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COMPATIBILITY OF SPECIAL VALUE CONJECTURES WITH THE
FUNCTIONAL EQUATION OF ZETA FUNCTIONS

MATTHIAS FLACH AND BAPTISTE MORIN

ABSTRACT. We prove that the special value conjecture for the Zeta function ((X,s) of a
proper, regular arithmetic scheme X that we formulated in [8][Conj. 5.12] is compatible
with the functional equation of (X, s) provided that the factor C' (X, n) we were not able to
compute in loc. cit. has the simple explicit form suggested in [9].

1. INTRODUCTION

This article is a continuation of our previous article 8] in which we formulated a conjec-
ture describing the leading Taylor coefficient of the Zeta function ((X, s) of a proper regular
arithmetic scheme X’ at integer arguments n € Z. Our conjecture involved a rather inexplicit
correction factor C(X,n) € Q* which we could only compute for X = Spec(Op) where F' is
a number field all of whose completions F; are absolutely abelian. Based on this example a
general formula for C'(X,n) in terms of factorials

(1) Cx,m) = J[ (n—1-ipcDTdme (%00

i<n—1;j

was suggested in [9] and proven for n = 1 in [10]. For n < 0 one has C(X,n) = 1 by
definition. In this article we prove that our special value conjecture is compatible with the
functional equation of the Zeta function if C'(X,n) is given by (1), see Thm. 1.4 below in
this introduction. We regard this as convincing evidence that (1) is indeed the right factor,
even though we cannot yet prove that (1) equals the original definition of C'(X,n) in terms of
p-adic Hodge theory. The original definition was made in such a way that our conjecture is
compatible with the Tamagawa number conjecture of Bloch, Kato, Fontaine and Perrin-Riou
[6], [11]. By restating our conjecture with the explicit factor (1) we are in effect making a
special value conjecture that is independent of p-adic Hodge theory and that is compatible
with the functional equation of (X, s). Note that compatibility with the functional equation
of motivic L-functions is not in general known for the Tamagawa number conjecture. Even
for Tate motives over number fields F' it is only known if all F,, are absolutely abelian.

A precise statement of our special value conjecture is given in Conjecture 1.1 in subsection
1.1 of this introduction but not needed for this article. Neither do any of the results in sections
2-4 of this article depend on unproven conjectures. Our main result Thm. 1.4 follows from an
unconditional theorem, Thm. 1.2, which is stated in subsection 1.2 of this introduction.

1.1. Cyclic homology and C(X,n). We make a few remarks which do not pertain to the
content of this paper but put formula (1) in perspective. One might wonder about a more
conceptual origin of the numerical factor C'(X,n) and in order to say something about this

The second author was supported by ANR-15-CE40-0002. The first author was supported by collaboration
grant 522885 from the Simons foundation.
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2 MATTHIAS FLACH AND BAPTISTE MORIN

question we first recall our special value conjecture in more detail. Let X be a regular scheme
of dimension d, proper over Spec(Z). Associated to X and n € 7Z is an invertible Z-module
("fundamental line")

A(X/Z, n) = determc(X, Z(?’L)) X7, detzRF(XZmn, LQ;T/LZ)

where LQ?/‘Z is the derived de Rham complex [14] modulo the n-th step in the Hodge filtration

and RTw (X, Z(n)) is a perfect complex of abelian groups whose definition is dependent on
assumptions (finite generation of étale motivic cohomology, Artin-Verdier duality for torsion
motivic cohomology) denoted by L(X,n), L(Xet, d —n), AV (Xe,n) in [8]. Also assuming
the Beilinson conjectures in the form of conjecture B(X, n) of [8] one can construct a natural
trivialization

(2) Ao : R 5 A(X/Z,n) @z R.

Let ((X,s) be the Zeta function of X and (*(X,n) € R* its leading Taylor coefficient at
s=n.

Conjecture 1.1.
Aoo(CH(X,m) 71 C(X,n) - Z) = A(X/Z,n)

This conjecture determines the real number (*(X',n) € R up to sign. As noted above, the
factor C'(X,n) was originally defined in [8][Conj. 5.12] as the product over its p-primary parts
where the definition of each p-part [8][Def. 5.6 involves p-adic Hodge theory and yet another
assumption Dy(&X',n) as well as assumption R(F,,dim(AfF,)) borrowed from [12]. We now
prefer to simply restate Conjecture 1.1 with C(X,n) given by (1). Theorem 1.4 will then
show that Conjecture 1.1 holds for (X, n) if and only if it holds for (X,d — n), provided that
¢(&X, s) satisfies the expected functional equation (see Conjecture 1.3 in subsection 1.2).

It was shown in [9][Remark5.2] that one can define a fairly natural modification [NJQ;’/LZ of
the derived deRham complex such that

detz RT(Xzar, LQY,) = C(X,n) - detz RT(Xz4r, LOY))

inside detgRI'(Xzar, L3, )q = detgRI(Xy, Q;g/(@), leading to a version of Conjecture 1.1
without any correction factor. We would like to point out another modification of derived
deRham cohomology that is perhaps even more natural than the definition of LQ;’}Z and
should also explain formula (1). Recall from [1| that there is a motivic filtration on cyclic
homology Fily,,, HC(X) with graded pieces given by derived deRham cohomology modulo

the n-th step in the Hodge filtration

9o HC(X) = R (Xzqr, LOY,) 20 — 2.

The corresponding spectral sequence already appears in [19]. Cyclic homology arises as S*-
homotopy-coinvariants on Hochschild homology HC(X) = HH(X)g1. One can consider the
topological analogue and define

TCH(X):=THH(X)s
where THH denotes topological Hochschild homology (see for example [20] for a review).
Note that TCT(X) is not what is usually called topological cyclic homology. We conjecture
that there is a motivic filtration Fil},,, TCt(X) that maps to Fil};,, HC(X) inducing an

isomorphism
Fil}; TCH(X)g & Fil}ys HC(X)g.
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Defining
RT(Xzar, LQY)g) = g1y TCT (X)[~2n + 2]
we expect

detz RT'(Xzq4r, LQ}’}Z) =C(X,n) -detZRI‘(XZaT,LQ}’/‘S)

and therefore a version of Conjecture 1.1
Aoo(C*(X,n)7h - Z) = detz RTwo(X, Z(n)) @z RT(Xzar, L)

without correction factor. Here we may define detz RI'(X 74y, LQ;’;S) as the alternating de-

terminant of the homotopy groups although we in fact expect RT'(Xzq4, LQ;’;S) to be a HZ-

module spectrum.
We can currently only define the motivic filtration if X is smooth proper over I, or for
X = Spec(OpF). In the first case the motivic filtration was defined in [3|, one can verify that

both RI'(Xzq, LQ;’}Z) and RT(Xzq, LQ;’/‘S) have finite multiplicative Euler characteristic

given by Milne’s correction factor [8][Def. 5.4], and indeed one has C(X,n) = 1 by formula
(1). For X = Spec(Op) the motivic filtration on HC(OF) is given by
Fﬂg\L/lot HC(OF) = TzznngC(OF)

and one may define
Fil} 0 TCH(OF) == 752, 3TC T (OF)

by the same formula. Denote by Dp the different ideal of O and by |Dp| = NDp the absolute
value of the discriminant. As was shown in [8][1.6] there is an exact sequence

0— HCzn,Q(OF) — Op — Q(’)F/Z(n) — HCang(OF) —0
where Q¢ /7(n) is a finite abelian group of cardinality |Dp|71, ie. we have
|H02n_3(OF)| . [OF : HCQn_g(OF)] = ’DF|n_1.

By a theorem of Lindenstrauss and Madsen [18] one has

Op i=0
THH;(Op) = Dp'/j-Op i=2j-1
0 else.

An easy analysis of the spectral sequence
Hi(BS', THH;(OF)) = TC} ,(Or)
then shows that TCy, 5(Or) is finite and TCy ,(Op) C O is a sublattice so that
TCy,—5(OF)| - [OF : TCH,_5(Op)] = (n — DIFA - |Dp|"

And indeed one has C(Spec(Op),n) = (n — 1)!~FQ by (1),
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1.2. Statement of the main result. Under our standard assumptions L(X e, 1), L(X e, d—

n) and AV (X, n), we defined in [8] an exact triangle of perfect complexes of abelian groups
(3) RUw(X,Z(n)) = RT'w(X,Z(n)) = RUw (X, Z(n)).

Here X is an Artin-Verdier compactification, X, is the quotient topological space X (C)/Gr
and

RUw (X, Zi(n)) := RT(Xso, i Z(n))

where % Z(n) is a certain complex of sheaves on X, which is unconditionally defined.
In [8][5.7] we defined the invertible Z-module

Eoo(X/Zyn) = detzRUw(Xoo, Z(n)) @ dety ' RT(Xzar, LQF))

@dety RTy (Xao, Z(d — 1)) ® dety RT(Xzar, L3

and a canonical trivialization
boo 1R " 200(X/Z,n) @ R.
We denote by
Too(X,n)% € Rug
the strictly positive real number such that
Eoo(Too(X,0) 7 - L) = Eco (X /Z, )
and prove the following unconditional

Theorem 1.2. Let X be a regular scheme of dimension d, proper and flat over Spec(Z). We
have

C*(Xooym) C(X,n)
((Xoo,d—n) C(X,d—n)
where A(X) is the Bloch conductor (see Definition 3.2) and (X, s) is the archimedean Euler
factor of X (see Section 4).

Too(X,m)? = £A(X)U2.

We now explain the significance of this result. Let ((X,s) := ((X,5) - ((Xx,s) be the
completed Zeta-function of X.

Conjecture 1.3. (Functional Equation) Let X be a regular scheme of dimension d, proper
and flat over Spec(Z). Then ((X,s) has a meromorphic continuation to all s € C and

AX)I=9/2 (X d — s) = £AX)Y? - C(X, s).

