6,8,10} and {2,6,8,10}
are not valid. Figure 12 has 2 examples of valid solutions and 2 examples of invalid solutions,
on the interval (£2,&1) = (1/2,2/3).

T
] ~ [1,0.7456, —0.2660, —0.0116]7 .

FIGURE 12. Plot of GZ_,(x), z € [E — 1,1]. Top row : ¥ = {2,4,6,8} for first
2 graphs and ¥ = {2,4,6,12} for last 2 graphs. Bottom row : ¥ = {2,6,8,10}
for first 2 graphs and ¥ = {2,4,10,14} for last 2 graphs. In all cases, Left :
E =&(k=2)=1/2. Right : £ =& (k=2) =2/3.

e For k = 3, n = 2 : other combinations of ¥’s are valid. For instance ¥ = {3,6,9,21} is also
valid, yielding positivity on the same band, but ¥ = {3,6,9,12} and {3,6,9, 15} are not valid.

16. CONJECTURE FOR THE INTERVAL J3(k) := (1 + cos(27/k), 2 cos(7/k))

In this section we give evidence for Conjecture 1.12. We only do s = 3, 4.

K ‘ B, ‘ proved in [GM2] ‘ Conjecture based on Table 6 (improvement)
3B = 3BV ~05425| (5.1) < pa(D) 5= (1/2,1) < pn(A)
4] B=03-)=1.0261 | (F,v2)c pe(d) Js = (1,V2) © px(D)
TABLE 5. Sets < p,(A). d = 2. Proved in [GM2] vs. conjectured
Intervals © p(A). k=3 Intervals c p(A). k=4
(0.518,0.64) : p = (1,0.6) (1.00209,1.049) : p = (1,0,0,0.8331)
(0.5082,0.54) : p = (1,1,0.8) (1.0011,1.096) : p = (1,0.3,0,—0.1,0,0.465)
(0.5037,0.5087) : p = (1,0.926,0.5,2.5)
Union of intervals : (0.5037,0.64) Union of intervals : (1.0011,1.096)

TABLE 6. Sets < p.(A). d = 2. p of the form : p = (px, P2r, P3sy ----)



LAP FOR DISCRETE SCHRODINGER OPERATOR 34

The coefficients p = (pj.) in Table 6 were found just by fiddling around with the coefficients
and the graphs (we don’t know how to cast this problem into polynomial interpolation).

17. (9 - \/33)/12,2/7) IS A BAND OF A.C. SPECTRUM FOR Kk = 3 IN DIMENSION 2 : EVIDENCE

X, \ /%, \J% X, U %,
G 5 o % FED o o D 0 o5 e oe oz o] oz os os

FIGURE 13. GE_,(z), z € [E — 1,1]. From left to right: £ = (9 —/33)/12 ~
0.2713, E = 0.276, E = 0.28, E = 2/7 ~ 0.2857. GE_;(z) > 0 in the 2 middle
pictures, but not in the other two.

The 2 energies (9 — +/33)/12 and 2/7 belong to @1 ,—3(A) as per Table 2. Python says the
solution to M p = 0is [p3, pe, p9, p12, p15]° =~ [—2.1648-t, —7.2577-t,22.5984-t,3.3111-¢,¢]7, t e R.
GE_,(z) is plotted in Figure 13 for t = 1.

18. NUMERICAL EVIDENCE FOR A BAND OF A.C. SPECTRUM FOR Kk = 8 IN DIMENSION 2

Fix k = 8, d = 2. We see from Table 7 that (0,1+ COS(:%T)) was identified as a gap in our prior
work. Can we find a linear combination of conjugate operators that gives positivity on an interval
to reduce this gap 7 We look for a band that is adjacent and to the left of Hg := 1 + Cos(%’r).
Our numerical calculations suggest that 3H; such that (Hi,Ho) < px=s(A), but the point is
that the system of linear equations (1.13) is underspecified.

