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Abstract. We measure the free energy of a model filament, which undergoes structural transitions, as a
function of its extension, in silico. We perform Brownian Dynamics (BD) simulations of pulling experi-
ments at various speeds, following a protocol close to experimental ones. The results from the fluctuation
theorems are compared with the estimates from Monte Carlo (MC) simulation, where the rugged free en-
ergy landscape is produced by the density of states method. The fluctuation theorems (FT) give accurate
estimates of the free energy up to moderate pulling speeds. At higher pulling speeds, the work distributions
do not efficiently sample the domain of small work and FT slightly overestimates free energy. In order to
comprehend the differences, we analyze the work distributions from the BD simulations in the framework
of trajectory thermodynamics. The measured work - free energy relation is consistent with the results ob-
tained from the generalized fluctuation theorems that take into account informations (relative entropies).
We discuss operational methods to improve the estimates at high pulling speed.

PACS. 0 5.40.-a Fluctuation phenomena, random processes, noise, and Brownian motion, 05.07.-a Ther-
modynamics 82.37.-j Single molecule kinetics

1 Introduction

For last decades, the notion of the second law of thermo-
dynamics has been extended to small scale systems where
thermal fluctuations are relevant for work, heat exchange,
and internal energy. For meso-scopic systems embedded
in a heat bath with well-defined temperature, stochastic
energetics has been developed and entropy can be defined
along the fluctuating trajectory [1,2]. Theoretical relations
like the fluctuation theorems (FT) such as the Jarzynski
equality (JE) [3–6] and the Crooks fluctuation theorem
(CFT) [7,8] involve the probability distribution of exter-
nal work and allow us to obtain the free energy from non-
equilibrium measurements. These theorems have been put
into experimental test, using biomolecules under mechan-
ical control [9,10], as well as colloidal particles in time-
dependent optical traps [11]. The case of an underdamped
particle was examined in Ref. [12].

In RNA folding/unfolding experiments, the free en-
ergy is successfully obtained from the JE and the CFT [9,
10]. In these experiments, the domain undergoing fold-
ing/unfolding transition can be treated essentially as a
microscopic two-level system. The work distributions are
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basically (single) Gaussian and the standard deviations
remain comparable to the thermal energy ∼ kBT .

Despite of the remarkable success of the JE, it is yet
a difficult task to measure thermodynamic functions for
many processes that involve structural transformations,
especially when there are energy barriers associated. One
controls a few macroscopic parameters such as extension
or total twist angle. By changing the macroscopic pa-
rameters, conformational transitions recognized by macro-
scopic observables are followed. For example, under a ten-
sion of ∼ 80− 100 pN, B-DNA undergoes a transition to
overstretched S-form, so-called B-S transition [13]. For this
pulling experiment, the control parameter is the end-to-
end distance. The sequence specific B-Z transition [14,15],
where right handed B-DNA is converted to left handed
Z-DNA under torsional stress, is another example. For
this transition, the control parameter would be the tor-
sion angle [16–18]. These transitions often involve large
energy barriers corresponding to the domain wall energy of
∼ 8kBT [19]. The JE can be applied to systems of any size
driven arbitrarily away from equilibrium provided that the
initial state is in equilibrium. However, a difficulty on ap-
plying the JE to processes involving energy barriers lies in
that only a limited number of experimental measurements
are available in practice, which may not allow to sample
the most relevant paths with small work efficiently [20].
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Some efforts to handle barrier crossing problem in the
fluctuation relations have been set forward by several the-
oretical studies [21–23] and tested experimentally [22,24,
23,25] and nuerically [26] for biomolecular systems. In
these studies, initial and final states are well-separated by
energy barriers and the modified fluctuation relations al-
low to estimate the free energy between these well-separated
states. Here, we consider the system with multiple macro-
scopic variables with the expanded phase space, over which
initial and final states cannot be disjointly separated. This
situation is more common in the polymeric systems. In
this contribution, we propose the generalized expression
suitable for estimating the free energy between the states
not well-separated with multiple degrees of freedom.

For the purpose of applying the FTs, we consider a stiff
helical filament, nearly circular when confined into a plane
without other constraints (Fig. 1). Much is known on this
model filament, which has been studied previously [27–29].
The system retains twist and bending degrees of freedoms.
When elongated, it undergoes structural changes accom-
panied by curvature flips, so called twist-kinks. Among
many degrees of freedom, we retain two macroscopic ob-
servables: the end-to-end distance (ds) and the number
of curvature flips (nk). Following the experimental proto-
cols, ds is controlled during the computer experiments by
changing the distance between the two handle beads. We
perform Brownian Dynamics (BD) simulations to obtain
forward/backward trajectories of stretching/releasing cy-
cles and measure the work done on the system for each
trajectory. We analyze the work distributions from the
BD computer experiments to find the work-free energy
relation by using the FTs. Estimates from the FTs are ac-
curate to kBT or off by several kBT s depending on the
pulling speeds. In order to comprehend this speed de-
pendence, we introduce the generalized Jarzynski equal-
ity (GJE) and the generalized Crooks fluctuation theo-
rem (GCFT) by taking into account informations (rela-
tive entropies) in the scheme of trajectory thermodynam-
ics [30]. By quantitatively evaluating the information in
microscopic variables, we put the GJE and the GCFT to
a test in silico.

2 Theory : Generalization of the FTs

We consider a classical Hamiltonian system with a heat
bath at temperature T . Below, we will set kB = 1 and the
temperature T = 1/β is assumed to be a constant. The JE
allows us to compute the free energy difference between
two equilibrium states, ∆F . The exponential average of
the work done is related to the equilibrium free energy
difference by

〈e−βW 〉N = e−β∆F . (1)

Specializing to the pulling experiments, 〈...〉N denotes av-
eraging over N trajectories. For each i-th trajectory, work
Wi (i = 1, 2, ...N ) to bring the system fromX0 toXf is the

integral of the time-dependent force fi,Wi =
∫Xf
X0

fi(X
′)dX ′.