Assume that L(X e, n), L(Xe,d —n), AV(Xe,n), B(X,n) and B(X,d —n) hold, so that
Conjecture 1.1 for (X,n) and (X,d — n) makes sense. By [8|[Prop. 5.29|, the exact triangle
(3) and Weil-étale duality |8||Thm. 3.22] induce a canonical isomorphism

A(X/)Z,n) @ Zoo(X)Zyn) — A(X/Z,d — n)
compatible with &, and the trivializations (2) of A(X/Z,n) and A(X/Z,d —n). We obtain

Theorem 1.4. Assume that (X, s) satisfies Conjecture 1.3. Then Conjecture 1.1 for (X,n)
is equivalent to Congecture 1.1 for (X,d —n).
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1.3. Outline of this article. In section 2 we study Verdier duality on the locally compact
space Xoo := X (C)/Gr and how it applies to the complexes of sheaves i% Z(n) introduced in
[8][Def. 3.23]. The key result in terms of relevance for the following sections is Prop. 2.23
which provides the correct power of 2 appearing in the functional equation.

In section 3 we review duality results for the exterior powers of the cotangent complex Ly 7
due to T. Saito [23] and deduce duality for derived de Rham cohomology of X. It turns out
that the Bloch conductor A(X) of X introduced in [4] measures the failure of a perfect duality
for these theories, see Thm. 3.3 and Prop. 3.5. Corollary 3.9 then provides the correct power
of A(X) appearing in the functional equation.

In section 4 we recall the archimedean Euler factors for (X, s) and make some preliminary
computations towards the main result.

Finally, in section 5 we prove Thm. 1.2 and Thm. 1.4, also employing the results already
established in [8]|Cor. 5.31] towards compatibility with the functional equation.

Acknowledgements. We would like to thank S. Lichtenbaum for many indirect contributions
to this project. Our realization that his Conjecture 0.1 in [16] could be proven using the ideas
of T. Saito in [22] was at the origin of this article (but in fact such a proof had already been
carried out by T. Saito himself in [23][Cor. 4.9], see Thm. 3.3 below). Lichtenbaum’s recent
preprint [17] has considerable overlap with our article in that he also formulates a conjecture
on special values of (X, s) and proves compatibility with the functional equations. Despite
differences in language, and the fact that all results of [17| are only up to powers of 2, we
believe our approaches are largely equivalent.

We would also like to thank Spencer Bloch for interesting discussions related to C'(X,n).

2. VERDIER DUALITY ON X, = X(C)/Gg

2.1. Statement of the duality theorem. Let X be a regular, flat and proper scheme over
Spec(Z). Assume that X' is connected of dimension d. We denote by X := X(C)/Gr the
quotient topological space, where X'(C) is endowed with the complex topology. Let
p: X(C) = X
be the quotient map and let
7 : Sh(GRr, X(C)) — Sh(Xx)
be the canonical morphism of topoi, where Sh(Gg, X(C)) is the category of Ggr-equivariant
sheaves on X(C). We have the formula
Tu(F) = (poF)CE.
Let Z(n) := (2im)"™ - Z be the abelian sheaf on Sh(Gg, X(C)) defined by the obvious Gr-action
on (2im)™ - Z. In [8|[Def. 3.23|, we defined the complex of sheaves on X

it Z(n) := Fib(RmZ(n) — 77" R7.Z(n))

o
for any n € Z. We define similarly
Rit Z(n+1)[3] := Z'(n) := Fib(Rm,Z(n) — 72" R7,Z(n))
and we set
e:=d-—1.
If Z is a locally compact topological space, we denote by Dy := Rf'Z the dualizing complex,
where f: Z — {x} is the map from Z to the point.
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Theorem 2.1. There is an equivalence Z'(e) = D, [—2¢] and a perfect pairing
it Z(n) @L 7' (e — n) — Z'(e) = Dy, [2¢]

in the derived category of abelian sheaves over X, for any n € Z.

Proof. We set Z(n) := i.Z(n), we denote by ¢ : X(R) — X the closed immersion and by j

the complementary open immersion. By Proposition 2.5 there is a product map
Z(n) @* 7 (e — n) — Dx_[—2¢]
inducing
(4) Z(n) — RHom(Z' (e — n), Dx._ [—2¢]).
Then (4) induces an equivalence
j*Z(n) = j*RHom(Z'(e — n), D, [—2¢])
by Proposition 2.7. Similarly, (4) induces an equivalence
R/'Z(n) S R/'RHom(Z' (e — n), Dx._[—2€])

by Proposition 2.17. It follows that (4) is an equivalence. Applying RHom(—, Dy, [—2e]), we
get an equivalence

Z/'(e —n) = RHom(Z(n), Dx., [—2€]).

Since Z(0) is the constant sheaf Z, we have

Z'(e) ;> DXoo [—26].

We immediately obtain
Corollary 2.2. There is a trace map RI'(Xs,Z (€)) — Z[—2€] and a perfect pairing
RT(Xso,i% Z(n)) @ RT(Xuo, Z/ (e — n)) = RI'(Xno, Z/(€)) — Z[—2¢]
of perfect complexes of abelian groups, for any n € Z.

The following corollaries also follow easily from Theorem 2.1. We state them in order to
justify the notation Ril Z(n).

Corollary 2.3. There is a trace map
RT(Xso, Ril_Z(d)) — Z[—2d — 1]
and a perfect pairing
RT(Xoo, i* Z(n)) @ RT(Xso, Ri‘ Z(d — 1)) — RT(Xso, Ri‘ Z(d)) — Z[—2d — 1]
of perfect complezes of abelian groups, for any n € Z.

Corollary 2.4. Assume that X satisfies the assumptions L(X e, n), L(X e, d—n) and AV (X e, n)
of |8]/5.2]. We define

RTw (X,Z(n)) :== RHom(RT'w (X, Z(d — n)), Z[-2d — 1]).
Then we have an exact triangle

RT(Xs, Ril_Z(n)) — RTyw (X, Z(n)) — RTyw (X, Z(n)).
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2.2. Proof of the duality theorem. The proof of Theorem 2.1 relies on the results proven
below.

2.2.1. Notations. We denote by ¢ : X(R) — X the closed immersion and by j : X3 — X
the complementary open immersion, where X3 1= Xoo —X(R). We set X'(C)° := X(C)—X(R).
We denote by

p°: X(C)° — X3,
the quotient map, and by
7° : Sh(Gg, X(C)°) = Sh(X2)

the morphism of topoi induced by m, which is an equivalence since Gr has no fixed point on
X(C)°. If x € X(R) then we denote 1y : © — X (R) (or ¢y : © — X&) the inclusion. The
complex of sheaves over X, denoted by Z(n) always refers to i Z(n).

We denote by C*(Gr,Z(n)) := RI'(Ggr,Z(n)) the cohomology of Gr with coefficients in
(2im)"Z, by CA'*(GR,Z(n)) = Rf(GR,Z(n)) Tate cohomology, and by Cy(Gr,Z(n)) the ho-
mology of Gr with coefficients in (2i7)"Z. We have a fiber sequence

Cy(Gr,Z(n)) — C*(Gr, Z(n)) — C*(Gr, Z(n)).

Recall that, if Z is a locally compact topological space, we denote by Dy := Rf'Z the dualizing
complex, where f: Z — {x} is the map from Z to the point.

2.2.2. The duality map.
Proposition 2.5. For any n € Z, there is a canonical map
it Z(n) @1 7' (e — n) — Da_[—2¢]
in the derived category of abelian sheaves over X.
Proof. Let f be the map from X to the point. We start with the morphism
it Z(n) @1 7/ (e — n) = R, ((2im)"Z) @ R, ((2im)* " Z) — Rm.((2im)°Z).
Then the map
R, ((2im)°Z) — Dy [—2¢] := f'Z[—2¢]
is given by
RfiRm,((2im)°Z) ~ RI'(Gr, X(C), (2i7)°Z) — Z[—2€]
where the last map is
RT(GR, X(C), (2i7)°Z) — RT(X(C), (2i7)°Z) — 7=* RT(X(C), (2in)°Z) — Z[—2e].
Note that Rf) = Rf. since X5 is compact. O
Definition 2.6. For any n € Z, we consider the morphism
(5) Z(n) — RHom(Z'(e — n), Dx._[—2¢])

induced by the product map above.
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2.2.3. The map j*Z(n) — 7*RHom(Z'(e — n), Dy, [—2¢]).
Proposition 2.7. The canonical map
j*Z(n) — j*RHom(Z'(e — n), Dx,. [—2e])
is an equivalence.
Proof. We replace n by e — n. We have
j* Rom(Z!(n), Dy, [~2¢]) =~ RHomg, ys)(j*Z (), Dz [2¢])
~ RHomgy,(xo (7 (2im)"Z, Dxg )[—2e].
Similarly, we have j*Z(e — n) = w2(2im)¢ "Z. So we need to check that the map
e (2im)"Z — RHomgy,(yo ) (3 (2im)"Z, Dag, )[—2e]

is an equivalence. The map p° : X(C)° — X3 is a finite étale Galois cover, hence p°* is
conservative. Hence it is enough to check that

p” ml(2im) " Z — RHomgy,x(c)e) (P 75 (2im)"Z, D (c)o ) [—2¢]
is an equivalence. But we have
po ey (2im)" 7 ~ (2im)" Z,
hence one is reduced to observe that
(21'77)6_"2 — RmSh(X(C)O) ((217‘(’)”2, DX((C)O ) [—26]

is an equivalence by Verdier duality on the complex (hence orientable) manifold X(C)°. O

2.2.4. The complex X Ri'Z(n).

Lemma 2.8. For anyn € Z and any x € X(R), we have a fiber sequence
RI'(Gr,Z(n)) — ;,Rj.j*Z(n) — RI'(Gr,Z(n —e))[—(e — 1)]

and 1 Rj.j*7Z(n) is cohomologically concentrated in degrees € [0,e — 1].
Proof. For e = 0, the map j is both a closed and an open immersion hence ¢} Rj,j*Z(n) = 0.
So the result is obvious in that case, hence we may assume e > 1.

