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FRISCH-PARISI CONJECTURE

JULIEN BARRAL AND STEPHANE SEURET

ABSTRACT. We give a solution to the so-called Frisch-Parisi conjecture by construct-
ing a Baire functional space in which typical functions satisfy a multifractal formal-
ism, with a prescribed singularity spectrum. This achievement combines three ingre-
dients developed in this paper. First we prove the existence of almost-doubling fully
supported Radon measure on R? with a prescribed multifractal spectrum. Second
we define new heterogeneous Besov like spaces possessing a wavelet characterization;
this uses the previous doubling measures. Finally, we fully describe the multifractal
nature of typical functions in these functional spaces.

CONTENTS

Introduction
Statements of the main results
Some notations and definitions.
Almost-doubling measures with prescribed multifractal behavior
Besov spaces in almost doubling environments and their wavelet
characterisation
Typical singularity spectrum in Besov spaces in multifractal environment
Multifractal formalism for functions in B5"F(R?)
A solution to the Frisch-Parisi conjecture. Proof of Theorem 1.2
Measures with prescribed multifractal behavior
Additional notions related to the multifractal formalism for capacities
A family of probability vectors associated with o € 71 ap
Construction of the measure ji, associated with o € 71 um
The measure pu satisfies property (P)
The L9-spectrum of fjg 1) equals o*.
The multifractal formalism holds strongly for u, with o, = 0.
The case d > 2
A conditioned ubiquity property associated with the elements of M,
Wavelet characterization of B5P(R?) and BSP(R?)
Preliminary definitions and observations
Proof of Theorem 2.16 when 1 < p < o0 B
The shape of the typical singularity spectrum in Bj"” (RY) when u € &

Date: Received: date / Revised version: date.

1

N O O N

14
16
19
21
21
23
25
27
29
32
33
33
38
38
40
46



2 JULIEN BARRAL AND STEPHANE SEURET

6. Lower bound for the L9-spectrum, and upper bound for the singularity

spectrum in BEP(RY), when p € & 49
6.1. Preliminary large deviations estimates on the distribution of wavelet
coefficients when | f, p 00| < 00 51
6.2. Proof of Proposition 6.4 B 53
7. Typical singularity spectrum in B (R9) 57
7.1. A saturation function 57
7.2.  The singularity spectrum of the saturation function g#P¢ and some of its
perturbations B 62
7.3.  Typical multifractal behavior in Bs*P(R9) 66
8. Validity of the multifractal formalism. 68
8.1. Validity of the multifractal formalism for the saturation function g#P4 68
8.2.  Proof of Theorem 2.26(2) 70
8.3.  Proof of Theorem 2.26(3) 71
References 71

1. INTRODUCTION

This paper deals with multifractal analysis of functions, which originates from the
first geometric quantification of the Holder singularities structure in fully developed
turbulence [44, 43, 23]. This subject is an instance of the natural concept of multi-
fractality, which comes into play as soon as given a mapping h : X — A between
a metric space (X,d) and a set A, one describes geometrically the level sets of h by
considering the mapping o : a € A — dim h~!({a}), where dim stands for the Haus-
dorff dimension. Indeed, in many interesting situations, the non empty level sets of h
form an uncountable family of fractal sets, and o is sometimes called multifractal spec-
trum. When non constant, this spectrum provides a hierarchy between these level sets,
according to their sizes measured by their Hausdorff dimensions. Such spectra have
been considered in many mathematical fields, such as harmonic and functional analysis
(in the description of fine properties of Fourier series [31, 12] or typical elements in
functional spaces [14, 34]), probability theory (to describe fine properties of Brownian
motion or SLE curves [49, 51, 59, 24|, multiplicative chaos and Gaussian free field, ran-
dom covering problems [8, 30, 55, 4]), ergodic theory, dynamical and iterated function
systems (in the multifractal analysis of Gibbs measures such as the harmonic measure
on conformal repellers, Birkhoff averages, and self-similar measures [53, 42, 21, 22, 57],
metric number theory (Diophantine approximation and ubiquity theory [38, 28, 10],
shrinking targets problems and dynamical covering problems [27, 20]), the previous
references being far from exhaustive.

In the multifractal analysis of a real valued function f € Llo(fc(]Rd), the function h of
interest is the pointwise Holder exponent function hy, which is defined as follows.
Given 2o € R?, and H € R, f is said to belong to € () if there exist a polynomial P

of degree at most | H|, a constant C' > 0, and a neighborhood V' of z( such that
VeeV, |f(z)— Plx—mxy)| <Clz— l‘o\H.
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The pointwise Hélder exponent of f € L (R?) at xq is

loc
(1) hy(wo) =sup {H e Ry : f €€ (x0)},
and f is said to have a Holder singularity of order h¢(zg) at x.

The associated spectrum, called singularity spectrum of f, is the mapping
or: HeRU{oo} — dim Ef(H) € [0,d] U{—o0}, where E¢(H) := h;l({H})

(note that Ef(H) = () for H < 0). Again, dim stands for the Hausdorff dimension,
with the convention dim® = —oo. The function f is said to be multifractal when
E¢(H) # 0 for at least two values of H.

The idea of considering this spectrum is due to the physicists Frisch and Parisi [23],
who aimed at quantifying geometrically the local variations of the velocity field of
a turbulent fluid, and introduced the term multifractal. Another fundamental idea
pointed out by Frisch and Parisi consisted in coupling with the singularity spectrum
a large deviations approach, in order to statistically describe the Hoélder singularities
distribution (in Mandelbrot’s spirit for measures [44]). This led to the so-called multi-
fractal formalisms for functions. Since defining rigorously such a formalism is a little
involved and will be done later in Section 2, let us say at the moment that schemati-
cally, in such a formalism, the singularity spectrum oy of a Holder continuous function
f is always dominated by (and in good cases, coincides with) the Legendre-Fenchel
transform