The Crooks fluctuation theorem (CFT) also allows us
to estimate the equilibrium free energy from the hysteresis

obtained from stretching and releasing cycle. The CFT
relates the work distributions, ρF (W ) and ρR(−W ), of
the work applied to the system during stretching (forward,
F ) and releasing (backward reverse, R) to the free energy
difference between the initial and final states, ∆F , by

ρF (W )

ρR(−W )
= exp (β (W −∆F )) . (2)

The original JE and CFT can be derived from the
Crooks’ general form of the FT (cite Crooks PRE 2000)

< Fe−β(W−∆F ) >F=< F̂ >R, (3)

where F stands for an arbitrary functional of the forward
trajectories and F̂ is the time-reversal of F . The averages
<>F (R) are taken over the ensemble of all possible forward
(backward reverse) trajectories. The FTs require that the
initial states in both the forward and the backward re-
verse processes must be sampled from global equilibrium
distributions [31].

This is a serious limitation when it is difficult to ob-
serve states in full equilibrium conditions. There have been
many efforts to modify the FTs in order to overcome
this limitation. Most of these modifications start with the
Crooks’ general form of the FT (Eq.()).

Among many, on of the prominent modifications is the
differential fluctuation theorem (DFT) derived by Mara-
gakis et al. (cite J. Phys. Chem. B 2008). Maragakis et
al. used the Crooks’ general form of the FT to derive the
DFT identity

PF (W,a→ b)e−βW = PR(−W, b→ a)e−β∆F , (4)

where PF (W,a→ b) is the joint probability of performing
work W during the forward process starting from value a
of the function a(x) of microstate x(0) at the start and
taking value b of the function b(x) of microstate x(τ) at
the end of the forward process, and PR(−W, b→ a) is the
corresponding reverse trajectory quantity.

By expanding the joint probabilities in terms of the
conditional probabilities, the above DFT can be written
as

PF (W |a→ b)pF (b|a)pA(a)e−βW

= PR(−W |b→ a)pR(a|b)pB(b)e−β∆F , (5)

where PF (W |a → b) is the probability to perform work
W given that the forward trajectory starts at value a of
a(x) and ends in value b of b(x), pF (b|a) is the probability
to end in b given that the forward trajectory started from
a, and pA(a) is the probability to measure a = a(x) in the
equilibrium distribution in state A. The right-hand side
contains the corresponding reverse trajectory quantities
that start from equilibrium distribution in state B and
end in state A.

The DFT allows us to estimate the free energy differ-
ence (∆F = FB−FA) between states A and B by using the
work data restricted to measurements between two sub-
sets a and b of the full states A and B. All the conditional



M-K. Chae et al.: In silico experiments of Generalization of Fluctuation Theorems 3

probabilities in the DFT equation are trajectory-averaged
quantities that depend on the processes between a small
domain a of A and b of B.

However, the probabilities pA(a) and pB(b) are trajectory-
independent equilibrium quantities. When there are high
barrier in between states A and B, the sampling of the en-
tire equilibrium ensembles of A and B through molecular
dynamics would be very time-consuming. Then, the equi-
librium probabilities pA(a) and pB(b) should be obtained
by separated different experiments or simulations.

Another significant modification is the extended fluc-
tuation theorem (EFT) derived by Junier et al. (cite PRL
2009). Both the EFT and the DFT have considered the
subsets of the full phase space. Whereas Maragakis et al.
still used global equilibrium probabilities pA(a) and pB(b)
for the initial states, which should be obtained by some
other experiments than the forward and the backward re-
verse processes, Junier et al. used partial equilibrium for
the sampling of the initial states, which means that the
initial states are Boltzmann-Gibbsian but restricted over
a subset of the full phase space.

Junier et al. defined a ’kinetic state’ as a partially equi-
librated region of the phase space and states inside each re-
gion are sampled according to the Boltzmann-Gibbs equi-
librium distribution restricted to such region. The EFT
can be written as

PS0→S1(W )pS0→S1e−βW = PS1→S0pS1→S0e−β∆G
S1,λ1
S0,λ0 ,

where PS0→S1 is the work distribution for the trajectory
starting in partially equilibrated state S0 and ending in
S1, pS0→S1 stands for the probability to be in S1 at the

end of the forward process started in S0, and ∆GS1,λ1

S0,λ0
=

GS1
(λ1) − GS0

(λ0) is the free energy difference between
partially equilibrated states S0 and S1. The right-hand
side contains the corresponding reverse trajectory quanti-
ties that start in S1 and end in S0.

The EFT equation has the same form as that of the
DFT. The only difference is that the DFT is derived for
the case of global equilibrium initial conditions, but the
EFT is derived under the partial equilibrium over a subset
of the phase space.

In this paper, we generalize the FTs to non-equilibrium
initial states, that is, to the case where the initial states are
not Boltzmann-Gibbsian over the full phase space. First
we generalize the JE to non-equilibrium initial states [30,
32–34]. Having prepared the initial state of equilibrium
or non-equilibrium, we allow the system to evolve over
time from the state A at t = 0 to the state B at t = K∆t,
according to the predetermined protocol. The microscopic
history of a system during this process is described by
a trajectory Π = {x0, x1, · · · , xK−1, xK} evolving under
Hamilton’s equation in the phase space. xk denotes a point
in the phase space of the system at time t = k∆t. Since the
initial condition x0 uniquely determines a trajectory, the
exponential average of the work done during this process

can be evaluated as

〈e−βW 〉 =

∫
dΠP(Π)e−βW [Π] =

∫
dx0p(x0)e−βW

=

∫
dx0p

eq(x0)e−βW+D(pi|peq0 ) = 〈e−β(W−TDi)〉eq,(6)

where P(Π) is the probability for a trajectory Π and
Di = D(pi|peq0 ) = ln[p(x0)/peq(x0)] is the relative en-
tropy (or Kullback-Leibler divergence) of an arbitrary ini-
tial probability distribution pi = p(x0) to the equilibrium
probability distribution peq0 = peq(x0) [35,36]. The relative
entropy can be identified with the information as a mea-
sure of the distance between the actual distribution and
the equilibrium distribution in the information-theoretic
interpretation [37–39]. Then the average we evaluate be-
comes