Note first that j*Z(n) ~ Rng((2im)"Z). Let x € X(R) C X(C). For a point z € X(C) in
the neighbourhood of x, we have

z= (a1, b1, - ,ae,b.) €CO=R@i-R)°
where o acts as follows
(ab"' 7ae>b17"' 7be) = (alv"' 7ae>_bla"' a_be) eRe@i'Re‘

So a basic open neighborhood of € X(R) in X'(C) is of the form B¢ x B¢ where B¢ denotes
an open ball in R¢, and o acts trivially on the first ball and by multiplication by —1 on the
second ball. We have

XR)N(B°x B°)=B°x0
and a Gr-equivariant homotopy equivalence

X(C)° N (B x B®) = B® x (B —0) ~ B x 8§71 ~ g¢~1
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where Gg acts by its antipodal action on the (e — 1)-sphere S¢~!. We obtain
thRjj*Z(n) =~ colimyeycx, RI(U — X (R),Z(n))
~ colimzeyca, RU(Gr,p ' (U — X(R)), Z(n))
~ RT(Ggr,S“ ', Z(n))

where G acts both on 8¢~ and Z(n) := (2i7)"Z. But we have a fiber sequence in the derived
category of Z|Gr]-modules

Z(n) — RT(S“7' Z(n)) — Z(n — e)[—(e — 1)]
where the boundary map Z(n — e))[—(e — 1)] = Z(n)[1] is the non-trivial class in
Homg(,) (Z(n — €))[—(e — 1), Z(n)[1]) ~ Homggy) (Z, Z(e)[e]) ~ HE(Ga, Z(e)) ~ Z,/2Z.
Indeed, it must be the non-trivial class because
RT(GR, S, Z(n)) ~ RT(S°™ 1 /{%1}, Z(n))
is cohomologically concentrated in degrees € [0, e—1] since S~ /{£1} is a (e—1)-manifold. [
Lemma 2.9. For any n € Z, we have

VRI'Z(n) ~ Fib (RF(GR, Z(n — e))[—¢] — 7" RL(Gx, Z(n))) .

Proof. First we assume n > 0, so that (%7 (n) ~ 7<"RI'(Gg, Z(n)). Then we have the following
diagram with exact rows and columns:

72" RU(GR, Z(n))[~1] —— 7" RT(Gg, Z(n)) RT(Gg,Z(n))

| | |

LRV Z(n) 127(n) X Rj.j*Z(n)
RI'(Gr,Z(n — €))[—¢] 0 RI'(Gr,Z(n —¢€))[—(e — 1)]

Now we assume n < 0. By Lemma 2.11, we have an equivalence
L;Z(n) ~ TS_H_QC*(G]R, Z(n))

where both sides vanish for n = —1. We obtain the following diagram with exact rows and
columns:

(77"C(Gr, Z(n)))[~1] — T<—n-2C(Gr, Z(n)) C*(Gr, Z(n))

| | |

LRI Z(n) L7(n) xRy j*Z(n)

| | |

C*(Gr, Z(n — ¢))[—¢] C*(Gr, Z(n —¢))[=(e = 1)]
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Proposition 2.10. For n < e, we have
RIZ(N) ~ (T<en—2Cy(Gr, Z(n — €)))[—e].

For n > e, we have
G RUZ(n) ~ (1=""°RI(GRr, Z(n — €)))[—e].

Proof. We have
77" RT(GR, Z(n)) ~ (7" °RT(GR, Z(n — €)))[—€]
and an equivalence
LERI'Z(n) ~ Fib (RF(GR, Z(n — ¢)) — 7" °RI(Gg, Z(n — e))) [—e].
Hence the result follows from Lemma 2.11 below. g
Lemma 2.11. For any m > 0, we have an equivalence
<M RT(Gp, Z(m)) ~ Fib (RF(GR,Z(m)) = T>me(GR,Z(m))) .
Stmilarly, for any m < 0, we have

T<—m—2Cy(Gg, Z(m)) ~ Fib (RF(GR,Z(m)) — 7>™RT(G, Z(m))) .

Proof. The first assertion is obvious. The second equivalence holds for m = —1 since both
side vanish. It remains to show that the second equivalence holds for m < —2. We have the
following exact diagram

(1=mC(Gr, Z(m)))[-1] 0 7SmC*(GRr, Z(m))

| |

C.(Gr, Z(m)) C*(Gg, Z(m)) C*(Gg, Z(m))

| |

F C*(Ggr, Z(m)) — 7>™mC*(Gg, Z(m))

hence a cofiber sequence
(r=mC(Gr, Z(m)))[~1] = Cu(Gr, Z(m)) — F.
In view of the equivalences
(15" C(Gr, Z(m)))[-1] = 75O (G, Z(m))[-1]) = 75" O (Gr, Z(m))
we obtain

F ~ T>m+1C*(G]R, Z(m)) = T2m+20*(GR, Z(m)) = Tg_m_QC*(GR, Z(m))

Lemma 2.12. For any m > 0, we have an equivalence
<M RT(Gp, Z(m)) ~ Fib (RF(GR,Z(m)) = TEMRF(GR,Z(m))) .
Stmilarly, for any m < 0, we have

T<—mCy(Gr, Z(m)) = Fib (RP(GR, Z(m)) — 72" RL(Gp, Z(m))) .
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Proof. The first assertion is obvious. The second equivalence for m = 0 follows from the exact
sequence

0= H '(Gr,Z) - Hy(Gr,Z) — H*(Gg,Z) — H*(Gr,Z) — 0

and the isomorphism HZ(GR, Z) 5 H(Gg,Z) for i > 0.
It remains to show that the second equivalence holds for m < —1. We have the following
exact diagram

(7<mC(Gr, Z(m)))[-1] 0 7<mC*(Ggr, Z(m))

| |

C.(Gr, Z(m)) C*(Gw, Z(m)) C*(Gr, Z(m))

| |

F C*(Gr, Z(m)) —= 72mC*(Gr, Z(m))

hence a cofiber sequence
(<™ C(Gr, Z(m)))[~1] — C4(Gr, Z(m)) — F.
In view of the equivalences
(r<"C(Gr, Z(m)))[~1] = 7" (C(Gr, Z(m))[~1]) ~ 7" Co(Gr, Z(m))
we obtain
F ~ 72" O (GR, Z(m)) = T<—m-1Cx(Gr, Z(m)) =~ T< 1 Ci(Gr, Z(m))
since R
H_,(Gr,Z(m)) = H™" Y (Gr, Z(m)) = 0.

O

2.2.5. The complex Ri' RHom(Z/ (e — n), Dx. [—2¢]). We denote by f : X(R) — {*} the map

from X'(IR) to the point and we denote by wy () the orientation sheaf on the e-manifold X'(R).
We have

DX(]R) = f!Z = Wx(R) le].
Proposition 2.13. For e —n > 0 we have
RJ/RHom(Z' (e — n), D, [~2€]) = f*(T<e—n—2Ci(Gr, Z(e — n))) @ wam[—e].
Proof. Using Lemma 2.12 and Lemma 2.15, we obtain
R/RHom(Z'(e — n), Dx,.)[~2¢] ~ RHom(:*Z'(e —n), D ))[—2¢]
~ RHom(f*7<°""RI(Gr,Z(e —n)), Dx(r))|—2¢]
~ f'RHom(r<¢""RT(Gg,Z(e —n)), Z)[—2¢]
f' RHom(7=¢"""2RI'(Gr, Z(e — n)), Z)[~2¢]
[ (7<e—n—2Cu(Gr, Z(e — n)))[~2e]
> f*(r<e-n-20+(Gr, Z(e —n))) ©" waw)|—el.

12

1
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Proposition 2.14. For e —n <0 we have

Ri/'RHom(Z/ (e — n), Dy [—2€]) =~ f*(1=""°RT(Gg, Z(n — ¢))) @F wx(r)[—el-
Proof. Using Lemma 2.12 and Lemma 2.15, we obtain

R/'RHom(Z' (e — n), Dx..)[—2¢] RHom(¢*Z' (e — n), D (r))[—2e]
RHom(f"7<pn—Cy(Gr,Z(e — n)), DX(R))[_QS]
~ f!RHom(TSn,eC*(GR, Z(e —n)),Z)[—2€]

F (=" RT(GR, Z(n — €)))[—2€]

~ f*(TS"_eRF(GR, Z(n —e))) QF wxm)[—el-

1

12

12

Lemma 2.15. For any n € Z, the pairing
C.(Gr,Z(—n)) ®% C*(Gr, Z(n)) — Ci(Gr, Z(0)) — Z[0]
induces a perfect pairing
7<nCu(Gr, Z(—n)) @7 7="C*(Gr, Z(n)) — Z[0)
of perfect complexes of abelian groups.

Proof. The result is trivial for n < 0 and clear for n = 0. So we assume n > 0. The pairing
induces an equivalence

C*(Gr,Z(n)) — RHom(C.(GRr,Z(—n)),Z)
hence it is enough to observe that
75" RHom(C, (GR, Z(—n)), Z) ~ RHom(7<,,Cs(Gr, Z(—n)),Z).
For any cohomological complex A*, we have a short exact sequence
0 — BExt(H ""1(A4*),Z) — H'(RHom(A*,Z)) — Hom(H *(A*),Z) — 0.

We obtain

H'(RHom(7<,C\(GRr, Z(—n)),Z)) = H'(RHom(C\(GR, Z(—n)),Z))
for i <n and ¢ >n+ 1. Since we have Hy,(Gr,Z(—n)) = 0 for any n > 0, we get

H"™ (RHom(7<,,C(GR, Z(—n)),Z)) = 0.