CG(H) = ;gﬂgﬂq —Cr(q)

of a function ¢y : R — R, called the scaling function or the Li-spectrum of f: oy <
C;Z The mapping (y is a kind of free energy function encapsulating the asymptotic
statistical distribution of the Holder singularities as the observation scale tends to 0,
and it can be numerically estimated. For instance, in their seminal article, Frisch
and Parisi used for (; the scaling exponent of the moments of the increments of f,
informally defined as

\h\d/ F(z +h) — F(@)]7dz ~ [B@  as h -0,
Q

where ) is a fixed bounded domain on which f is supposed to be fully supported. The
heuristics developed in [23] lead to seek for the largest as possible classes of functions
for which the equality

(2) op(H) = (5 (H)

holds at any H such that (}(H ) > 0. In such a situation, one says that the multifractal
formalism holds for f, or that f satisfies the multifractal formalism. Then, the spec-
trum oy is a continuous concave map with support included in (0, 00), and assuming

that the topological support of f is full, one necessarily has o¢(H) = d = —(y(0) for
some H > 0 (for instance the level set Ey(H) may have a positive Lebesgue measure).

We will come back to rigorous definitions of multifractal formalisms for functions
and measures in Sections 2.5 and 3. The concept of multifractal formalism moti-
vated many works in geometric measure theory [13, 47, 40, 41], dynamical systems
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in connection with the thermodynamic formalism [52], and analysis [32, 34, 35]. It
provides a powerful framework to describe the fine geometric structure of invariant
measures of some dynamical systems [18, 54, 52] and the closely related self-similar
and self-affine measures [39, 47, 48, 40, 22, 5], self-similar functions [32], as well as
limit measures or functions in multiplicative chaos theory [29, 8, 7]. The singularity
spectrum and its suitable extensions to non bounded functions have also been used to
describe the geometry of celebrated functions like Riemann’s and Brjuno’s functions
[31, 56, 36], stochastic processes like Lévy processes and general classes of Markov
processes [33, 6, 60], as well as Lévy processes in multifractal time [9].

Multifractal formalisms are also relevant in some applications, due to the existence of
stable algorithms that precisely estimate scaling functions (s of numerical data. Then,
a key observation is that for most of real-life data associated to intermittent phenom-
ena, the associated estimated singularity spectra C;Z have a characteristic strictly con-
cave bell shape (see [1] and Figure 1). This is also the case for the singularity spectra
of important classes of functions possessing scaling properties [32, 9, 7]. This behavior
is in striking contrast to the results established for typical functions in some classical
functional spaces, where “typical” is meant in the sense of Baire categories’. Indeed, it
has been proved that typical increasing real functions (Buczolich&Nagy [14]), typical
functions in some Sobolev and Besov spaces (Jaffard [34], Jaffard&Meyer [37]), and
typical measures (Buczolich&Seuret, Bayart [15, 11]) satisfy a multifractal formalism
but possess an affine increasing singularity spectrum. One can conclude that, from the
view point of multifractals, classical function spaces do not provide “realistic” typical
elements. A precise statement regarding the typical spectrum in Besov spaces is re-
called in Sections 2.4 (Theorem 2.18), while the validity of some multifractal formalism
is these spaces in discussed in Section 2.5 (see also Figure 2).

On the other hand, the previous genericity results show that many multifractal
functions do satisfy some multifractal formalism without assuming any scale invari-
ance properties. In [34], Jaffard seeks for Baire topological spaces of functions in
which typical functions have a prescribed singularity spectrum, and do obey some
multifractal formalism. He gives this inverse problem the name “Frisch-Parisi conjec-
ture”, and provides a partial solution to it: he considers intersections of homogeneous
Besov spaces and gets Baire topological spaces in which typical functions possess an
increasing compactly supported singularity spectrum, with a prescribed concave part,
and another part which is necessarily linear; moreover, typical elements partially obey
some multifractal formalism (see Section 2.6 for a detailed description of Jaffard’s
result). Again, no scale invariance is assumed.

In order to give a flavour of our results, we need to formulate more precisely the
inverse problem in what consists Frisch-Parisi conjecture as considered by Jaffard:

Conjecture 1.1 (Frisch-Parisi conjecture). Let .#y; be the set of functions o : R —
[0,d] U {—00} such that o is concave, continuous, with compact support included in

1Recall that in a Baire topological space F, a property P is called typical, or generic, when the
set {f € E: f satisfies P} is of second category in FE, or equivalently is a dense Gs-set, that is the
intersection of a countable family of dense and open sets. One says that typical elements in E satisfy
‘P when P is typical in E.
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FIGURE 1. Estimated multifractal spectrum (right) for the 1D velocity
of a turbulent flow (left) - Credit to P. Abry, H. Wendt
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FIGURE 2. Typical multifractal spectrum of probability measures (left)
or functions in By?(RY) when s > d/p (right).

(0,00) and whose mazimum equals d. For every o € %y, there exists a Baire functional
space of functions defined on R® in which any element f in a residual set satisfies the
following properties: (i) oy = o; (ii) f obeys some multifractal formalism.

Note that the set .; consists of those mappings o which are admissible to be the
singularity spectrum of some Holder continuous function f : R — R whose pointwise
Holder exponents range in a compact subinterval of (0, 00), such that dim Ey(H) = d
for at least one exponent H, and which satisfies some multifractal formalism. The mul-
tifractal formalism for functions adopted in this paper will be specified in Section 2.5.
It is based on the multifractal formalism associated with the so-called wavelet leaders,
and developed by Jaffard in particular in [35].

In the present paper, we introduce Baire function spaces in which typical functions
have the expected bell-shape singularity spectrum, and satisfy the multifractal formal-
ism mentioned above. This construction follows from three ingredients developed in
this paper, each of them having its own interest.