〈e−β(W+TDi)〉 =

∫
dx0p(x0)e−βW−ln[p(x0)/p

eq(x0)]

=

∫
dx0p

eq(x0)e−βW = 〈e−βW 〉eq, (7)

and by combining Eqs. (1) and (6), we obtain

〈e−β(W+TDi)〉 = 〈e−βW 〉eq = e−β∆F̃ , (8)

where we introduced ∆F̃ to indicate the free energy dif-
ference evaluated from the modified work distributions,
W ′ = W + TDi. This equation is referred as the gen-
eralized Jarzynski equality (GJE) [30,34]. The equality
Eq. (8) suggests that if the system under consideration is
initially not at equilibrium, the work - free energy relation
should be extended to include initial state information.

Similarly, we can generalize the CFT for non-equilibrium
initial states (of forward/ backward processes). The for-
ward process is the one described above, in which the work
parameter is varied from A at t = 0 to B at t = Kδt
using a protocol DF (t). During the backward reverse pro-
cess, DR is varied from B at t = 0 to A at t = Kδt
by using the time-reversed protocol. At the start of each
process, the system is prepared in an arbitrary state, cor-
responding to DF (R) = A(B), at temperature T . The no-
tation ΠF = {x0, x1, · · · , xK−1, xK} denotes a trajectory
that might be observed during a realization of the forward
process and ΠR = {xK , xK−1, · · · , x1, x0} is its conjugate
reverse process. The ratio of probabilities to observe the
Hamiltonian trajectories ΠF during the forward process
and ΠR during the backward reverse process can be writ-
ten as

PF [ΠF ]

PR[ΠR]
=

pF (x0)PF (x0 → x1) · · ·PF (xK−1 → xK)

pR(xK)PR(xK → xK−1) · · ·PR(x1 → x0)

=
eln[pF (x0)/p

eq(x0)]peq(x0)PF (x0 → x1) · · ·PF (xK−1 → xK)

eln[pR(xK)/peq(xK)]peq(xK)PR(xK → xK−1) · · ·PR(x1 → x0)

= eD(pFi |p
eq
0 )−D(pRi |p

eq
K ) · eβ(WF−∆F )

= eβ(WF+TDFi −TD
R
i )−β∆F , (9)

whereDF
i = D(pFi |p

eq
0 ) = ln[pF (x0)/peq(x0)],DR

i = D(pRi |p
eq
K ) =

ln[pR(xK)/peq(xK)] and we used the CFT. Then the dis-
tribution ρF (W ′) for the modified work W ′ = WF +
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TDF
i − TDR

i can be evaluated as

ρF (W ′) =

∫
dΠFPF [ΠF ]δ

(
W ′ − (WF + TDF

i − TDR
i )
)

=

∫
dΠF e

β(WF+TDFi −TD
R
i )−β∆FPR[ΠR]δ

(
W ′ − (WF + TDF

i − TDR
i )
)

= eβ(W
′−∆F )

∫
dΠFPR[ΠR]δ

(
W ′ − (WF + TDF

i − TDR
i )
)

= eβ(W
′−∆F )

∫
dΠRPR[ΠR]δ

(
W ′ +WR − TDF

i + TDR
i )
)

= eβ(W
′−∆F )ρR(−W ′), (10)

where we used dΠF = dΠR because the Jacobian is 1 and
WF [ΠF ] = −WR[ΠR] because the work done to the sys-
tem during the forward process and the work done by the
system during the conjugate reverse process are the same.
Thus we obtain the generalized Crooks fluctuation theo-
rem (GCFT) for the workW ′ = W+TD(pF (x0)|peq(x0))−
TD(pR(xK)|peq(xK)) modified by the information of non-
equilibrium initial states

ρF (W ′)

ρR(−W ′)
= eβ(W

′−∆F ). (11)

We can derive our generalized FTs, the GJE and the
GCFT, from the Crooks’ general form of the FT (cite
Crooks PRE 2000) We use the forward path functional

FF = δ
(
W ′ − (W [x(0→ τ)] + TDF

i − TDR
i )
)
e−D

F
i ,
(12)

where x(0→ τ) denotes a forward trajectory, and its time-
reversed path function

FR = δ
(
W ′ − (W [x(τ → 0)] + TDR

i − TDF
i )
)
e−D

R
i ,
(13)

where x(τ → 0) denotes a time-reversed trajectory. In-
serting these path functions into Eq. (3) gives

〈δ
(
W ′ − (W [x(0→ τ)] + TDF

i − TDR
i )
)
e−D

F
i e−β(W−∆F )〉F

= 〈δ
(
W ′ − (W [x(τ → 0)] + TDR

i − TDF
i )
)
e−D

R
i 〉R, (14)

and we obtain the generalization of the CFT

ρF (W ′)e−β(W
′−∆F ) = ρR(−W ′). (15)

Finally, by integrating the above equation over W ′, we
obtain the generalization of the JE,

〈e−βW
′
〉 = e−β∆F̃ , (16)

where W ′ = W + TDi.