Remark 2.16. For n > 0, we have H,(Gr,Z(—n)) = 0 hence

T<nCsx(GRr, Z(—n)) = 7, C(GRr, Z(—n)).
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2.2.6. The map Ri'Z(n) — Ri/'RHom(Z' (e — n), Dy [—2¢]).
Proposition 2.17. The map

R/'Z(n) — Ri'RHom(Z' (e — n), Dx._[—2€])
s an equivalence.
Proof. For e —n > 0 and any x € X(R), the map
LERI'Z(n) — 1R/ RHom(Z' (e — n), Da._[—2€])

can be identified with the identity

T<e—n—2C:(Gr, Z(e — n))[—€] = T<e-n—2C+(Gr, Z(e — n))[—e€]

by Prop. 2.10 and Prop. 2.13.
For e —n < 0 and any z € X(R), the map

LERIZ(n) — R/ RHom(Z (e — n), Dy [—2¢])
can be identified with the identity
TS ¢RI (GR, Z(n — e))[—e] = 7" °*RT(GRr, Z(n — €))[—¢]

by Prop. 2.10 and Prop. 2.14.
The result follows since the family of functors {.%,z € X'(R)} is conservative. O

2.3. Comparison with RI'(X(C),Z(n)). Recall that we define Ggr-equivariant sheaves
Z(n) := (2im)"Z C Q(n) := (2i7)"Q C R(n) := (2im)"R C C

on X(C). We abbreviate C* := RHom(C, Q) for a complex of Q-vector spaces C' and let C*
be the image of the idempotent (o +1)/2 if C carries a Gg = {1, o }-action. Recall that

R (Xso, Z(n)) := RT(Xwo, i5.Z(n))
and that ¢} Z(n) ® Q = m,.Q(n) = Rm,Q(n) in Sh(Xs). We therefore have isomorphisms
RTw (X0, Z(n))g =~ R (Xs, Rm,Q(n)) ~ RT(Ggr; X(C),Q(n)) ~ RI'(X(C),Q(n))*

and combining this with Poincaré duality

(6) RT(X(C),Q(r)) ® RT(X(C),Qe — 1)) % RT(X(C), Q(e)) — Q[2¢]

on the 2e-manifold X'(C) we obtain an isomorphism
RTw (Xoo, Z(d — 1)) = RT(X(C), Q(d — n))"" =~ RI(X(C),Q(n — 1)) [~2¢]

using e = d — 1. There is also a tautological isomorphism 7 induced by multiplication by 27
in the sense that the diagram

RI'(X(C),Q(n — 1)) —— RI(X(C),C)
(7) NlT Nl%i
RT'(X(C),Q(n))- —— RI'(X(C),C)
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commutes. Combining the previous isomorphisms we obtain an isomorphism
(detz RT'w (X, Z(n)) @ det; ' RTw (Xoo, Z(d — 1))
(8) ~ detg (RT(X(C),Q(n))* & RT(X(C),Q(n — 1))*)
~ detg (RI(X(C),Q(n))" ® RI'(X(C),Q(n))")
~ detgRI'(X(C),Q(n))
~ (detzRT'(X(C),Z(n)))o
which we denote by Ap.

Q

Corollary 2.18. We have
Mg (detz RTw (Xoo, Z(n)) @ det, ' R (Xoo, Z(d — 1))
= detzRT(X(C), Z(n)) @ dety, V" RT(X (R), Z,/27)

Proof. We write Gg = {1,0}. We have an exact sequence of Z|Ggr|-modules

037 -(0—1)—=Z[Gr] SZ—0
where € is the augmentation map. We have an isomorphism of Z[Gg]-modules (¢ — 1) - Z =~
(2im)Z which maps (o — 1) to (2im). We write Z(n) := (2im)"Z, so that we have an exact
sequence of Z[Gr]|-modules
(9) 0 — Z(1) = Z[Ggr] > Z — 0.
We denote by

p: Sh(GR, X(C)) — Sh(GR, Xoo)

the morphism of topoi induced by the equivariant continuous map p : X(C) — X, where
Gr acts trivially on X,. The category of abelian sheaves on Sh(Gg, X ) is equivalent to the
category of sheaves of Z[Gr]-modules over X,. For any sheaf F of Z[Gr]-modules over Xo,
and any Z[Gr]-module M, we define

RHomSh(GRXOO) (M, ]:)
where M is seen as a constant sheaf of Z|Ggr]-modules over X,. We have
Rm.Z(n) ~ RHomgy, ¢y x.) (Z, Rp<Z(n)).

Moreover the functor
Ab(GR, Xoo) — Ab(GR, Xoo)
F — F(1):=F®zZ(1)

is an equivalence of abelian categories with quasi-inverse (—) ®z Z(—1). In particular we have
RmZ(n—1) ~ RHomgy g, x,,)(Z, Rp«Z(n — 1))

RHomgy, g 1) (Z(1), (RpZ(n — 1))(1))

RHomgy, gy 1. ) (Z(1), Rp«Z(n)).

12

12

Finally, we have

psZ(n) ~ Rp,Z(n) ~ RHomgy, ¢, x..)(Z[Gr], Rp«Z(n)).
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Therefore, (9) induces an exact triangle
Rm,Z(n) — Rp«Z(n) — Rm.Z(n — 1)

and an exact diagram:

Rp*f(n) — ZZOZ(Y -1) Z&Zin)[l]
Rp.Z(n) Rm.Z(n — 1) Rm, Z(n)[1]

| | |

0 ——— 1" IR7,Z(n — 1) — (77" R7.Z(n))[1]
In particular, there is an exact triangle

irZ(n) = Rp.Z(n) — i5,Z(n — 1)

hence
(10) RI'(Xx,Z(n)) — RI'(X(C),Z(n)) = RI'( X, Z(n — 1)).
Moreover, we have the duality equivalence
(11) R (X, Z(d — n)) = RHom(RT(Xs, Z' (n — 1)), Z[—2e]).
Finally, we have the following exact diagram
2L x () [—7] Z'(n—1) it Z(n—1)
(l) RmZ(ln —1) RW*Z(J/n - 1)

| | |

wL/2Lx @)1 + 1] — 72" R7,Z(n — 1) — 77" "' R7.Z(n — 1)
where Z/2Zx(g) is the constant sheaf Z/2Z on X(R), hence an exact triangle
(12) RT(X(R),Z/2Z)[—n] — BT (X0, Z' (n — 1)) = RT (X, Z(n — 1)).

Then (10), (11) and (12) induce the following canonical isomorphisms:

~ T

(
(
( ))
~  detzRT(Xso, Z(n)) ® detz R (Xso, Z(n — 1)) ® detz RT(X(R), Z/2Z)[—n]
( ,Z(n)) ® detz RT (X (R), Z/27Z)[—n]
(X(C), Z(n)) ® det V" RT(X(R), Z/27Z).

We now introduce some notation: we set

di(X,n) = (~1)'dimgH'(X(C), Q(n))*

1€Z
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and
d_(X,n):=) (~1)'dimgH"(X(C),Q(n)) .

1€Z

If Z is a manifold and F' a field, we set
X(Z,F):=) (-1)'dimpH"(Z,F).
1€EZ

Definition 2.19. For a perfect complex of abelian groups C with finite cohomology groups we
denote by

) =1J @)
€L
its multiplicative FEuler characteristic.

Proposition 2.20. We have
Y (RD(X(R), Z/27)[—n]) = 2¢+(*m)=d—(Xn),

Proof. We have
di(X,n)=d_(X,n—1)=di(X,n—2)
hence
de(X,n) = (~1)" - de(X,0).
We obtain
9d+(X,n)—d—(X,n) _ (2d+(9\20)*d—(z\’,0))(*1)"‘

Similarly, we have
V* (RD(X(R), Z/22)[n]) = x* (RD(X (R), Z/22)) )",

hence it is enough to show the result for n = 0. In view of Lemma 2.21 and Lemma 2.22, we
have

dy(X,0)—d_(X,0) = Z(—w‘ - (dimgH" (X (C), Q)" — dimgH'(X(C),Q)")
I€EZ
= Y (-1)'-Tr(o| H(X(C),Q))
€L
= x(XR),Q)
= X(X(R),Fz).
Hence the result follows from
Y (RD(X(R),Z/27)) = 2X(X(R).F2)
O

Lemma 2.21. Let Y be a compact orientable manifold with an involution o whose fixed points
form a closed submanifold Z. Then we have

> (1) Tr (o | H(Y,Q)) = x(Z,Q).

1E€EZL
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Proof. Let Gr := {1,0}. If C is a perfect complex of Q-vector spaces with Ggr-action, we set
Tr(o|C) =) (1) Tr (o | H(C)).
1EZ
Let Y° :=Y — Z. The exact triangle
RT.(Y°,Q) — RI'(Y,Q) — RI'(Z,Q)
gives
Te(o | RO(Y,Q)) = Tr(o | RLW(Y®,Q))+ Tr (0 | RT(Z,Q))
= Tr(o| R[(Y°,Q)) + x(Z,Q)

since o acts trivially on Z hence on RI'(Z,Q). Therefore the result follows from

Tr (o | RT(Y°,Q)) = > (-1)" Tr (0| H(Y°,Q))

1€Z

= S (1) T (o | HA(Y®,Q))
1€EZ

- S meiree)
1€EZ

= ()Y ()T (o | H(YS,Q)

1€EZ
- 0

where we use Poincaré duality and the Lefschetz fixed point theorem. Here d = dim(Y). O

Lemma 2.22. Let Z be a topological space which is homotopy equivalent to a finite CW -
complex. Then we have

X(Zv F) = X(Z7 F/)
for any pair of fields F, F’.

Proof. The complex RI'(Z,7) is quasi-isomorphic to a strictly perfect complex of abelian
groups C* and we have

D (=D)'rankzC' =) (~1)'dimp(C' @z F) = Y (-1)'dimpH'(C* @z F) = X(Z, F)
i€Z i€z i€z
for any field F'. The result follows. O
Combining Corollary 2.18 with Prop. 2.20 we obtain.