First we prove the existence of almost-doubling and Z%invariant Radon measures
fully supported on R? with prescribed singularity spectrum, and which satisfy the
multifractal formalisms for measures developed in [13, 47] (Theorem 2.10 and Corollary
2.10). Up to now, such a result was only known for measures supported on a totally
disconnected set [2] (see also [16] for results on the prescription of the singularity
spectrum for measures). These measures possess scaling like properties.
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Second, we introduce new functional spaces B4"(R?) that we call Besov spaces
in multifractal environment, whose definition is based on a modification of the usual
notion of LP-moduli of smoothness. These spaces depend on an almost-doubling capac-
ity p, that we call environment. Then, we study the wavelet decomposition of functions
belonging to B5*P(R?), and prove that the intersection of suitable perturbations of the
space BUP(R?) define a Fréchet space BLP(R?) very nicely characterized in terms of
wavelet coefficients (see Definition 2.14 and Theorem 2.16).

Finally, thanks to the previous wavelet characterization, we perform the multifractal
analysis of typical functions in B4P(R?), when the environment g is a positive power
of one of the almost doubling measures we built before. N

As a by-product of the previous results, using the spaces Bj*” (RY) with suitable
parameters p, p and ¢, we obtain the following theorem:

Theorem 1.2. Conjecture 1.1 is true.

It is worth noting that scaling like properties play a role via p in this solution,
but that typical functions do not possess such properties, though they inherit their
multifractal structure from pu.

We describe precisely our three main results in the next section.

2. STATEMENTS OF THE MAIN RESULTS

2.1. Some notations and definitions. The set of non negative (resp. positive)
integers is denoted by N (resp. N*), and the set of non negative real numbers and
positive (resp. negative) real numbers are respectively denoted by Ry and R (resp.
R*).

If F is a Borel subset of R?, the Borel o-algebra of E is denoted B(E).

For j € Z, D; stands for the collection of closed dyadic cubes of generation j, i.e.
the cubes \jx = 277k + 279(0, 1]¢, where k € Z%. We also set D = |J.., D;, and if
A = Aj i € D;j we denote 277k by x).

For j € Z, A € Dj, and N € N*, N denotes the cube with same center as A and

radius equal to N - 27771 in (R?, || |ls). For instance, 3) is the union of those ' € D;
such that AN IN # (.

For z € RY, Aj(x) stands for the closure of the unique “semi-open to the right”
dyadic cube of generation j containing x.

=/

Given z € R? and r € R, the closed Euclidean ball centered at x with radius r is
denoted B(x,r). If E C R%, |E| stands for the Euclidean diameter of E.

The Lebesgue measure on R? is denoted by £¢, the set of Borel subsets of R? is
denoted by B(R?).

The domaine of a function g : R — RU {—oo} is defined as g~ *(R), and denoted by
dom(g). If g is concave, one sets ¢’ (00) = lim;_,00 ¢'(t1) and ¢'(—o00) = limy,_ o ¢’ ().

The family of Hélder-Zygmund spaces is denoted {%*(R%)}4~0 (see [45, 58] for in-
stance for thorough expositions of classical functional spaces).
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Definition 2.1. The set of Hélder functions on B(RY) is defined as
(3)  HE®RYH={u:BRY) - RyU{cc}: 3C,s>0, VECRY u(E) < C|E*}.
Then, the set of Holder capacities is defined as

(4) CRY) ={pueH®RY): VE,FeBRY), ECF= puE)<uF)}.
and the set of Holder Radon measures is defined as
(5) M(RY) = {p € C(RY) : u is a Radon measure}.

The topological support supp(u) of p € H(R?) is the set of points x € RY for which
w(B(x,r)) > 0 for every r > 0. We say that u is fully supported when supp(u) = R,

We also consider the sets ([0, 1]¢), C([0, 1]%) and M([0, 1]?) consisting of set func-
tions defined on Borel subsets of [0,1]%, by replacing R? by [0, 1]¢ in the above defini-
tions.

Definition 2.2. For s > 0, a set function u € H(R?) is s-Hélder when there exists
C > 0 such that w(E) < C|E|* for all E € B(RY).
Then, for p € H(R?), s > 0, and E € R?, define

p(E)=w(E) and p(E) = pu(E)E*
and if p is so-Hdélder, then for all s € (0, sp), define

0 if |E| =0,
p(E) = S WE)|E|™ if 0 < |B| < oo,
00 otherwise.

Starting from g € H(RY), i, p(*t*) and p(=*) as defined above still belong to H(R%).

2.2. Almost-doubling measures with prescribed multifractal behavior. Mul-
tifractal formalisms for measures take their origin in works by physicists who proposed
to characterize “strange sets” by considering, for any invariant probability measure p
on such a set .S, the partition of S into iso-Ho6lder sets of u. They further estimated
the “fractal” dimensions of these sets using the Legendre transform of some free en-
ergy function, the Li-spectrum, closely related to the generalized dimensions due to
Renyi [26, 25]. Their ideas were later rigorously formalized by mathematicians (see,
e.g. [13, 40, 47]).

The local behavior of elements of ([0, 1]?) will be described via their pointwise

Holder exponents, also called local dimensions in the case of measures.

Definition 2.3. Let p € H([0,1]%). For x € supp(u), we define the lower and upper
pointwise Holder exponents of p at x as

logy p(\j (7))

_ 1 s
and hy(xz) = limsup M

Jj—00 —J Jj—00 —J

hy,(z) = lim inf

respectively. Whenever h,(z) = hu(z), we denote this limit by hy,(x).
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H

Qhin = ‘r;l,(oo) T}IL (0) Omax = T}’L(*‘x’)

FIGURE 3. Left: Free energy function of u € C([0,1]%) satisfying the
multifractal formalism. Right: The singularity spectrum of pu.

For a € R, we set

| I=

() = {z € supp(u) : hy(z) = o

ula) = {x € supp() 35#(95) =
Ey() = E,(a) N E, (o).

The singularity (or multifractal) spectrum of p is then the mapping

&

o, @ € R—dimE, ().
Definition 2.4. The Li-spectrum of u € H([0,1]%) with supp(p) # 0 is defined by

1
Ty qGRHjli}rgo—glogQ Z ()7
AED;, AC[0,1]4,
p(A)>0

Then, one always has (see [13, 41])

ou(a) < 7i(a) == Inf gor — Tu(q)-

In particular, if u € M([0,1]9), since 7,(1) = 0, on has o, () < « for every o € R.