3 Pulling a Filament in Silico

3.1 Model

We consider numerical stretching experiments of a fila-
ment of length S = Nb, consisting of N monomers of size

𝑑! = 4 𝑑! = 20𝑑! = 12 𝑑! = 16
(𝑎)

(𝑏)

(𝑐)

Fig. 1. Conformations of confined model filaments consisting
of 24 monomers of size b sampled from equilibrium states (MC).
Beads are attached to both ends via harmonic springs and
the distance between the two beads (ds) is controlled during
pulling/releasing cycles. The three representative paths from
ds = 4b to ds = 20b are shown: (a) continuous deformations
(nk = 0 state) and (b-c) structural transitions to the final state
with a curvature flip (nk = 1 state). The transitions are via
(b) a single twist kink insertion at one of the filament ends or
(c) a pairwise kink/anti-kink insertion (nk = 2) in the middle
of the filament. Normal vectors are shown as dark blue lines
along the filament and their directions flip where twist kinks
are located.
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Fig. 2. (a) Schematics of pulling experiment. (b) nk -
extension(δλ) relation and (c) force(fX)-extension(δλ) rela-
tion. The projected forces in both moving bead (f1X > 0)
and fixed bead (f0X < 0) are averages of 1000 trajectories for
different pulling speeds v = 0.0002 (red), 0.0004(cyan), 0.002
(blue), 0.01 (green), 0.02 (purple) and 0.04 (magenta). The ini-
tial state (λA = 4.0), two final states (λB = 14 or λC= 19),
and the midpoint (λM = 9.2) are designated as A, B, C and
M, respectively. The symbol N represents the midpoint values
of 〈nk〉 and 〈f1X〉. Relaxation process (for v = 0.02 b/t0) after
arrival at the final position is indicated as thick arrows.

b, that has both bending and twist degrees of freedoms [27,
28]. The elastic energy is the sum of its bending and twist
energy contributions,

Hel
kBT

=
1

2

∫ S

ds[lp{(Ω1(s)−ω)2+Ω2(s)2}+lt(Ω3(s)−τ)2]

(17)
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where ω and τ are the intrinsic curvature and torsion.
Along the filament, the strain vector Ω(s) = {Ω1(s), Ω2(s), Ω3(s)}
is related to the local curvature κ(s) and torsion τ(s) by

κ(s) =
√
Ω2

1(s) +Ω2
2(s) and τ(s) = Ω3(s). The compo-

nents of Ω(s) are optimized to meet the preferred val-
ues for the 3D ground state which is helical. The bending
and twist fluctuations around the preferred values are gov-
erned by bending and twist moduli, lpkBT and ltkBT and
the fluctuations in bending angles and twist angles are
expected to be of ∼ l−1p and ∼ l−1t , respectively.

Details of the model can be found in previous publica-
tions [27–29]. In order to apply constraints to the filament,
we introduce two beads attached to the filament by springs
of strength ks = 5kBT/b

2. These springs mimic molecular
handles whose separation will be imposed/monitored and
obey Gaussian fluctuations (V = ks(r − r0)2, r0 = 1.5b).
Unlike molecular handles, which are usually much longer
than the size of the target molecule, the handles of the
current simulation has a monomeric size (no additional
entropy correction is needed) and it is introduced to allow
monomeric length fluctuation for the end positions of the
filament.

We choose parameters lp = 32b, lt = 4b so that the
large bending energy cost penalizes deformation involving
curvature change from optimal value within its contour
length S = 24b. The 3D ground state of the filament is
a helix. We reduce degrees of freedom by confining the
filament in effective 2D space using a harmonic potential
V (z) = 1

2kz
2 with k = 50kBT/b

2, where the potential has
minimum at the surface z = 0 [28]. When molecules are
squeezed, the ground state conformation of the filament
(up to boundary effects) is the circular shape of a constant
curvature, all twist being expelled. The twist angle may
change by ±π if curvature flips (∆nk = ±1). The corre-
sponding change of twist number is ∆Tw = ±0.5. The
conformation of 2D filament is then characterized by its
extension ds and the number of curvature flips (twist kink)
nk. The energy for inserting a single twist kink in a con-
tinuous infinite unconstrained filament can be estimated
as Ek = π(

√
γ − 1)ltkBTτ , where γ = 4

π2

lpw
2

ltτ2 measures
the ratio between the bending energy cost and twist en-
ergy cost [27]. With prescribed values of ω = 0.195b−1 and
τ = 0.174b−1, twist kinks of energy Ek = 2.22kBT can be
added by thermal activation. If a small end-to-end dis-
tance is imposed, the energy for inserting a twist-kink is
larger. In contrast a twist-kink may form spontaneously at
larger extensions. As the localized curvature flip is usually
induced by the extension of the filament, increasing end-
to-end distance (or applying tension) triggers the transi-
tion between conformations of different number of twist
kinks.

In Brownian Dynamics simulations, the pulling speeds
can be controlled by changing the distance between the
two handle beads ds after a given duration time tD. Whilst
it is possible to control the macroscopic variable ds (and
possible to measure nk), other internal degrees of freedom
related to the elastic energy of the filament are difficult to
control in a simple way.