Proposition 2.23. We have

Ap (detzRTw (Xoo, Z(n)) ® det;' RTw (X, Z(d — 1))
= detzRT(X(C), Z(n)) - 2¢-(¥:m)=d+(Xm)

Proof. Note that if C is as in Definition 2.19 then
detzC =7 - x*(C)!

under the canonical isomorphism

detpCo = Q
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arising from the acyclicity of Cy. U

3. DUALITY FOR DERIVED DE RHAM COHOMOLOGY AND THE BLOCH CONDUCTOR

In this section X is a regular scheme of dimension d, proper and flat over Spec(Z). We
denote by
(13) Ly 7 = Qx/z[0]
the cotangent complex of X over Z, a perfect complex of Oy-modules cohomologically con-
centrated in degree 0. For any r € Z we let

LA LX/Z =LA QX/Z[O]

be the r-th derived exterior power of Ly 7 [13][4.2.2.6] which is again a perfect complex of
Ox-modules. By definition L A" Ly/z = 0 for r < 0 but L A" Ly 7 is in general nonzero for
r>d—1=ranko, Qy/z.

3.1. Coherent duality for L A" Ly /z. This subsection is a review of material from [22], [15]
and [23] in the context of our global arithmetic scheme X. The key result is Thm. 3.3 which
is an immediate translation of [23|[Cor. 4.9] to our context.

Lemma 3.1. There is a canonical map
(14) LA™ Ly )z — deto,Lyz = wyyz
where wy /7, 1s the relative dualizing sheaf. Hence we get induced maps
LA Ly @ LAY Ly — LAY Ly g — wayz
and
(15) L A" Ly/z — RHom(L AT Lx/z,wx/z)
in the derived category of coherent sheaves on X .
Proof. The multiplicative structure on derived exterior powers will be briefly recalled in the
proof of Prop. 3.5 below, so it remains to show the existence of (14). Assume first there is a

closed embedding i : X — P of X into a smooth Z-scheme P with ideal sheaf Z. The exact
sequence of coherent sheaves on X

0 —>I/I2 — i*Qp/Z — QX/Z — 0

can be viewed as a realization of (13) as a strictly perfect complex since Z/Z? and i*() p/z are
locally free of ranks n — d + 1 and n, respectively, where n is the relative dimension of P over
Z. The natural map
Ad_lQX/Z ® /\n—d+1(I/I2) N /\ni*QP/Z
has adjoint
N0z = Hom(A"~HT/T?), A" Qpyz) = wh g
and combined with the natural map
LAY Ly = HUL AT Lyz) 2 A1y

we obtain a morphism (14)" depending on i : X — P. If ' : X — P’ is another embedding
into a smooth Z-scheme P’ an isomorphism

PP

., P ~ P’
€ .WX/ZHUJX/Z
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was constructed in [2|[A.2] which satisfies the usual cocycle condition in the presence of a
third embedding ¢”. Since embeddings into smooth schemes always exist Zariski locally on X’
the cocycle condition implies that one can define wy 7 by glueing the locally defined wﬁ? Iz

It remains to show that likewise the locally obtained maps (14)" glue to a global map (14).
By considering the fibre product P” := P Xgpe(z) P’ the construction of PP can be reduced
to the case where there exists a smooth morphism u : P* — P over Spec(Z) and under X.
Namely one defines
EP/’P — 6P”,P’(q/)—l ° EP”,P(q)
where ¢ : P” — P’ and ¢ : P — P are the projections and
eP/’P(u) : Wi/z = wf,l/z

depends on u. More precisely, /¥ (u) is defined by the commutative diagram with exact

rows and columns

0 0

0 —— I/I2 —_— Z.*QP/Z e QX/Z — 0
|

0 —— T'/(T')? *Qprjg, —— Qxjyg —— 0

l

Z,*QP//P p— Z,*QP//P

0 0

where the columns are the transitivity triangles of the cotangent complex for X — P’ % P and
P' % P — Spec(Z), respectively, and we refer to [2][(A.2.2)] for the precise sign conventions.
The above commutative diagram induces a commutative diagram

AdilQX/Z ’ Wi/z
H B2
/\d_lgx/z —_— wi/z,

so that (14)" is indeed compatible with the isomorphisms e/”'*F(u) and therefore also with the

. . /
isomorphisms e”+F.

O
Definition 3.2. The Bloch conductor of the arithmetic scheme X is the positive integer

A(X) = [ p 0"

p

where the product is over all prime numbers p, d, := deg CQ(XF (QX/Z) € Z and
’ P

CdX,pr (Qx/z) € CHo(AF,)
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is a localized Chern class introduced in |4].

The Bloch conductor was introduced in [4] and further studied in [5],[22],]15],]23]. The
deepest result about the Bloch conductor is its equality with the Artin conductor, defined in
terms of the [-adic cohomology of X, in certain cases. This equality was proven for d = 2 in [4]
and if X has everywhere semistable reduction in [15]. For general regular X it is conjectured
but still open. The equality of the Bloch and the Artin conductor is important for establishing
cases of Conjecture 1.3 via the Langlands correspondence but plays no role in this section.
Here we only review the (slightly) more elementary results of [22| and [23] about A(X). Also
note that our normalization of A(X') is different from these references so that A(X) equals
the Artin conductor rather than its inverse.

The following theorem was proven by T. Saito in [23][Cor. 4.9]. The case d =2, r =1 is
due to Bloch [5|[Thm. 2.3] and the case r > d — 1 can already be found in T. Saito’s earlier
article [22]. We give some details of Saito’s proof since the exposition in [23] is rather short.

Theorem 3.3. For any r € Z let C';(/Z be the mapping cone of (15), a perfect complex of
Ox-modules. Then RI‘(X,C’R,/Z) has finite cohomology and

X*RE(X, Cy ) = AX) TV
where x* is the multiplicative Euler characteristic (see Definition 2.19).

Proof. First note that over the open subset X*™ C X where X — Spec(Z) is smooth the
complex LA" Ly 7 is concentrated in degree 0 with cohomology the locally free sheaf 27y, =

A"Qysm 7. The map (14) is also an isomorphism over X*™. Hence, by linear algebra, the map
(15) is an isomorphism over X*™ and C% 7 1s supported in X \ X*™. Since Xg — Spec(Q) is
smooth &X'\ X*™ is contained in a finite union of closed fibres AF,. By [15|[Lemma 5.1.1] any
point x € X \ X*" has a Zariski open neighborhood U C X such that there exists a closed
embedding

U—-P

where P — Spec(Z) is smooth of relative dimension d. The exact sequence
(16) 0_>NU/P_>QP/Z Rop OU—)QU/Z%O

then shows that Qy,7z can be locally generated by d sections and that Ay sz 18 locally
monogenic. Following [15|[Lemma 5.1.3| let

1: 4 =X
be the closed subscheme with support X'\ X*™ [15||[Lemma 3.1.2| defined by the ideal sheaf
Ann /\d QX/Z

Then i* A% Qx/z is an invertible Oz-module by definition and hence i*(2y 7z is locally free of
rank d, as the d generating sections have no relation on Z. It follows that

Li*Qxzlv = (NU/P ®oy Ovnz = Qpjz ®op OUmZ)

and hence that
£ = LlZ*QX/Z

is an invertible Oz-module.
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Lemma 3.4. The coherent sheaves H'(C"

X/Z) are Oz-modules and there are canonical iso-

morphisms
(17) Lo, H(Clyz) =HH(CY)
for any i,r € Z.

Proof. We follow the proof of [22]|Prop. 1.7] where the case r > d — 1 is treated, see also
[15][Lemma 2.4.2|. Recall that

Ly zlu = Quyz[0]
is represented by the strictly perfect complex (16) where the conormal bundle Ny := Ny/p
is invertible and Ey := Qpy ®o, Oy is a vector bundle of rank d. For r > 0 we have
isomorphisms

LA Lygly 2L A" (NU LN EU)
=" Ny — FrilNU ® EFy — FriQNU & /\2EU — .- = A"Ey
(18) NG N '@ Ey - N 2@ A°Ey — -+ — N'Ey

where I denotes the divided power functor and I Ny = N{?i since Ny is invertible. The
differential is given by
(19) rRreyc Nf?ifl QNy QAN By — 2’ @u(z)Ay e Nf?ifl QAN T E,

on local sections. This computation of the derived exterior powers of a strictly perfect two-
term complex goes back to Illusie [13][4.3.1.3] and is also recalled in [15][1.2.7.2]. From this
description it is clear that there is an identity of complexes

(20) Ny ® LA <NU LN EU> - <U<OL ATH (NU LR EU)) (1]
<0 refers to the naive truncation. Similarly we find

RHom(L A" Ly, wy ) = Hom (L A1 (NU LN EU)  Kv)

where o

(21) ~Hom (A" " Ey, Ky) — - — Hom(N$ @ A" By, Ky) — - -
where
Ky = N;' @ NEy 2wy z)u.
Using the canonical isomorphism
(22) Ny @ Hom(N3' @ A" By, Kyy)
~ Hoim(Ng)"*l ® /\d—l—(r+1)—(i—1)EU’KU)

we find a canonical isomorphism of complexes
(23) 0>"Ny @ Hom(L A1 (NU LN EU)  Kv)
& HOH](L /\dili(wrl) (NU N EU> ,KU)[—l].