Definition 2.5. A function p € H([0,1]%) such that supp(u) # 0 is said to obey the
multifractal formalism over an interval I C R when

(6) ou(a) = 7,()

for all a € 1. It is said to strongly obey the multifractal formalism over I when (6)
still holds for all o € I after one replaced E, (o) by Ey(a) in the definition of oy, If
I =R, one simply says that the multifractal formalism holds for p, and that it holds
strongly if one considers the sets E, (c).

Remark 2.6. Note that one can alternatively define the lower and upper pointwise
Hélder exponents at x € [0,1]% in the following ways, which are equivalent:

o Jlogp(B(ayr)) log pu(B(z, 1))
h,(z) = 1173(1]I+1f og(r) and hy(x) = thl?#p Tog (1)

)
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or
h,(z) = liminf M and hy,(z) = lim sup M
j—00 -7 j—00 —J

(after defining u(A) = p(AN[0,1]%) if A € B(RY)). In this case one naturally considers
w(3X\) instead of p(A) in the definition of the L9-spectrum. However, in this paper we
will mainly consider doubling or “almost doubling” capacities for which all the previous
notions of exponents, level sets, singularity spectrum and Li-spectrum do not depend
on whether dyadic cubes or centered balls are considered.

When p € M([0,1]%), it is known [40, 2] that 7, (—00) < o0 if and only if 7, is finite
in a neighborhood of 07, and in this case 7, : R — R is a non-decreasing, concave map
with 7,(1) = 0. If, in addition, p has full support in [0, 1]¢, then 7,(0) = —d, and 7

reaches its maximum, equal to d, exactly over the interval [r;,(0)~,7/,(0)"]. Moreover,

dom(7;) = [r,,(00), 7, (—00)] = {a € R : 7;;(a) > 0}

Definition 2.7. Let J; s be the set of concave increasing functions 7 : R — R such
that 7(1) = 0, 7(0) = —d and dom(7*) is a compact subset of (0,00).

Let Zg m be the set of functions o : R — [0,d] U {—o0} such that o is compactly
supported with support included in (0,00), concave, continuous, o < Idr and there
exist two exponents D, D" > 0 such that o(D) = D and o(D’) = d.

The set Jy r is the class of admissible L?-spectra associated with measures fully
supported on [0,1]% that we will consider, and .M is the class of admissible singu-
larity spectra for measures strongly obeying the multifractal formalism with an L9-
spectrum in 73 4. One easily checks that these two sets .74 r¢ and 73 ¢ are Legendre
transforms of each other.

Note that .74 ¢ is similar to the set .7y introduced in Conjecture 1.1, except that it
imposes the additional conditions that o < Idg, which is necessary to be the singularity
spectrum of a Radon measure, and there existence of two exponents D, D’ > 0 such
that (D) = D and o(D’) = d, which is necessary to be the singularity spectrum
of a fully supported measure obeing the multifractal formalism (see Remark 3.5 in
Section 3.1 for justifications of these facts). Observe also that, .#; being defined in
Conjecture 1.1,

Fy={o(s) 0 € Sgm, s> 0}

Given o € ¥, it is natural to investigate the possibility to find a fully supported
p € M([0,1]9) such that p obeys the multifractal formalism and satisfies oy = 0. We
give a positive answer to this question. The measures solving the problem possess
additional properties introduced now.

Definition 2.8. A capacity p € C(R?) is said to be almost doubling if there exists a
0(4)

non decreasing mapping 0 : N — Ry with lim;_, =5 = 0 such that

(7) for all z € supp(p) and j € N*, pu(3)j(z)) < U u(\(z)).
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Equivalently, there is a mapping 6 : (0,1] — Ry such that lim,_,o+ % = 0 and

for all z € supp(p) and r € (0,1] one has
w(B(x,2r)) < O p(B(x,7)).
Also, when @ is constant, the capacity p is doubling in the “classical” meaning.

Definition 2.9. Let © be the set of non decreasing functions 6 : N — Ry such that

lim @ =0 . A function u € H(R?) satisfies property (P) if there exist C,r1,r9 > 0
J—0 j
such that:
(P1) for all j € N and X € Dj,
(8) C~1o7im2 < p(\) < 0279,

(P2) There exists 6 € © such that for all j,j' € N with j' > j, and all \, X € D;
such that ONNOX # 0, and X' € Djr such that N C A:

(9) C 1270020 =) (X)) < p(X) < €200 =02 (N,

For ;€ P(R?), (Py) is a uniform Hélder control, from above and below, of j, and
(P2) is a rescaled version of (P1), which implies the almost doubling property when pu
is a capacity. Our result on prescription of multifractal behavior for measures is the
following.

Theorem 2.10. There exists a family of measures My in M(R?) such that :

(1) Bvery u € My is Z%-invariant, fully supported on R?, satisfies property (P),
and o 1ja strongly obeys the multifractal formalism.
(2) Sam = {a“|[o,1]d D€ Mgl

The family My C M(R?) is built in Section 3, by explicitly constructing, for
o € Sgm, a fully supported Borel probability measure p on [0, 1]¢, which strongly
obeys the multifractal formalism, and such that o, = 0. Then My is constructed by
periodisation of such measures p.

The claim of Theorem 2.10 regarding the multifractal properties can be equivalently
stated as follows: let 7 € 5 aq. There exists a Borel probability measure p with
support equal to [0, 1]d, which strongly obeys the multifractal formalism and such that
7, = 7. This result was established in [2], but the support of the measure had to be
totally disconnected. Our proof will follow quite a different method.

In order to solve the Frisch-Parisi conjecture 1.1, we will need not only Mg, but
also the following larger class of capacities.

Definition 2.11. The set & C C(R?) is defined as the set of positive powers of mea-
sures L € My, i.e.

(10) Eg={p’:pe Mgy s>0}

An element of &y is called a multifractal environment.
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Remark 2.12. (1) A direct computation shows that for any s > 0 and any p € H(R?),
for every t € R, Tt 1y (t) = T .17 (st).