3.2 Simulation Scheme

We carry out the non-equilibrium pulling experiments on
a model filament, in silico. The filament undergoes struc-
tural transitions between two states separated by the free
energy barrier. By utilizing the BD simulations, we first
establish both force-extension and nk-extension relations
during the stretching-releasing cycles. The projected forces
in the moving bead (f1X > 0) and fixed bead (f0X <
0) are recorded at given extension parameters λ = ds/b
(Fig. 2(a)). The work distributions are evaluated by in-
tegrating f1X(λ) for each of the 1000 trajectories. Fig. 2
shows force(fX)-extension(δλ) and nk - extension(δλ) re-
lations averaged for all trajectories, where the final dis-
placements (marked as open circles) are chosen to be δλ
= 10 (B) or 15 (C). As expected the force-extension re-
lation shows marked hysteresis. For slow pulling speeds,
the mean number of twist-kink 〈nk〉 is ∼ 0.5 at extension
δλM = 5.2. For fast pulling, most of filaments are found at
nk = 0 state, when the displacement reaches at position
M (λM) and follow the path illustrated in Fig. 1(a). Some
transition paths nonetheless follow the two-step process
(Fig. 1(c)) which involves pair-wise twist-kink insertion
(i.e. via nk = 2 state) rather than a single kink-insertion
process via the filament ends (Fig. 1(b)). The former pro-
cess involves usually larger energy barrier. The mid-points,
where two types of conformations are equally populated,
are obviously shifted to larger displacements in dynamical
processes. The average projected force f1X goes through a
maximum at the point M†, which we refer to as the tran-
sition point. For slow pulling speeds v < 0.002b/t0, the
projected pulling force f1X reaches to 0 close to B (at the
local free energy minimum) but remains at non-vanishing
value for fast pulling speeds. Force f1X is slightly larger
than force f0X when the system is not mechanically equili-
brated. For each trajectory, the work done by the moving
bead to the system is evaluated as W =

∫
f1 · dr and

the work distribution at the given pulling speed is ob-
tained. From this work distribution, we evaluate 〈e−βW 〉
and 〈e−β(W+TDi)〉 to apply the JE and GJE where Di

stands for the information to be discussed next.
In parallel, we measure the free energy variation upon

elongation in a Monte Carlo simulation by using the Den-
sity of States (DoS) method [40,41] suited for systems in-
volving energy barriers. For this purpose, the phase space
covered by the DoS needs to be enlarged compared with
the previous work [27]. The detailed simulation methods
are described in Appendix.

Evaluation of information - We present how we ac-

cess to the informations D
F/R
i in the generalized FT. The

phase space of the filament (with controlled extension) is
its configuration-space of high dimension. In Fig. 3, we
show distributions of some specific internal variables to-
gether with relaxed (equilibrium) distributions. The dis-
tributions of middle monomer (n =12) positions and the
bond angle of the corresponding link (Fig. 3(b)) show the
reduction in the volume of their phase spaces when the
filaments are brought at M (δλ = 4.2) by finite speed
pulling procedures. The distributions of total twist, ac-
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Fig. 3. Distributions obtained from 1000 trajectories at
the midpoint extension M. (a) Distributions of the middle
monomer (n = 12) positions. The positions of each monomer
are represented in x-y plane. The pulling direction is indicated
as +x̂. (b) Distributions of orientational link angles θn=12 and
(c) accumulated twist angles. Colors indicate different pulling
speeds: red, blue, green, purple and magenta represent v =
0.0002, 0.002, 0.01, 0.02 and 0.04 b/t0, respectively (from left
to right) and the relaxed distributions at the given extension
are shown in black.

cumulated twist along the chain, manifest similar effects
(Fig. 3(c)). The equilibrium distribution has several peaks,
one around 0 corresponding to 〈Tw〉 = 0 - state (no twist-
kink or kink/anti-kink pair) and the others around±π cor-
responding to 〈Tw〉 = ±0.5 - state (single twist-kink). At
high pulling speeds, one of the twist-kink states is mainly
populated due to the energy barrier associated with the
transition. Because fast relaxing variables, at the speeds
considered, do not contribute significantly to the informa-
tion, we use an operational definition based on a set of
independent slow variables.

We evaluate information in the middle monomer po-
sitions (n =12), by counting the number of trajectories
where the position of the middle monomer rn=12 falls in
a cell R(l,m) of area of (dx× dy) in 2-dimensional space
(one could also find probability distributions of x- and y-
coordinates), and by computing the logarithms of relative
probabilities ip,n=12 = Σl,m ln(p(rn ∈ R(l,m))/peq(rn ∈
R(l,m))) with respect to the equilibrium distributions.
We also evaluate informations in the cumulated twist by
iAcc.tw = ln(p(Σnψn)/peq(Σnψn)). Below we compute in-
formation at each trajectory at given time by the sum1 of
ip,n=12 and iAcc.tw,

Di = ip,n=12 + iAcc.tw. (18)

1 Alternatively, either the central monomer orientation or
the center of mass position can be considered together with
the accumulated twist for the evaluation of the information.
The former choice slightly underestimates the information cor-
rection while the later choice slightly overestimates it.
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Fig. 4. (a) Free energy landscape F (ds, Tw) obtained by the
DoS method of MC simulation. (Representative conformations
are shown.) (b) Mean entropy ∆S(ds, Tw). (c) Free energy
difference ∆F (ds) as a function of ds (averaged over Tw) (rep-
resented by black ◦) and ∆FTw(ds) for given values of Tw
= 0, 0.5 and −0.5 (red, blue, right blue). The free energies of
Tw = 0 and Tw = 0.5 cross at ds ≈ 10b. (d) ∆F (Tw) mea-
sured at given ds as a function of Tw. Different colors represent
different values of ds = 4b, 9b, 14b and 19b from bottom to top.

4 Results

4.1 Equilibrium free energy landscape, MC simulation

In Fig. 4(a), we show equilibrium free energy landscape
obtained by the DoS method of MC simulations for the
model filament. Several local free energy minima are found
at Tw values that are multiples of 0.5, the twist increment
per curvature flip. The lowest free energy state is found
at nk = 0 around the extension of ds = 4b and a region of
local minimum is found at nk = 1 (Tw = 0.5) along the
extension of 0 - 20b. The corresponding entropy map is
shown in Fig. 4(b). In Fig. 4(c) the free energy difference
∆F (ds) as a function of ds (reference to ds = 4b) and
∆FTw(ds) for fixed values of Tw = 0 and ±0.5 are plotted.
Fig. 4(d) shows the free energy ∆F (Tw) for fixed values
of ds. At small extension ds ∼ 4b, the free energy has
a well defined minimum at Tw = 0 (nk = 0). At larger
extensions, the minimum shifts to larger value of nk. The
Tw = 0.5 (nk = 1) conformation is the absolute minimum
for extension ds > 10b. Typically, these local minima are
separated by energy barriers ∼ 5 - 10 kBT .