The complex C%, /Z‘U is obtained by splicing together (18) placed in degrees < —1 with (21)
placed in degrees > 0 via the map

¢r : N'Ey — Hom(AY™1 " Ey, Kyy) = Hom(Ny @ A" Ey, AYEy)
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dual to
AN'Ey @ Ny @ NVT"Ey = ANEy; yorey —o@) AyAy.
Denoting by 1) the canonical isomorphism
Y N"TUEy 2 Hom(AT VT By, A%Fy) 2 Ny @ Hom(AY "By, Ky)

we have a commutative diagram

(24)
Ny @ ATEy 22 AL RUEEN Hom(A“ 2" By, Ky7)
I ~|v ~| e
id ®¢r

Ny N By —— Ny ® HOHI(/\dil*TEU, Ky) — Ny® HOIn(NU ® /\d727TEU7 Ky)

as one verifies easily on local sections. Combining (20), (23) and (24) we obtain a canonical
isomorphism

(25) Ny © Cl jzlu = Cilylu[-1].
As in [22][(1.6.1)] one has an isomorphism
Ch il = Ku ® Kos(Bjy @ Ny 2% Ny © Ny = Op)

where Kos(P — A) denotes the Koszul algebra associated to a A-module homomorphism
P — A where P is finitely generated projective over A. Using the fact that H*(Kos(P — A))
is a module over the ring H%(Kos(P — A)) [24][15.28.6] one deduces that all coherent sheaves
Hi(C'g(_/%U) are modules over H%(Kos) & Opypnz. Using (25) and the fact that Ny is invertible

we deduce that all coherent sheaves H'(C?%, /Z|U) are modules over Opynz, and an isomorphism

(26) (£ @0, H(Chy)) lv 2 HHCYR
whose construction a priori depends on the choice of U — P. However, as in the proof of
[22][(1.7.2)] one shows that for a different embedding U — P’, leading to a different strictly
perfect resolution N, — Ej; of Ly /Z\U, one has a quasi-isomorphism
g: (N = Eyy) = (Ny — Ey)
unique up to homotopy, inducing quasi-isomorphisms
g : LA (N = Ey) = LA (Ny — Ey)

for all r, unique up to homotopy, which commute with the isomorphisms (20), (23) and (24).
Hence (26) is in fact independent of the choice of U — P which also implies that the local
isomorphisms (26) glue to the global isomorphism (17). O

Since X — Spec(Z) is proper and C% Iz is a perfect complex complex of Oxy-modules
RI'(X,CY, /Z) is a perfect complex of abelian groups. It has a finite filtration with subquotients

RF(X, ’Hl(CrY/Z)) = RF(Zv HZ(CZY/Z))

which are perfect complexes of abelian groups with torsion cohomology, as Z is supported in
a finite union of closed fibres Af,. Hence RI'(X,C", /Z) has finite cohomology. We can view
x”* as a homomorphism

X< G(Z) = Ko(Z;Q) = Q%% [F]— [RT(Z,F)]
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where G(Z) is the Grothendieck group of the category of coherent sheaves on Z and Ky(Z; Q)
is the Grothendieck group of the category of finite abelian groups (which is also the relative
K for the ring homomorphism Z — Q). By [15||Lemma 5.1.3.3] one has [£ ®0, F| = [F] in
G(Z) for any coherent sheaf F on Z. Hence (17) implies

X*RL(Z,H'(Clz)) = X RL(Z, 11 (CY7)

and therefore

X*RL(X,C%7) = X*RL(X, C4f) ™

for any r € Z. On the other hand we have
X RE(X,05) = X“RU(X, LAY Ly [1]) = A(2) D
by [22]|[Prop. 2.3|. This finishes the proof of the theorem. O

3.2. Duality for derived de Rham cohomology. Denote by
o 5 F™Y S FT ... 5 RTyp(X/)Z)=F'=F1=...

the Hodge filtration of (Hodge completed) derived de Rham cohomology and by F™/F™ the
mapping cone of F™™ — F" for m > n. Since

(27) F'/F™ = RI(X,L A" Ly/z[—7])

is a perfect complex of abelian groups, so are all F"/F™ for m > n. Denote by C* =
RHom(C,Z) the Z-dual of a perfect complex of abelian groups.

Proposition 3.5. a) For n < d there is a (Poincaré) duality map

(28) €, : F"/F? = (RTqr(X/Z)/F¥")*[—2d + 2]
satisfying
(29) x* Cone(e,) = A(X)™.

b) In particular, the discriminant of the Poincaré duality pairing
(30) RT4r(X/7)/F? % RT4r(X/Z)/F? — Z]|—2d + 2]
has absolute value A(X)%.

Remark 3.6. For d = 1 we have X = Spec(Op) and A(X) = |Dp|, and b) reduces to the
fact that the trace pairing

Op x Op — Z; (CL, b) — Tr(ab)

has discriminant Dp. For d = 2 it was shown by Bloch in [5|[Thm. 2] that the Poincaré
duality pairing on the complex

RI(X,0x — Quxz) = RUqp(X/Z)/F?

has discriminant £A(X)2. For d > 3 it seems harder to describe the complex RT 4g(X /7)) F?
more explicitly.
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Remark 3.7. If P is a perfect complex of abelian groups and P ®é’ P — Z]26] is a pairing
which induces an isogeny ¢ : P — P*[20] in the sense that Cone(¢) has finite cohomology
groups, we obtain isomorphisms

dety P* ~ detz P ®z dety Cone (o)

and
detz P @ detz P ~ deti1 Cone(o)

and hence a duality pairing on determinants
(-,-) : detgPg ® detgPgp ~ Q.

The discriminant of the pairing is (b,b) € Q where b is a Z-basis of detzP. Since
(=b,=b) = (=1)*(b,b) = (b,b)

the discriminant is a well-defined rational number (of absolute value x> Cone(¢)).

Proof. Poincaré duality for algebraic de Rham cohomology of Xp/Q is discussed in [24|[Prop.
50.20.4]. It turns out that one can lift the construction of the cup product pairing in loc. cit.
to the derived de Rham complex on X since we are truncating by F'¢. More precisely, choose

a simplicial resolution Py, — Oy in Xz, where P; is a free Z-algebra in Xz, and denote by

Q[nvm}

Pu)Z the complex (of simplicial modules)

Pz Qp g

in degrees [n, m], zero for n > m, where the differential is the de Rham differential. Define a
complex of sheaves of abelian groups on Xz,

[n7m] R * [nvm]vN
LQX/Z := Tot; QP./Z

so that

L A" Lyzl—n] = LQ[;’/%]; RUqr(X/Z)/F" = RI'(X, LQESTZ_”)'

Here and in the following we denote by M, the (n-tuple) chain complex associated to a (n-
tuple) simplicial module M, [13][1.1] and we decorate the (partial) totalization of an n-tuple
complex with the indices that are contracted into one. We use the convention that totalization
of an upper and a lower index leads to an upper index. As in [24]|[50.4.0.1] the wedge product
on differential forms induces a map of bicomplexes

~

Tot™* Tote.e Q;.N/Z Xz Q;5.N/Z = Tot™" Tots (Q}(D‘/Z e Q}'/Z)
2 Tot™* (A (Q;./Z ®z QE-M))

_ (Tot*’* A (Q}. /z O Q}-/Z>>

U yx,~ [0,d—1],~
—>QP./Z — QP./Z

where o is induced by shuffle map Tote o (Me @ No)™ — (A (Me ® N,))™ of [13][(1.2.2.1)] and
A denotes the diagonal simplicial object of a bisimplicial object. Since we have truncated to
degrees < d — 1 the above pairing factors through a pairing

~

~

[n,d—1],~ [0.d—1-n].~ _ [0.d-1]~

Tot™* Tote o Qpz " Q2 P
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and hence we obtain a pairing

Ll gL pold=l=nl _ muper potx Qlnd-tl~ o) opx ol0d-1=nl~

X/L X/Z Pu/z Pz
Do T o i el
[n,d—1],~ [0,d—1—n],~

~Totye Qpyz " ®zQp)

~ * * % [nvd_l]vN [0=d_1_n]7N
~ Tot, Tot™" Tot, o QP./Z ®7 QP./Z

* o0,d—1],~ [0,d—1]
— Tot, QP./Z = LQX/Z

and an induced pairing on cohomology

n,d— d—1-n d—
RF(X,LQ[X/Z 1 oL RF(X,LQEQ/Z b=nhy RP(X,LQ[;;/Z )
| |
F"/F? @f RT4r(X/Z)/F4—" —— RU4r(X/Z)/F*.

[0,d—1]

Lemma 3.8. One has H’A(.}\f',LQX/Z

) =0 fori > 2d — 2. Moreover, the natural map

_ _ _ 0,d—1
HY72(X, LAY Ly jg[—d + 1)) — H*2(x, LY, )

induces an isomorphism

g H** (X, LAY Ly jg[—d + 1)) ftor = H*=2(x, LOY) /tor

and therefore a trace map

(31) RO(x, L) o 5222, LOR) ftor[-2d + 2) L

H22(X, LA Ly p[—d + 1)) ftor 225 H22(X w5 [—d + 1]) ftor 2 Z

Proof. We first remark that H* (X, F) = 0 for i > d and any coherent sheaf F on X. Indeed,
this is clear for ¢ > d since the cohomological dimension of Xz, is d. Duality for f : X —
Spec(Z)
RHomg(Rf«F,Z) = RHomy (F,wx/z[d — 1])
evaluated in degree —d
Homgz(HY(X,F),Z) = H ' RHomyx (F,wy/z) = 0
shows that H4(X, F) is torsion. Evaluation in degree —d + 1
0 — Ext'(HY(X, F),Z) — Homy(F,wy z) — Homz(H 1 (X, F),Z) — 0

shows that H?(X, F) = 0 since wy/z is a line bundle, f is flat, and therefore Homx (F,wy/7)
is torsion free.
Since L A" Ly 7 is an object of the derived category of coherent sheaves concentrated in

degrees < 0 we also have H* (X, L A" Ly;z) =0 for i > d. The exact triangle

[n,r—1]

RU(X, L A" Lyyz)[-7]) = RU(X, LQY 7)) — RU(X, LOT 1) —

X/Z.
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and an easy induction then show that H*(X, LQ[;’;Q]) = 0 for ¢ > d + m. In particular, the
map

_ — - ’d_
72X, LAY Ly jg[—d + 1)) — H* Q(X,LQ[;/Z )

is surjective and an isomorphism after tensoring with Q (see the proof of [24][Prop. 50.20.4]),
hence induces an isomorphism

g H¥72(X, LAY Lyjg[—d + 1)) /tor = H2=2(x, LOY ) ftor.