(2) It is immediate to check that as soon as i € H(R?) satisfies property (P), the

functions p®, pt%) and p(=%) do satisfy (P) as well (when s is small enough in the

case of p=%)), and that '“|S[0 1 has H — o, (H/s) as singularity spectrum.

[0,1)¢

2.3. Besov spaces in almost doubling environments and their wavelet charac-
terisation. Standard Besov spaces can be defined by using LP moduli of smoothness,
and can be characterized in terms of the behavior of the coefficients of their wavelets
expansion. In order to define Besov spaces in multifractal environment considered in
this paper, we begin by extending the classical definition of LP moduli of smoothness.

Definition 2.13. For h € R? and f : R? — R, consider the finite difference operator
Apfiz e R f(x+h) — f(x). Then, for n > 2, set AV f = Ap(A}1f).
For every fully supported set function p € H(R?), for every n € N*, h € R?\ {0}
and x € R?, set
AR f(x)

A" f(x) = ;
WO = B w + nD)
where for x,y € RY, B([z,y]) stands for the Euclidean ball of diameter [z,y)].

For p € [1,00]|, the p-adapted n-th order LP modulus of smoothness of f is defined
at any t > 0 by

(11) Wh(f,t. R, = sup  [|AR" f| 1o (ay-
t/2<|h|<t

Observe that when p(E) = 1 for every set F, then w(f,t,R%), is a modification of
the standard n-th order LP modulus of smoothness of f defined by

(12) wn(ft,RY)y = sup || A}l 1o (ray-
0<|hl<t

Recall that when s > 0, and p,q € [1,c], the Besov space By”(R9) is the set of
those functions f : R — R such that | f1l Lp(ray < o0 and

(13) |flgr ey = 127 (@£, 277, R p)jenlleaqy < o0,

where n is any integer larger than s. We omit on purpose the dependence in n in
the notation |f|pgs»(rae). Indeed, the norm || fl| gsv(rey = | flpsr(a) + | fllLp(ray makes
Bg?(R%) a Banach space, and different values of n > s yield equivalent norms (see [17,
Remark 3.2.2]).

Definition 2.14 (Besov spaces in g-environment). Let i € H(R?) satisfy property (P;)
of Definition 2.9 with exponents 0 < s1 < Sa, and consider an integer n > | sy + %J +1.

For 1 < p,q < oo, the Besov space in p-environment B,’f’p(]Rd) 1s the set of those
functions f: R — R such that I f1l Lr(mey < 00 and

(14) |Flppr@ay = 12747 (@h(£,279, RY)p) jenillea ) < oo
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We also set

= (=)
Byr®RY = () BYTP®Y).

0<e<min(sy,1)

At this stage, both BY?(R?) and B4*(R?) depend a priori on the choice of n. We
are going to prove that, under the rather weak scaling like additional property (P2)
of Definition 2.9, the dependence in n > |sg + %J + 1 can be dropped for BYP(R?),

as well as for B5P(R?) when p is a doubling capacity (see Theorem 2.16 for a precise
statement). Moreover, endowed with the norm || ||zsga) + | [ erma), BEP(RY) is a

Banach space, from which it follows that Eﬁf P(R?) is naturally endowed with a Frechet
space structure, as the intersection of a nested family of such spaces. The Frechet
spaces BiP(RY) will play a key role in the solution to the Frisch-Parisi conjecture
proposed in this paper.

B =

Recall that £ stands for the d-dimensional Lebesgue measure. Setting u = (Ed)i_ ,
we will see that when s > d/p the equality B5"P(RY) = ByP(R?) holds. A multifractal
element y € S(R?) should now be considered as defining an heterogeneous environment
imposing local distorsions in the computation of the moduli of smoothness in compar-
ison to positive powers of £¢, which are homogeneous in space. Like for Bg? (R%), in
order to study the typical multifractal behavior in Bf"P(R?) it is essential to establish
a wavelet characterization of this space. However, we obtain such a characterization
only when p is doubling, while such a characterization is possible for Bj"? (RY) when p
is almost doubling (see Theorem 2.16 again).

Wavelet characterisations. Let us discuss now these characterisations in detail.
It is a standard result that classical Besov spaces are characterized in terms of wavelet

coefficients decay. Let A = Ujez A;, where for j € Z

Aj={G,5,k) :ie{l,...,.2 =1}, ke Z}.

Let ¢ be a scaling function and {w(i)}izlymzd_l be a family of wavelets associated
with ¢ so that (¢, {w(’;)}izlwgd,l) defines a multi-resolution analysis with reconstruc-
tion in L2(R%) (see [45, Ch. 2 and 3] for a general construction).

For every A = (i, 7, k) € A, denote by v the function z — () (2/2 — k). Then, the
functions 29/, j € Z, X € A;, form an orthonormal basis of L? (RY), so that every
f € L*(R%) can be expanded as

f = Z Z C)\w,\, with C)\ :/ 2dj¢)\(x)f(x) dz
JEZ )\GAJ' R

(pay attention to the L* normalisation used to define the wavelet coefficients (¢))xen)-

Definition 2.15. For everyr € N, we denote by F, the set of those {¢, {w(i)}izl’“_,zd,l},
which define a multi-resolution analysis with reconstruction in L*(R?) and such that,

moreover, ¢ and the VD are compactly supported and r times continuously differen-
tiable.
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It is known that if r € N* and ¥ € F,., for each 1 <17 < 2¢ _ 1 and each multi-index
a € N9 of length smaller than or equal to 7, one has Jga Tt -2, P (z)dz = 0 (see
[45, Prop. 4, section 3.7]).

Fix r € N* and ¥ € F,. For any f € LP(R%), 1 < p < oo, set
Bk) = y f@)g(e —k)de (ke Z).
Then (see [45, Ch. 6], [58], or [17, Corollary 3.6.2]), for r > s > d/p,

B e (2%,

5,0 (RY A
(15)  f e B (RY) = (¢j)jen € 4(N), where €; = H (QJ(S_d/p)c,\>

p7
and f =3y cz0 B(k)o(- — k) + ZjeN Z)\GAJ- exx. Moreover, the norm ||], + [[(g5)lq
is equivalent to the norm [|f|[gs» (R%) defined in (13). Note that the functions ()

(RY) = ¢° 7 (RY).