4.2 BD simulation of non-equilibrium measurements

In Fig. 5(a), we show the free energy differences ∆F (1)(δλ)
obtained using the JE (Eq. 8). The results from three slow
pulling speeds are in agreement with each other, and col-
lapse into a single line, referred as MD line below. It turns
out that the MD line is slightly below the MC estimates
(see SI) but remains within ∼ kBT over the whole range of
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tested displacement. The estimation of ∆F for all pulling
speeds collapse into a single line for λ <∼ λM but split
at larger displacements. For pulling speeds (0.0002 - 0.002

b/t0), we obtain ∆F
(1)
AB ∼ 5.8-5.9 kBT , but for the fastest

pulling cases (0.02 - 0.04 b/t0) the ∆F
(1)
AB deviates by up

to ∼ 3kBT at larger displacement δλ ∼ 15.

To get the thermodynamic free energy from the fast
processes, we apply the JE in two steps. In step (1), we
bring the molecule to M starting from equilibrated state
A. And in step (2) we bring the molecule to B starting
from M after equilibration. We measure ∆F1 = ∆FAM

and ∆F2 = ∆FMB using Eq. (8). The obtained total free

energies ∆F
(2)
AB = ∆F1+∆F2 are shown in Fig. 5(b), where

data from all pulling speeds collapse to a single line.

To obtain ∆FAB from the CFT (Eq. (2)), we evaluate
work distributions from forward/backward work distribu-
tions. The reverse processes begin after some relaxation
time ∼ 20,000 t0 at B following the same protocol as the
corresponding forward processes. The overlapping forward
(right) and backward (left) work distributions are shown
in Fig. 5(c). Applying the CFT, the cross points of two
distributions (indicated as dashed lines) fall between 5.6
- 6.0 kBT , in fair agreement with the JE estimate ∆FAB

of slow pullings (Fig. 5(a)) or two step JE (represented as
MD line, Fig. 5(b)). For comparison, we show reverse work
distributions ρR(−W ) which takes the final state of the
forward process as the initial state of the backward process
without equilibration (shown in grey). Naively looking for
the cross point with ρF (W ) produces large overestimate
of ∆FAB for fast pulling/releasing processes.

Single step JE estimates of fast pulling processes also
deviate from the JE of slow measurements for δλ > δλM
(MD line). We attribute the deviation of the JE and CFT
estimate to the extra work needed in practice for cross-
ing large energy barriers that can not be easily overcome
by thermal fluctuations. The corresponding information
is accumulated and is to be dissipated after crossing the
barrier. We did also test CFT for ∆FAC and reached good
agreement without any correction. This is because the in-
ternal degrees of freedom can be easily relaxed over shal-
low barrier along ds = 19 line (see Fig. 4(d)).

In Fig. 6(a), we show the distributions of correspond-
ing informations (Eq. 18) at the midpoint M and the final
points B and C, respectively. At small pulling rates, the
informations have narrow distributions with a vanishing
mean. At larger pulling speeds, informations accumulated
at B (peak at +4) disappear at C (Fig. 5(a)).

We check the influence of information taking advan-
tage of the generalized form of the CFT. We obtain mod-
ified work distributions W ′F/R = WF/R − TDi,B for fast

pulling cases taking into account informations at the final
state (B) while Di,A = 0 (Fig. 6(c)). The most evident
shift is found in the case of v = 0.04b/t0. The large over-
estimated free energy (∼ 9.6 kBT ) found from the cross
point of the non-equilibrium work distribution is shifted
to smaller value 6.1 ± 0.5kBT , when the final point infor-
mation is considered. The estimate of free energy by the
GCFT at smaller pulling speeds also converges to 5.5 ±
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Fig. 5. (a) The estimated free energy difference ∆F (1)(δλ) as
a function of δλ evaluated from the JE and (b) ∆F (2)(δλ) by
using the JE in two steps. Different pulling speeds v = 0.0002,
0.0004, 0.002, 0.01, 0.02 and 0.04 b/t0 are represented by red,
cyan, blue, green, purple and magenta, respectively. The data
from three slow pullings are on top of each other. The esti-
mates from MC simulations are shown as a black solid line
for comparison. (c) The forward/backward work distributions
from pulling/releasing experiments with various pulling speeds.
The final state is B with extension δλ = 10. The slowest case v
= 0.0002 b/t0 and three faster cases v = 0.01, 0.02 and 0.04 b/t0
are shown in increasing order from left to right. The lines are
work distributions with equilibrated initial states, A (forward)
and B (backward). The cross points (ρF (W ) = ρB(−W )) pro-
viding ∆FAB via CFT are represented as solid lines. The distri-
butions shown in grey are work distributions −W of the reverse
processes which take the final state of the forward process as
the initial state of the backward process without an equilibra-
tion. The corresponding cross points ρF (W ) = ρB(−W ) are
indicated as dashed lines.

0.5kBT . For slow pulling speeds v < 0.01b/t0, as expected,
the influence of information is almost negligible.