O

We now prove (29) by downward induction on n starting with the trivial case n = d. The
induction step is provided by the diagram with exact rows and columns

Frotlypd Sty (PO pd-n=1yx[_94 4 9] ——  Cone(€ng1)

| ! |

Frjpd 2y (FO/FPIM)*[-2d+2] —— Cone(ey,)

| ! !

Fn/Fn+1 N (Fd_n_l/Fd_n)*[*Qd + 2} —_ RF(X7 CZ’/Z)[in]

where the bottom exact triangle is RI'(X, —)[—n] applied to (15) in view of (27) and coherent
sheaf duality for f: X — Spec(Z):

(P4t /P [—2d + 2) =RHom(Rf. (L A" Ly jz)[—d + 1+ n], Z)[—2d + 2]
~RHomy (L A4717" Lyzl—d+1+n],wy/z)[—d+1]
~RI(X, RHomy (L AT Ly 7, wx/2))[—n].

By Theorem 3.3 we have
X" (Cone(en)) = x™ (Cone(ent1)) - A(X)
which gives x*(Cone(e,)) = A(X)4™™ by induction. O
For any n € Z we have an exact triangle on the generic fibre X = &p
(32) F" — RU4p(X/Q) — RT4r(X/Q)/F"

and we also have a duality isomorphism (28)q for any n € Z since F" = F @ = 0 on the generic
fibre for n > d.

Corollary 3.9. Let n € Z and denote by A\gr the isomorphism
(detilRFdR(X/Z) JF" @ detz RU (X /Z) /Fd‘”)Q

~ dety,' RT4p(X/Q)/F" @ detqRT4r(X/Q)/F*"

(251)@(1 _1RF X pnd d —1Fn
2 et R an(X/Q)/F" © det;

32)
~ dety' RTar(X/Q)

~ (detilRFdR(X/Z) /Fd)@



SPECIAL VALUE CONJECTURES AND THE FUNCTIONAL EQUATION 27
Then

AR (detilRFdR(X JZ)/F" @ dety RUqp(X Z) /Fd_”> — A(X)? " det; ' RTyp (X /Z)/ F°.

Proof. For n < d this is clear from Prop. 3.5 and the fact that (32) is the scalar extension to
Q of the exact triangle

F"JFY — RU4p(X/Z)/F% — RU4p(X/Z)/F".
For n > d we have RT4p(X/Z)/F%™ = 0 and an exact triangle
F4/F" — RU4p(X/Z)/F™ — RU4r(X /7)) F*

where

n—1

X(EYE) =TT x* (RD(X, LA™ L ja[—]))
r=d

TIv (RO(x.Cypl-r 1)
r=d

—A(x)T™m
by (27) and Theorem 3.3. Hence
det;'RTUgr(X/Z)/F™ = A(X)*™ - det, ' RT 4r(X /Z)/ F*
inside detg' RTqr(X/Q).

4. THE ARCHIMEDEAN EULER FACTOR
Following [21], for any pure R-Hodge structure M over R of weight w(M) we define
h; (M) = dim F7 /Fi+t = piwD=i(pr)
dy (M) = dimg MFe=%1

(M) = Zjhj(M) _ w(M)-dimp M _ w(det(M))

2 2

Lo(M,s)= [[ Tets=p)"" ] Tr(s—p)" Tals—p+1)""

p<g:=w(M)—p p=200)
where
Tr(s) =7 %20 (s/2); Tels) = 2(2m)°T(s).

Note that the factorization of Lo, (M, s) corresponds to the decomposition of M into simple
R-Hodge structures over R. Also recall the leading coefficient of the I'-function at j € Z

wp Ja=nr iz
(33) Fm‘{(—l)ﬂ‘/(—j)! j<0
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Lemma 4.1. (see also [21|[4.3.2, Lemme C.3.7]) For any pure R-Hodge structure M over R
one has

L5, (M,0) A (M)—d_ (M) oy \d— (M)-+t51 (M) « hy(M)
_ BoolBLY) | gdi (M)=d (M) (gyd- (M) tin T (—j)hs
L 00 (1),0) o) [T

Proof. The functional equation of the I'-function

(34) I(s)[(1—s) = e
implies
Te(s)le(l —s) = Sin(ws); Ir(1+4 s)I'r(1 —s) = cos(%g)_1
Hence
(35) e lels—p) __ Ie(s —p)le(s — q)w_

To(os - (cq—1))  Te(l—(5—q) >
Using in addition the identity I'r(s)I'r(s + 1) = I'c(s) we find

I'r(s—p) I'r(s —p)I'r(s —p+1)

F(S—p))

B s (p—1) TR -G -pTal—prD) TP
and similarly
I'r(s —p+1) ~ Tr(s—p+1)I'r(s—p) (s —p—1)

37 = _
U0 Te(s—(p-D¥D @ (s~ p)la(s ~ 1)

Every pure R-Hodge structure M over R is the direct sum of simple R-Hodge structures.
The simple R-Hodge structures are M, of dimension 2 for integers p < ¢ and M, 4+ of
dimension 1 for integers p (where Fi, operates via +(—1)P). From the above definition of
Lo (M, s) and (35), (36), (37) we obtain the following table

Loo(M,s)
M M*(1) Loo(M, s) W(l)s_s)

Myq | M_p1—g-1| Te(s—p) |Te(s—p)le(s —q) - G0
My | Moypre | Ta(s—p) Le(s —p) - cos("52)
M, | M_p,1_- |Tr(s—p+1) Lce(s—p) - cos(%)

We have
sin(r(s — q))|1_g = (=1)r
and
_ * _1\p/2
COS(M) . 1)( “1)/27 pe
2 s=0 (=1 5 podd

It is now straightforward to verify the entries of the following table which confirm Lemma
4.1 for simple R-Hodge structures. Since all quantities are additive in M the general case
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follows by writing M as a sum of simple R-Hodge structures.

M| dy(M) |d (M) | hi(M) | tu(M) ENGEOT)
Mg 1 1 |1forj=p,q| pt+q | £2m)PTTT*(—p)I*(—q)
0 else

Mp,+

p even 1 0 1forj=p D +2(27)PT™* (—p)

p odd 0 1 lforj=p D +£2(27)PT*(—p) - 5
M, _

p even 0 1 lforj=p D +2(2m)PT*(—p) - §

p odd 1 0 lforj=p D +2(27)PT*(—p)

29

O

Suppose now X’ is a regular scheme, proper and flat over Spec(Z) with generic fibre X := Xp.

The archimedean Euler factor of X is defined as

(38) (oo, 8) = [ ] Loo((X), )1
1EZ

where h?(X) is the R-Hodge structure on H(X(C),R).

Corollary 4.2. One has

(" (X, ) Ay () —d— (X.m) (o \d_ (Xn)+ts (Xn) B (—1)P+a
o = ot () () (g d (X (Xn) TT T (n, — p)
C (Xoo’d_n) P.q

where

di(X,n) =Y (~1)'ds(W(X)(n)), tu(X,n) = (~1)'tuy(h'(X)(n))

and h*(X)(n) denotes the R-Hodge structure on H*(X(C), (27ri)"R).
Proof. For M = h*(X)(n) one has M*(1) = h?4=2-%(X)(d — n) and
hj(M) = hj,if2nfj(M) - hpfn,ifpfn(M) — hPAP — pPd
with p4+ ¢ =i, j = p — n. Therefore Lemma 4.1 implies
(o) gy L0000 Y
C(Xooyd —n) AL Lx (h2d=2=i(X)(d — n),0)(=D>"*"
=0+ (X;n)=d—(X.n) (9 ) d- (X.n)+ (X m) H T*(n — )" (07",

p.q

Lemma 4.3. One has

-1

p.q
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Proof. Since X (C) is smooth proper of dimension d — 1 the Hodge numbers hP¢ are nonzero
only for 0 < p < d — 1. By definition (1)

cxmt= I m—p-prreom
(39> _ H F*(n _ p)hpyq.(_l);ﬂrq.

On the other hand (34) implies
I —j) =+1
and therefore we have
[I Ce-p" == I - @-p) e
n<p<d—1lyq n<p<d—1l,q
=4+ H r(d—n-— p)*hp’q'(*l)pﬂ
0<p<d—n—1lyq
(40) =+ C(X,d—n).

Combining (39) and (40) gives the Lemma. O

5. THE MAIN RESULT

Recall the definition of the completed Zeta-function of X

C(?, 5) = ((X, 5) ) g(XOO’ 8)
where ((Xx, s) was defined in (38). We repeat Conjecture 1.3 from the introduction.

Conjecture 1.3. (Functional Equation) Let X be a regular scheme of dimension d, proper
and flat over Spec(Z). Then ((X,s) has a meromorphic continuation to all s € C and

AX)A=9/2 L (X d — s) = £AX)? - C(X, s).

This conjecture is true for d = 1 where it reduces to the functional equation of the Dedekind
Zeta function. It is true for d = 2 by [5|[Prop. 1.1] provided that the L-function L(h!'(Xg), s)
satisfies the expected functional equation involving the Artin conductor of the Il-adic repre-
sentation H 1(2(@, Q). This is the case if X' is a regular model of a potentially modular elliptic
curve over a number field F' in view of the compatibility of the (local) Langlands correspon-
dence for GLo with e-factors and hence conductors. Potential modularity of elliptic curves
is known if F is totally real or quadratic over a totally real field. We refer to [7][1.1] for a
discussion of these results and for the original references. In [7] potential modularity is also
shown for abelian surfaces over totally real fields F' and hence Conjecture 1.3 should hold
for regular models of genus 2 curves over tota lly real fields F' (since this involves the local
Langlands correspondence for GSp4/F we are unsure whether the conductor in the functional
equation is indeed the Artin conductor).