/\EA]'

,O0

_d
then belong to By?(R%). Also, By*(R?) — Boo?

Let us now introduce the quantity

(16) f

cx
wpa = | flupaw = ||(5§L)jeN||eq(N)a where 5? = ()\>
() AEA,

P

and p(A) = p(Njk) if X = (4,7,k). In (16), the wavelet coefficients are computed
with the given ¥ € F,., but we omit the dependence on r and ¥ to make the notations
lighter. This is justified by the fact that in what follows, r will depend on p only and in
the cases which are relevant to us (i.e when p satisfies (P)), the wavelet characterisation

of the Baire topological spaces BEP(R?) will be independent of U € F,.

Our result about the wavelet characterizations of BEP(R?) and BEP(R?) is the
following.

Theorem 2.16. Let p € C(R?) be an almost doubling capacity. Let 0 < s1 < so
and r = |s3 + %J + 1. Suppose that property (P) holds for p with the exponents
(r1,72) = (s1,52) and that BYP(RY) has been constructed by using the LP moduli of

smoothness of order n, for some integer n > r. Let ¥ € F,.
For every € € (0,1), there exists a constant C > 1 such that for all f € LP(R%),

(17) 1 £l e ey + [ flppg < CUSlpmay + 1F] e )
By (Re)

(18) 1| zeway + | fBer@ay < CUfllLeway + | flucre pg)-

Moreover, when  is doubling and satisfies property (P) with 6 = 0, the norms
I llze + 1 lipg and || [lze + | |pe» are equivalent.

As a consequence, when p is doubling and satisfies (P) with § = 0, the space
BEP(R?) possesses two equivalent definitions based either on LP moduli of smoothness
or on wavelet coefficients, and this definition is independent of the choice of n > r and
U € F,. For BIP(RY), when p satisfies property (P), combining (17) and (18) shows
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that f € BEP(RY) if and only if £l o (ray + | f] < oo for every € > 0, hence

By (ga)
also giving a wavelet characterization of B5*P(R%).
Moreover, given ¥ € F,., the family of Banach spaces

(—¢)
{B. = (B P®Y, | oty + o pgs )

0<e<min(sy,1)

is non decreasing, and B, «— B, for all 0 < ¢ < ¢’ < min(sy,1). This implies that the
space BYP(R?) can be endowed with a Frechet space structure, of which a countable
basis of neighborhoods of the origin is given by

19) {Nm—{feég’p(Rd)! Wl + 171, <1}}
B(‘; meN,

,P(Rd) m
m>max(1,sl_1)
Remark 2.17. (1) When (Py) is satisfied, then the sequence of embeddings
d d .
By TP (RY) s BEP(RY) - By PP (RY) and BT P(RY) <5 BEP(RY) hold.

(2) It is direct from the proof of Theorem 2.16 that if we make the slightly weaker
assumption that property (P) holds for all (r1,79) such that 0 < r1 < s1 < s < 19,
then the statement remains true.

By Remark 2.17(2), when p € & (see Definition 2.11), since property (P) holds
with any (r1,72) such that 0 < r; < 7/,(00) < 7/,(—00) < ro, BY"P(R?) will always be
considered as defined for an integer n > r,,, where

(20) T, = {T[L(—oo) + ZJ +1,

and the wavelet characterization of BSP(R%) holds with ¥ € Frp-

We can know present out result on the typical singularity spectrum in éff P(RY).

2.4. Typical singularity spectrum in Besov spaces in multifractal environ-
ment. Let us first recall Jaffard’s result on the typical multifractal behavior in By (R%).

Theorem 2.18. [34] Let s > 0 and (p, q) € [1,00)%, with s > d/p.

min{p(H—(s—%)),d} if H> s —d/p,

1) For all f € BYP(RY), o4(H) <
(1) For all f € ByP(RY), o(H) < if H<s—d/p,

with the convention oo x 0 = d.

d .
(2) Typical f € BiP(RY) satisfy op(H) = {p(H —(s=3) ifHe[s—d/ps,

—00 otherwise.

The singularity spectrum of typical functions f € By? (R%) depends only on s, d
and p, and it is affine increasing over its support whenever p < co. When p = oo,
the support is degenerate and the typical singularity spectrum is o¢(H) = 1, (H) —
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Our result on the multifractal nature of the elements of BLP(R?) when p € &
(i.e. powers of measures M, defined by (10)) is the following (the validity of some
multifractal formalism is dealt with in the next section).

Theorem 2.19. Let p € &y, p,q € [1,00], and consider the mapping

p—t P .
(21) Gl =1 5 <p—#> i€ (~oop)
7/, (c0)t if t € [p,00).

(1) For all f € BYP(RY),

Cip(H) if H<(, (0T)
(22) o(H) < { " if H > (Z;(oﬂ '

(2) For typical functions f € BEP(R?), one has o = G-

The possible features of the multifractal spectrum of typical functions in Eéf P (RY)
are investigated in detail in Section 5 (see Lemm 5.1 and Remark 5.2). There, we
will see in particular that depending on the values of p and on whether 7;(7/,(c0))
equals 0 or is positive, distinct phenomena may appear, see Figures 4 and 7 for a
representation of the multifractal spectrum of typical functions in Bj” (RY), according
to whether o, (min) = 0 or oy(amin) > 0. Meanwhile, the three first items of the

following remark provide preliminary information about this spectrum.

Remark 2.20. (1) It will be proved that (. is always concave. Also, it is imme-
diate that ¢, p, = 7, when p = 00, so typical functions in E#’M(Rd) have 1, as
singularity spectrum.

(2) The support of ¢, is the compact subinterval [C,p(00), (), ,(—0o0)] C (0,00).
Moreover, since (. ,(0) = 7,(0) = —d, the mazimum of (, is d, and it is
reached at H if and only if H € [(}, ,(0%), (up(07)].