To evaluate the free energy for the barrier crossing
problem using the GJE, we split the process into two steps,
and apply the GJE in the 2nd step. We measure ∆F1 =
∆FAM† with respect to A . In the second step, we measure

∆F̃2 = ∆F̃M†B at B with respect to M† using Eq. (8). We
include the information of M† as the initial state informa-
tion in the work distributions W ′M†B = WM†B + TDi,M†

and evaluate the free energy ∆F̃M†B from W ′M†B. If we
choose the splitting point as the thermodynamic midpoint
M (δλ = 5.2), the work distribution of the second step W2

should be modified to W ′2 = WMB+TDi,M. By taking into
account the information, we obtain consistent values of the
free energy ∆F̃AB for all pulling speeds v ≤ 0.02b/t0 but
not for v = 0.04b/t0 (Fig. 6(b)). The exchange of work and
information occurs until the system reaches to the tran-
sition state M† where the average force 〈f1X〉 is largest.
We may evaluate the free energy of the second step ∆F2

starting from M†. In the second panel of Fig. 6(b), we plot

the total free energy ∆F̃AB with information at the tran-
sition point for each pulling speed. (For v = 0.01, 0.02 and
0.04 b/t0, we locate the transition points as δλM† = 7, 9,
10, respectively.) With these informations, we find good
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Fig. 6. (a) Distributions of informations P (Di) (Eq. (18)). The
relevant positions are midpoint M (top), B(bottom,empty) C
(bottom, filled). The pulling rates are v = 0.0002, 0.01, 0.02
and 0.04 b/t0 left to right. For v = 0.04 b/t0, at M, the infor-
mation distribution of the accumulated twist alone is shown
in the inset. (b) The estimates of free energy difference by
using the GJE: ∆F̃ (δλM ) (top), and ∆F̃ (δλM†) (bottom).
Different pulling speeds v = 0.0002, 0.0004, 0.002, 0.01, 0.02
and 0.04 b/t0 are represented by red, cyan, blue, green, pur-
ple and magenta, respectively. (c) The estimates of free en-
ergy difference by using the GCFT. The work distributions for
the pulling rates: v = 0.04 b/t0. The distributions involving
the non-equilibrium state B (top) and the work distributions
(ρF (W ′), ρR(−W ′)) corrected by the contribution of informa-
tion by −TDi,B (bottom). The cross point of two distributions
are shifted to smaller value when the information is taken into
account.

agreement between the evaluated free energy difference
from the fast pullings and the quasi-static MD line.

5 Conclusions

The formal beauty of the fluctuation theorems like the JE
and CFT resides in their universality. It is enough to mea-
sure work distributions and no a priori knowledge of the
system is required, in order to estimate equilibrium quan-
tities such as the free energy. In practice it may be difficult
to measure those distributions with the required precision
for some systems [20]. To remedy this difficulty, extrapola-
tion schemes for the low work part of the distribution have
been devised [42]. We evaluate the free energy differences
of a model filament possessing many degrees of freedom
from non-equilibrium in silico experiments. As a reference
we produce the rugged free energy landscape represented
in the parameter space reduced to two macroscopic quanti-
ties (elongation and number of kinks) by MC simulations.
Following a constant speed protocol, we perform numer-
ical extension experiments with BD. A set of thousand
experiments is done for different speeds and work distribu-
tions are evaluated. Upon applying the JE to the obtained

work distributions, we found that there are distinctive two
regimes of pulling speeds. For slow pulling processes, the
JE provides a good estimate and recovers the thermo-
dynamic free energy. However, for fast pulling processes
the JE results deviate from the estimates expected in the
thermodynamic limit. (According to the Kramers’s rate
equation, the time required for the thermal equilibration
increases exponentially and the required pulling speed for
efficient sampling for the JE is expected to decrease expo-
nentially with the height of the barrier.)

To resolve this discrepancy induced by fast pulling
speeds upon crossing energy barriers, we extend the JE
to the GJE where the condition of the initial states being
in equilibrium is no longer required. We extend the FT to
take into account the stored information in internal de-
grees of freedom at the transition state and evaluate the
free energy in piece-wise manner.

It would be very difficult to (experimentally) extract
the information in all internal variables for a poorly known
system. Instead, we consider a few slow (uncontrolled)
variables which contribute most to the information. On
the other hand, instead of applying the GJE taking into
account informations at the transition state, one may con-
sider equilibrating at the transition point before proceed-
ing to the 2nd step of pulling. Similarly, we did extend
the CFT to the GCFT. Polymeric systems provide a good
platform to further test the generalized form of fluctuation
theorems. We plan to report similar analysis for coil glob-
ule transitions [43–46] and also to give different (equiva-
lent) ways for evaluating informations.
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A Appendix: Simulation Methods

We first obtain the equilibrium free energy map using den-
sity of state (DoS) method in the scheme of MC simula-
tions [40]. The details of simulation method are similar to

Ref. [29]. We have estimated DoS by using flat histogram
MC scheme first introduced by Wang and Landau [41].
To compare with non-equilibrium pulling experiments, we
evaluate DoS as a function of the total twist number Tw
and the control parameter, λ = ds/b. Once DoS is ob-
tained, thermodynamic function X can be obtained from
the density of state Ω(Tw, λ,E),

〈X(Tw, λ)〉 = ΣEp(Tw, λ,E)X(Tw, λ,E)

p(Tw, λ,E) =
Ω(Tw, λ,E)exp(−βE)

Z(Tw, λ)
(A1)

with Z(Tw, λ) = ΣEΩ(Tw, λ,E)exp(−βE). The free en-
ergy F (Tw, λ) can be obtained as F (Tw, λ) = −kBT logZ(Tw, λ).
As shown in Fig. 2(a), the free energy map is obtained in
the phase space of total twist Tw of range [-1.2 – 1.2]
and extension λ of range [1.4 – 21.4] (Binning sizes are
δE = 1.0, δD = 0.1 and δTw = 0.1). It turns out that
the limited phase space of MC simulations results in some
systematic yet moderate overestimate of the free energy
mainly at the large extension regime where states with
unsampled structures (e.g., more twist-kinks) may con-
tribute with some statistical weights.