We repeat Theorem 1.4 from the introduction which is the main result of this paper.

Theorem 1.4. Assume that (X, s) satisfies Conjecture 1.3. Then Conjecture 1.1 for (X,n)
is equivalent to Congecture 1.1 for (X,d —n).
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Proof. The reduction of this theorem to Theorem 1.2 was already made in [8][5.7]. More
precisely, recall the invertible Z-module

Eeo(X/Z,n) = detzRTyw (Xwo,Z(n)) ® det; ' RUgr(X /Z)/F"
@det, ' RT'w (Xoo, Z(d — n)) @ detz RT 4 (X /Z) /FO~™,

the canonical isomorphism
A(X/Z,n) @ Zoo(X)Z,n) — A(X/Z,d —n)
and the canonical trivialization
foo 1R 5 Eo(X/Z,n) @R

which is compatible with the trivializations (2) of A(X/Z,n) and A(X/Z,d—n) (see |8|[Prop.
5.29]). Denoting by

Too(X,1)? € Rog
the strictly positive real number such that
Eoo(Too(X,n) 72 Z) = Eoo(X/Z,n)
the canonical isomorphism
Ec(X/Z,n) @ Eae(X/Zyd —n) 27
implies that
(41) Too(X,1)? - Zoo(X,d —n)? = 1.

It was then shown in [8][Cor. 5.31] that Theorem 1.4 is equivalent to the following identity
(note that there is a typo in the statement of [8|[Cor. 5.31] and C'(X,n) and C(X,d—n) have
to be replaced by their inverses)

A(X)Y2 . (XKoo n) - o0 (X,m) - C(X, 1)
=+ AX) 2 (X, d — 1) - 20o(X,d—n)TH - C(X,d —n).

But using (41) this identity is equivalent to the identity of Thm. 1.2. This already concludes
the proof of Thm. 1.4. O

It remains to prove Theorem 1.2 which we repeat here for the convenience of the reader.

Theorem 1.2. Let X be a regular scheme of dimension d, proper and flat over Spec(Z). Then
we have

(" (Xooym) . C(X,n)
" (Xoo,d—n) C(X,d—n)

Too(X,n)? = £A(X) 2.

Proof. By Corollary 4.2 and Lemma 4.3 this identity is equivalent to

(42) xoo(X,n)Q _ :l:A(X)n—d/Q . 2d+(X,n)—d7(X,n) . (27r)d,(X,n)+tH(X,n)‘
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Lemma 5.1. The isomorphism £ is induced by the sequence of isomorphisms
(43) (detz RTw (Xoo, Z(n)) ® dety ' RDw (Xoo, Z(d — 1)) )

%, dety (RD(X(C), R(n))* @& RT(X(C),R(n — 1))*)

W), Jetg RT(X(C),C)*

+
U9, etr RTgr(Xe/C)F

~ detp RTqp(Xe/R) ~ (detzRFdR(X/Z) /Fd)R

)\71
LN (detZRFdR(X/Z) JF" ® det; ' RT 4 (X /Z) /Fd—”)IR
where A\gr was defined in Cor. 3.9.
Proof. The isomorphism £, was defined in [8|[Prop. 5.29]

(detz RT'w (X, Z(n)) ®z dety, RUqp(X /Z)/F™)

~ detRRFD(X/]R, R(n))

detr RUp(X /R, R(d — n))*[—2d + 1]
detRRPD(X/R, R(d ))
~ (detZRFW(XOO, Z(d — n)) @z dety; ' RT4p(X/2) /Fd‘">R

1

—n
—n

1

2

using the defining exact triangle
(RUqr(X/Z)/F™")r|—1] = Rp(X/g,R(n)) = RT(X(C),R(n))"
and duality
RTUp(X)r,R(n)) ~ RUp(X)r, R(d — n))*[~2d + 1]
for Deligne cohomology. This duality is constructed in [8|[Lemma 2.3] by taking Gr-invariants
in

(44) RUp(X)c,R(n)) =~ RI'p(X)c, R(d —n))*[—2d + 1]
which is obtained as follows. Dualizing the defining exact triangle
(RTar(X/Z)/F*")c[~1] = RTp(Xc,R(d = n)) — RL(X(C),R(d — n))

and using Poincaré duality (6) and (28)c on X(C) we obtain the bottom exact triangle in the
diagram
RT(X(C),R(n))[-1] —— RI(X(C),R(n))[-1]

l

Fg «—— (BL4r(X/Z)/F")c[-1]  «——  RI(X(C),C)[-1]
H l l
F¢ «—— RI'p(X)c,R(d —n))*[-2d + 1] +—— RI'(X(C),R(n —1))[-1]
The right hand column is induced by the decomposition
(45) C=R(n)®R(n—-1)
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on coefficients, and the map g is the comparison isomorphism
(46) RI'(X(C),C) ~ Rlqp(Xc/C)

composed with the natural projection. It is then clear that all rows and columns in the
diagram are exact, and the middle column is the defining exact triangle of RI'p(X,c,R(n)),
giving (44). Recalling that (8) was also defined using Poincaré duality (6) we find that the
isomorphisms used in (43) are precisely those used in the construction of (44)". O

We call the real line detg RT'(X(C),C)* the de Rham real structure of detc RT'(X(C),C)
and the real line detg RT'(X(C),R(n)) the Betti real structure of detc RT'(X(C),C). By (7)
we have

(47) detg RT(X(C),C)T - (271)% (¥ = detr RT(X(C), R(n)).

In the remaining computations of the proof of Theorem 1.2 all identities should be understood
up to sign. We choose bases of the various Z-structures of the de Rham real line appearing in

(43)
Z -bp = detz RUy (Xao, Z(n)) @ dety ' RUy (Xoo, Z(d — 1))
Z - bgr = dety RUyg(X /Z)/F?
Z - bar = detzRUqr(X/Z)/F" @ det;' R 4p(X /Z)/F4"
and we also choose a basis
Z -bp = detzRT(X(C), Z(n))

of the natural Z-structure in the Betti real structure. Let P € C* be the Betti-de Rham
period, i.e. we have
bar = P - bp

under the comparison isomorphism (46).
Lemma 5.2. Let eg € {£1} be the discriminant (see Remark 3.7) of the Poincaré duality
pairing

RT(X(C),Z(n)) ® RT(X(C), Z(n)) =2% 7Z[—2d + 2]
and eqr - A(X)? the discriminant of the deRham duality pairing (30). Then

d

P = \Jepear - (2mi)HXM) L A(X)2.

Moreover P - (2mi)% (X" is real and hence we have

P. (QTri)d,(X,n) _ (27T)d,(X,n)+tH(X,n) . A(X)

vl

Proof. We have a commutative diagram

RT(X(C),Z(n)) ® RT(X(C),Z(n)) —=% Z(2n —d + 1)[~2d + 2]

! !

RT(X(C),C)® RI(X(C),C) =, C[-2d + 2]

I [

RUup(X/Z)/F? &L RUgp(x/z)/Fd 2, Z[-2d + 2]
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where the bottom square commutes since the comparison isomorphism
RF(X((C), (C) >~ RFdR(Xc/(C) ~ RFdR(XQ/Q)(C

is compatible with cup product and cycle classes, and the trace map sends the cycle class of
a closed point to its degree over the base field. We also use the fact that the trace map in
algebraic de Rham cohomology

_ ~ _ — Tr
Hig *(Xo/Q) < H\(Xg, Q) — Q

is the base change of the Trace map (31) under Spec(Q) — Spec(Z) by [25]. Applying the
construction of Remark 3.7 we then obtain a pairing

(-,) : detc RT(X(C), C) ®¢ dete RT(X(C),C) ~ C

which restricts to the corresponding Q-valued pairing on detzRTqr(X/Z)/F¢ and a Q -
(2i)(2r=d+ DX _valued pairing on detz RT'(X(C),Z(n)). Here

x = rankz RI(X(C), Z(n)) = dimz RO(X(C), R(n)) = 3 (1" dimg H'(X(C), R(n)).
We then have
car - A(X)" = (bar, bar) = P*(bp,bp) = PPep(2mi)?n=4+DX

and moreover

—@2n—d+1)x= Y (~1)(i —2n+2d — 2 — i — 2n) dimg H (X (C),R(n))

i<d—1
+(=1)4Y(d — 1 — 2n) dimg H4H(X(C), R(n))
=2 tH(X,n).

Hence
P2 — EJREB - (27T’i)2tH(X’n) : A(X)d

which shows the first statement. Since both bg and byg - (271)% (¥ = P . (273)3- (X1 . pp
lie in the Betti real structure, the factor P - (27i)%(¥™) is real. This proves the second
statement. O

Remark 5.3. From the Lemma we deduce

E€BEJR = (_1)d7(X,n)+tH(X,n) _ (—1)d*(X’0)+%x'

This generalizes the classical fact that the sign of the discriminant of a number field F is
(—1)" where o = d_(Spec(OFr),0) is the number of complex places. In this case ep = 1.

We can now finish the proof of Theorem 1.2 by verifying (42). By Prop. 2.23 we have

b - (2mi)d-(Xm) = pp . 9d-(Xin)=dy(¥om)

and by Corollary 3.9
by = A(X) by
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Therefore

Too (X, 1) 2 =bp - byp = (2mi) "= (X)L gd=(Xm)=de(Xm) gy g(x)d=n . poL

:(277_2-)—01,( n) 2d,(X,n) dy(X,n) A(X)d n, p-l
:(27Ti)7d—(X7n) . 2d—(X7n) dy(Xn) A(X) - \/EBEJR * <27-m')7tH(X7n) . A(‘)()*%
:A( )g—n 2d (Xn)—dy(X,n) | ( ) —d_(X,n)—tyg(X,n)

which is (42). O
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