(3) One has ¢}, ,(—o0) < 7/, (—00) + % (see the comment after Proposition 5.1).

(4) The set of environments &y that we consider contains all the positive powers
of L. When s > d/p and p = (£4)*/4=1/P, Theorem 2.19 coincides with
Jaffard’s Theorem 2.18. Indeed, in this case 7,(t) = (s—d/p)t—d so 1, (—00) =
7,(00) = s —d/p, Ti(H) = d if H = s —d/p and —co otherwise. We deduce

that (. p(t) = st —d ift <p and (,p(t) = (s —d/p)t for t > p, whose Legendre

transform is easily seen to be the typical spectrum observed in By® (RY).

(5) For a doubling capacity p with nice scaling properties, one can expect Theo-
rem 2.19 to be true for BYP(RY) (and not only BEP(R?)). This is the case
when [ is a positive power of a class of Gibbs measure defined in the following
way: let O be the set of Z%-invariant real valued Hélder continuous functions
on RY. Let p € ®. Then, the sequence of Radon measures

n—1

vy (dx) = xp (Snp(2)) 4(dz where T) = "x
n(d) f[o,l}d exp (Spp(t)) L2A(dt) L£%(dx), here Spp(x) kZ:O‘P@ ),
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0 | 7i.(o0) Gl (=o0)

FIGURE 4. Here we take p = 1. Left: Upper bound for the multifractal
spectrum of every f € BY ’1(]Rd). Right: Multifractal spectrum of a

typical function in Eéf 1(R9). The dashed graph represents the (initial)
multifractal spectrum of . When p = oo, the multifractal spectrum of
typical f € BY"*°(R%) coincides with that of j.

converges vaguely to a Z%-invariant Radon measure v = vy fully supported on
R, called Gibbs measure associated with . Then, T 1]d(t) =tP(p) — P(ty),
where the topological pressure of p € ® is defined by
- . 1 ~
P(p)= lim log/ 2" exp (S, @(z)) L4(dx).
[0,1]¢

n—4+oco N

Moreover, Tyt analytic (see [50, 52]).

It turns out that following the proofs developed in this paper when u € &y,
if p = v¥ = vg for some s > 0, sufficient conditions for the conclusions
of Theorem 2.19 to hold for typical functions in BiP(RY) and Effoo(]Rd) are
p =00, or T, . ,(00) = 0, or that the potential ¢ reaches its minimum at 0.

[[0,1]
In the general case, our result still holds but the method must be adjusted, and

we will not enter into the details in this paper.

Remark 2.21. Let p € &. Let ¥ € F., and E(’;’\I’;(Rd) be the subspace of those
f € LP(RY) such that |f|upqw < oo. Endowed with the norm || 2o ®ay + | lpp.a,w
E(’;"g(Rd) is a Banach space, and our proof of Theorem 2.19 shows that the conclusions

of this theorem do hold if one replaces Eé"p(Rd) by El‘;’p’w(Rd). Also, Theorem 2.16

implies that BEPY (R) does not depend on U and equals BEP(R?) when property (P)
holds with 8 = 0.

Next section presents the multifractal formalism for functions that we will use. It is
based on the multifractal formalism developed by Jaffard in [35], associated with the
so-called wavelet leaders, whose definition we recall below.

2.5. Multifractal formalism for functions in BF?(RY). Let us begin with the
definition of wavelet leaders.

Definition 2.22 (Wavelet leaders). Given ¥ € |J,oyFr and f € LY (RY) for some

loc

p € [1,00], denoting the wavelet coefficients of f associates with U by (cx)xen, the
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wavelet leader of f associated with X € D (see Section 2.1 for the notations) is defined
as:

(23) L = sup{len| : X = (4,5,k) € A, X, C 37

Pointwise Holder exponents of Hoélder continuous functions are related to the wavelet
leaders as follows (see [35, Corollary 1]).

Proposition 2.23. Let r € N* and ¥ € F,. If f € €°(R?) for some e > 0, then the
pointwise exponent hy(xo) of f at my € R? (see Definition 1) satisfies hy(xo) < r if

logLJ;'(x)
J

—00 Tog(@7) < r, and in this case

and only liminf;

log LJ;
24 hy(x0) = liminf — 2@
(2 slwo) =l inf 0 oy
Hence, as observed by Jaffard, and rephrased in the language used in this paper, if
the support of o is bounded and sufficiently smooth wavelets ¥ are used, then the
singularity spectrum oy of f coincides with the singularity spectrum of the capacity

v € C(RY) defined by v(B) = sup {Lf\c tAED, N C B} for all B € B(R?).

In order to estimate from above the singularity spectrum o of f € Eg P(RY), it
is then natural to consider, exactly as it was done for the elements of #([0,1]%), the
Li-spectrum of f relative to ¥ defined as follows: For any N € N*| set

NU g o e N N 1 Fit
(25) ¢V = ljlinﬁgcf’j , where (77 1t € R — —ElogQ > (L))
AED;, ACN[0,1]4, L{>0
Recall that with our notations (see Section 2), (N[0, 1]¢) yen- is the increasing sequence
of boxes [—(N —1)/2,(N + 1)/2]¢, which cover RY. Then, observing that ((}V’\P)Nzl
is a non-increasing sequence of functions, the L?-spectrum of f relative to V¥ is the
concave function

2 \I!:-f N’\II:N L5 N,‘Il.
(26) ¢y = inf{¢} N} = lm ¢

A remarkable fact is that C}I’“R does not depend on ¥ [35, Theorem 3]. This would
+

be the case over R if the elements of ¥ belong to the Schwarz class [35, Theorem 4].
However, our wavelet characterisation of Bj"” (RY) makes it necessary to use compactly
supported wavelets, which never belong to ¢>°(R¢%) [19)].