To determine the nearest threshold to the right of Hyp, let’s call it H;. We assume H; €
®1.(A). So wogﬁl (X1) = g;-'él (Xo), V7 € N*. To solve this equation, we follow the path of
Ansatz (1) in the context of (4.4) : we make the assumption that Xo = H; — 1 and T3(Xp) =
T3(X1) = Ts(H1— X1). Thus we have a system of 3 equations, 3 unknowns (#1, Xo, X1). There

are many solutions to this system; we will focus on the one where

1 2 1 2 2
=1 (ﬁ N 2@) > 13507, Xi= o4 pMy o - SH > 04142

We then compute wy = g7t (Xo)/gH(X1) ~ —0.7427 < 0, which means that H; € ©15(A).
Next, we assume a linear combination of the form A = Ag + p1gAis + p24A24. So GgE(x) =
gE (%) + p169s(x) + p2sgli(z). To determine p1g and pay we perform polynomial interpolation
with the following only constraint : G;‘l (Xo) = 0. Note that by construction this constraint is
equivalent to G&'(X;) = 0 and G¥'(H; — X1) = 0. Also, by Lemma 1.4, GZ°(Ho — 1) = 0
always holds. The interesting difference here is that we also have [gg{ji (Xo), 2 g;{j; (X1)] = 0forall
j1, 72 € N* (expand and use the fact Tx(Xo) = Ts(X1) = Ts(H1 — X1) and (22 — 1) LUj,_1(2) =
JKTj(x)—2Uje—1(x)). It is not clear to us if this means that I\ such that ggtjl (Xo) = )\%géﬁ-l (X1)
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for all 7 € N*. It seems that the constraint %G;’“(X 1) = 0 is redundant. One also checks that
%G;ﬁ (X2) = 0. Coming back to our interpolation problem, G;ﬁ (Xo) = 0 leads to

P16 = — (ngl(Xo) + p2agay (Xo)) /916 (X0) = — (Ur(H1 = 1) + paaUss(H1 — 1)) /Urs(H1 — 1).

The point is that here we have 1 degree of freedom, namely p24. Numerically, p1g ~ 0.51952 +
1.40530p24. Graphically, it appears that G¥(z) > 0 for E € (H1,Ho) and pay roughly in
(—0.36,—0.51).

i\
| | | |
A s ¢ 5 A B

FIGURE 14. GE_((z), z € [E —1,1]. Top : pas = —0.05, bottom : pay = —0.36.
From left to right: £ = H;, E = 1.365, E = Ho. GE_¢() > 0 in middle picture,
but not in the other two.

19. THE CASE OF k = 2 IN DIMENSION 3

We illustrate the situation for £ = 2, and the 4" band, namely (1 + &, 1 + &) = (4/3,7/5).
We use the linear combination )| j pjrAjr where the coefficients pj, are the same as in dimension
2, i.e. the ones found in Subsection 13.5.

Figure 15 shows the function GE_,(z,9) at E = 1 + & = 4/3 and certain values of y. We
observe a curious phenomenon. While the pattern observed is the same as the one occurring in
dimension 2, the novelty is that it is now occurring simultaneously all for the same energy. In
other words the pattern observed in dimension 3 for the n‘* band is the collection of the patterns
observed for bands 1,2, ...n in dimension 2. The graph of GE_,(x,y) at y = —2/3 is not plotted
because it is basically non-existant (z = z = 1 is forced and so the graph is only defined at x = 1,
and ij;/‘g(l, —2/3) = 0). For y e [E —2,1\{-2/3,—-1/3,0,1/3,2/3,1} GE_,(z,y) appears to
be strictly positive but that is irrelevant.
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FIGURE 15. GZ_,(z,y). E=1+&, =4/3, v € [E—y—1,1]. From left to right:
y=—1/3,0,1/3,2/3,1.

Figure 16 shows the function GE_,(z,y) at E = 1 + & = 7/5 and certain values of .