The non-equilibrium pulling experiments are realized
by Brownian dynamics simulations for a filament of S =
Nb, described by the early introduced Hamiltonian, Eq. (17),
complemented by the bead-spring Hamiltonian (includ-
ing the handles). In the simulations, the discretized ver-
sion of the Hamiltonian, Eq. (17), is applied to a bead
spring model. The bead-bead interactions are modeled by
the fully repulsive Lennard-Jones(LJ) potential: ULJ(r) =
4ε[(σ/r)12 − (σ/r)6 + 1/4] for r < 21/6σ and 0 elsewhere.
In addition to LJ potential, we also apply FENE poten-
tial so that the bond length b is nearly fixed as b = 0.99σ
throughout.

In order to describe the motion of the filament, we
integrate Langevin equation with the total energy U ,

ζ
∂ri
∂t

= −dU
dri

+ η(t), (A2)

together with the Gaussian random force 〈η(t)〉 = 0 and
〈η(t)η(t′)〉 = 6kBTζ, where ζ is the frictional coefficient.
The random forces and diffusion constant D0 = kBT/ζ in-
clude temperature dependence. In the simulation, temper-
ature is measured in units of T0 = ε/kB , time is measured
in units of molecular diffusion time t0 = σ2ζ/kBT0, and
lengths are measured in units of σ. Thus, energy and force
are measured in units of kBT0 and kBT0/σ, respectively.

We perform pulling/releasing under the control of the
single macroscopic variable ds, which is the distance be-
tween two attached beads parameterized by λ = ds/b. The
initial conformations prior to pulling are sampled under
the constraint that the distance between beads is set to be
λ0 = 4. Each initial conformation is equilibrated prior to
the pulling process. The control parameter λ varies from
the initial state λ0 (λf ) to the final state λf (λ0) at a
given pulling(releasing) rate for each trajectory. With one
bead fixed, the second bead is moved along the initial
end-to-end vector (which is designated as +x̂-axis). Dur-
ing pulling/releasing, the position of the second bead is



10 M-K. Chae et al.: In silico experiments of Generalization of Fluctuation Theorems

updated by ±0.01 b at every time interval of δt = 0.25,
0.5, 1.0, 5.0, 25.0, 50.0 t0. These give pulling speeds: v
= 0.0002, 0.0004, 0.002, 0.01, 0.02 and 0.04 b/t0. About
1000 independent experiments are performed for various
pulling speeds. At given λ, the time-dependent forces f0
and f1 are measured by monitoring the extended lengths
of the two springs from their preferred length r0, where
the subscripts 0 and 1 stand for the fixed bead and the
moving bead, respectively. The system being out of equi-
librium, these forces do not cancel, as can be easily seen
at high speed from Fig. 3(a).

B Appendix: Alternative evaluation of
information

We define the logarithm of the ratio io,n = ln(p(θn)/peq(θn))
as the information associated with orientational degrees
of freedom of n-th bond link for a given trajectory. We
also define the logarithmic ratio of probabilities to have
specific twist rate as compared to the equilibrium value,
itw,n = ln(p(ψn)/peq(ψn)), as information associated with
twist angle fluctuation of the link n. If all twist angles
and bond angles fluctuate independently, total informa-
tion stored in the filament would be the sum of informa-
tions of all bond angles and twist angles.

The sum should be evaluated by run over the indepen-
dent blocks.

Di =
∑
{r}

kB ln{p(θr, ψr)/peq(θr, ψr)}

=
∑
{r}

kB{ln
p(θr)

peq(θr)
+ ln

p(ψr)

peq(ψr)
}. (A3)

The probability to visit a point in ∼ 2N dimensional space
{θj , ψj} is nearly impossible to measure as the volume of
phase space increases exponentially with the number of
degrees of freedom. To avoid such complexity, we group
p({rn, ψn}) into several (independent) blocks. We then
identify the block size nb from the probability distribu-
tion for consecutive monomers for the pulling speed under
consideration.

Di =
1

nb
(io,n + itw,n). (A4)

In Fig. 7, we demonstrate the distributions for all monomer
positions, all bond angles and twist increments at the
pulling speed v = 0.01 b/t0 when they are brought at λ†

= 9.2 by finite speed pulling procedures. Each distribu-
tion obtained from non-equilibrium experiment deviates
from the relaxed distribution signifying reduction of phase
space. The local twist angle fluctuations are fast relaxing,
there are little difference with equilibrium distributions.
The main contribution to the information comes from the
slowest degrees of freedom. We seek for the number of in-
dependent blocks contributing to the information (Eq. A3)
by matching the information of all local variables to that
of slowly relaxing variables. The monomer positions and
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Fig. 7. Distributions of (a) monomer displacements, (b) ori-
entational link angles, for all monomers and links of the model
filament of N = 24. (c) Distributions of local twist angles of
selected links. Coordinates are obtained from 1000 trajectories
at the midpoint extension λ† = λM = 9.2. The blue dots rep-
resent non-equilibrium distributions with vs = 0.002 b/t0 and
gray points represent the relaxed distributions at the given ex-
tension.

bond vector orientations are clearly correlated over some
finite lengths. We may determine the effective block size
nb by inspection of the characteristics distributions. Far
before the transition point, 〈nk〉 � 1, we found the cor-
related length is as large as N = 24. At transition point,
〈nk〉 ∼ 0.5, the average correlated length is measured to
be ∼ 6 (See, for example Fig. fig:app). At the final posi-
tion where 〈nk〉 ∼ 1, we find the average correlated length
is ∼ 12. The effective block size is nb = N/2 implies that
”most” of conformations are nk = 1 state with strongly
localized kink. After determining nb at the given position,
the obtained information (Eq. A4) is used for the evalua-
tion of free energy through GJE or GCFT. We found the
results consistent with the method using slow variables.