®o
E

w CONEN TRRN TN S TR

FIGURE 16. GZ_,(z,y). E=1+& =17/5, € [E—y—1,1]. From left to right:
y=—1/5,1/5,3/5,1.

20. A THRESHOLD IN DIMENSION 3 : AN EXAMPLE TO SUPPORT CONJECTURE 1.18
We find a threshold for k = 3 in dimension 3. The example justifies our Conjecture 1.18 :

Example 20.1. First we prove E = 237 € O ,—3(A[d = 3]). Note ziﬁ ~ 0.56695. To do this

we follow the procedure in section 4.2, adpated to d = 3. E € Oy (Ald = 3]) iff 3E € [0, 3],
Y; € [max(E—2,—1),min(E+2,1)], and X; € [max(E—Y;—1,—1),min(E-Y;+1,1)],i= 0,1,
and wg < 0 such that

C 95%:(X0,Y0)  gB(X0,Y0)

(201) wo = = s
95X, Y1) gl (X, Y)

V4,1 e N*.

Note gﬁ(', -) is given by (3.6). Thus we want to solve [gﬁ(Xo,Yo),glE(Xl,Yl)] = 0. We make
the simplifying assumption that Xg = Yy = E/3 # +1. Thus, the latter commutator equation
reduces to :

m(X1)[Ujx-1(E/3), Upe—1(X1)] + m(Y1)[Ujr—1(E/3), Uin—1(Y1)]
+m(E - X1 —Y1)[Ujk—1(E/3),Uj—1(E — X7 — Y7)] = 0.
By wvirtue of Corollary 2.4, this equation is satisfied if we further assume :
Th=3(E/3) = Ty=3(X1) = Th=3(Y1) = The=3(E — X1 — Y1).
This is 3 equations, 3 unknowns (E,X1,Y1). According to Python, a solution is E = %,

X1 =Y, = 2/\/T. We then check numerically that wy given by (20.1) is < 0, and it is because
wo = —1.8. We therefore have E € ©1 ,,—3(A[d = 3]).

(20.2)
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From our discussion in section 4.2, and notably the results in Table 2, we are inclined to believe

that 2\?} {cos(Im/k) : 0 < | < Kk} ¢ Oy ,—3(A[d = 2]). Of course, our example is not a hard
proof because we don’t know exactly what all the energies in ©1 ,—3(A[d = 2]) are. In any case,

we also congecture that zi\ﬁ —{cos(Ir/k) : 0 <1l < Kk} ¢ Op_3(Ald = 2]).
21. APPENDIX : RECAP OF PRIOR RESULTS (|GM2|)

Table 7 are the bands < p,(A) identified in [GM2|. These were obtained using the linear
combination of conjugate operators (1.6) with pj, = 1if j = 1, 0 otherwise.

K Intervals < p.(A). d Intervals © p,(A). d =

1 (0,2) [0,1) v (1,3)

2 (1,2) (2,3)

3 (0.542477, 1.000000) U (1.500000, 2) (2.5,3)

4 (1.026054, 1.414214) U (1.707107, 2) (2.072,2.121) U (2.707, 3)
5 (1.326098, 1.618034) U (1.809017, 2) (2.353,2.427) U (2.809, 3)
6 (1.511990, 1.732051) U (1.866026, 2) (2.529,2.598) U (2.866, 3)
7 | (1.222521,1.246980) U (1.632351, 1.801938) L (1.900969,2) | (2.645,2.703) U (2.901, 3)
8 | (1.382684,1.414214) U (1.713916, 1.847760) U (1.923880,2) | (2.724,2.771) u (2.924, 3)

TABLE 7. Sets © p(A)n|[0, d] found using the trivial linear combination (|[GM2])

In [GM2] we conjectured exact formulas for the most of the band endpoints. In dimension 2 :

{Interval =(__,2cos(n/k)) U (1 + cos(n/k),2), k=3-—6,
Interval = (1 + cos(37/k),2cos(2n/k)) U ( __ ,2cos(n/k)) U (1 +cos(n/k),2), k=17,8.

And in dimension 3 :

Interval = ( _ ,3cos(n/k)) U (2 + cos(n/k),3), Kk=4-28.

22. APPENDIX : ALGORITHM DETAILS

The following simple algorithms were used to visually assess the positivity of GZ.
When A in dimension 2, we used the simple algorithm :

e Forall Ee[-2,2]:
—lety=F—=x
— check if the function 2 +— GE(r) has same sign on the interval x € [max(E —
1,—1),min(E + 1,1)].

When A in dimension 3, we used the simple algorithm :

e For all F€[0,3] :
e For all y € [max(F —2,—1),min(F + 2,1)] :
—letz=FE—x—y
— check if the function x — GZ(x,y) has same sign on the interval = € [max(E —y —
1,—1), min(E —y + 1, 1)].
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23. APPENDIX : THE CONJUGATE OPERATOR AS A FOURIER SINE SERIES

Let Ajx be given in (1.6), F = (3.1). FA;F~' = (2)71 X [sin(jr&) 2 + 22 sin(jrgs)].
Let f : [-m, 7] = R be a C! function. Let f = f, + f_ be the decomposition of f into an even
f+ and odd f_ function. Consider conjugate operators of the form

i & 0 0
(23.1) a:= 2;-’”@@@ % 2 1), A=y ; a& + g fe ().
One has .
]:[Aaia]o‘/—:_l = Z 51n(§l)f(£z)a ]:[A la+ Z sin gz f+ éz)
i=1

Lemma 23.1. If there is a continuous function f such that the strict Mourre estimate (1.4)
holds for A wrt. a in a neighborhood of E then it holds for A wrt. a_ in a neighborhood of E.

Proof. Note that (&1, ...,&4) € Sg < (=&1, ..., —&q) € Sg. If the strict Mourre estimate holds for
A wrt. a in a neighborhood of E, then 3¢ > 0 such that

d
X{E} <2 COS(&')) 2 sin(&)(f+ (&) + f-(&)) =t xqm) (Z COS(&)) , and
Xie) (Z ) D sin(=6)(f+(~&) + f-(~€)) 2 1 x(ey (Z cos(—m) .

(2

(23.2)

Adding the 2 inequalities gives x{gy (2 COS(fZ))ZZ 1sm(ﬁl)f_ (&) = txgmy (22cos(&i)), which
means that the strict Mourre estimate holds for A wrt. a_ in a neighborhood of E. g

This Lemma means that if we assume a conjugate operator of the form (23.1), it is enough to
restrict our attention to odd functions. Furthermore, odd C' functions can be expressed via a
Fourier sine series. Thus a conjugate operator of the form (1.6) is in line with this observation,
but also takes into account the k—periodic specificity of the potential V.

24. k =10 : THRESHOLDS IN 1-1 CORRESPONDENCE WITH THE NODES OF A BINARY TREE

Figure 17 illustrates a sequence of thresholds \, 0. To construct this sequence, the first
point we place is (0,74(0)) = (0,—1). Then we place pairs of points satisfying first the
symmetry condition and then the level condition 2.3. Finally the last point is placed such
that it satisfies the symmetry condition wrt. the last point constructed, as well as equals
(cos(2m/k), T (cos(2m/k))) = (cos(2m/k), 1) or (cos(4n/k), T (cos(4m/k))) = (cos(4m/k),1). This
sequence is in 1-to-1 correspondence with the nodes of an infinite binary tree, because at every
time we want to fulfill the level condition 2.3, i.e. place (X, T}.(X;)) such that T, (X,) = T,(X,)
and T}, (X,) - T,.(Xq) < 0, we give ourselves the option of choosing from 2 different branches of
T.(-) (we could choose many more branches !).
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