Also, when H < r, the Legendre transform ((}I’)*(H ) of C}I' at H provides an upper
bound for dim E¢(H), i.e. one has

(27) a(H) < (¢F)*(H).
We simply denote C}I"RJF by Cf\RJr'

Let us now define the multifractal formalism used in this paper. It combines Jaffard’s
multifractal formalism associated with wavelet leaders, and a variant of it, mainly used
to control the decrasing part of the singularity spectrum whenever it exists, which in
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terms of scaling function corresponds to negative values of . This variant is necessary
since we will see that when p € &4, ¢ < 0o, and the elements of ¥ are smooth enough,
it is generic in BYP(R?) that C}IIHR* equals —oo, so that ((}I’)*(H ) only provides the

trivial upper bound o;(H) < d for H > (¢f)'(07).

Definition 2.24 (Multifractal formalism). Let r € N*. Let f € |J,oqC*(RY) and
suppose that oy has a compact domain included in (0,7). Let I C dom(oy) be a
compact interval.

(1) The (wavelet leaders) multifractal formalism is said to hold for f on I when
there is an integer 7 > 1 such that o¢(H) = ((}I’)*(H) for all H € I, indepen-
dently of ¥ € Fx.

(2) The refined (wavelet leaders) multifractal formalism is said to hold for f on I
relatively to W € F, when the following property holds: there exists an increas-
ing sequence (jx)ken such that for all N € N, limg_, o C}VJ’;I’ =W ezists, and
setting C}Ifref = limy_ 400 (), one has op(H) = (C}:ref)*([{) for all H € 1.

Remark 2.25. (1) In the increasing part of oy, item (1) of the previous definition
coincides with the multifractal formalism associated with wavelet leaders considered by
Jaffard (see [35] for instance).

Contrarily to what happens when one considers C}’ and gets (27), in general, even if
there exists such a subsequence (ji)ren making it possible to define (}Ifref, one cannot get
the a priori inequality oy < (C}I’ref)*. Nevertheless, the existence ofC}Pref emphasizes the
strong property that the sequences ((j]c\;’ql (t))jen converge along the same subsequence for
all N andt. This property will be typical in Eﬁf P (]Rd), and it will be valid simultaneously
for countably many ¥’s.

(2) If the refined multifractal formalism holds on I relatively to both ¥ and U in
Fr, then C}Ifref =0} = C}Ifref on the interval Jpc; (%'f'[(H) (80fu stands for the
subdifferential of the concave function af\f)'

(3) Inequality (27) comes from the fact that dim(E¢(H) N N[0,1]¢) < ((}VW)*(H) for
any H € R and N € N*,

Theorem 2.19, which states the multifractal properties of typical functions in géf P(RY),
can now be completed by the following result on the validity of the multifractal for-
malism. Recall (21) and (20) for the definitions of (,;, and 7, respectively, as well as
Remarks 2.17(2) and 2.20 (3)).

Theorem 2.26 (Validity of the multifractal formalism). Let p € &;.
(1) For all f € BYP(R?), one has Chir. = Supjr, -

(2) Typical functions f € él’;’p(Rd) satisfy the wavelet leaders multifractal formal-
ism on the interval [§L7p(oo), ,’W(O*)], i.e. 1in the increasing part of oy, and

Criry = Suppry
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(3) (i) Let ¥ € F,,. Typical functions f € BUP(RY) satisfy the refined wavelet
leaders multifractal formalism on dom(oys) = [(, ,(00),(, ,(—00)] rela-
tively to U, with C}I’ref = 03‘2 = Cup- Moreover, if ¢ < oo, the property
(}’“R* = —00 1s typical as well.

(ii) It follows that, given a countable subset F of F;,, typical functions f €

Eé"p(Rd) satisfy the refined wavelet leaders multifractal formalism on the
interval dom(oy) relatively to any ¥ € F, with C}I'ref =0} = (up, and

C}PHR* = —o0 if ¢ < 0.

In other words, when p € &, for typical functions in B5P(R%), the wavelet leaders
multifractal formalism holds in the increasing part of the spectrum, while its refined
version holds both on the increasing and the decreasing part of the spectrum (in fact
on R), but in the stronger form stated in Theorem 2.26(3)(ii), and it is not possible to
substitute C}I' to Cf ref, at least when g < oo, since CJ?|R*_ = —00.

Remark 2.27. Let us come back to the case of Besov spaces. They take the form
Bff’p(Rd), where p is a positive power of the Lebesque measure. For these spaces, the
wavelet characterisation also holds when the wavelets are taken in the Schwartz class.
Moreover, as mentioned above, C}I’ does not depend on ¥ for any f € Bg’p(Rd). The
approach used to prove Theorem 2.26 also shows that if ¢ < 0o, generically a function
f is such that <f|]R+ = Cu,p|R+ and CfUR*_ = —00.

Remark 2.28. Like for Besov spaces, one can let p or q take values in (0,1) in the
definition of Besov spaces in multifractal environment, and all our results are valid.

2.6. A solution to the Frisch-Parisi conjecture. Proof of Theorem 1.2. Com-
bining our previous results, namely Theorems 2.10, 2.19 and 2.26, we are now able to
prove Theorem 1.2.

Proof of Theorem 1.2. Let 0 € .%4. Let op = o(+/s), where s is the unique positive
real number such that o(-/s) < Idg and there exists at least one H such that o(H/s) =
H. 1In other words, s is the unique number such that ¢*(s) = 0. In particular,
om € Sgm- By Theorem 2.10, there exists u € My such that 7, = o7\.

_ Now, we apply Theorems 2.19 and 2.26 with the capacity p°: in the Baire space
B (R, typical functions have o as singularity spectrum, and they satisfy the
wavelet leader multifractal formalism in the increasing part, and they satisfy the refined
wavelet leader multifractal formalism over supp(o) relatively to any ¥ in a countable
family of elements of F,. .

Hence, for any ¢ € [1,o0], the space R’f S’W(Rd) provides a solution to the Conjec-
ture 1.1 with initial data o. O
Remark 2.29 (Other solutions). Suppose v € &z, 1 < p < oo and 1 < g < oo. Let
o € %y be the typical singularity spectrum in qu,p(Rd) given by 2.19. Considering
€ My as in the previous proof yields for all ¢ € [1, 00| the space B(’;/S’OO(Rd) in which

the typical multifractal structure is the same as in Eg’p(]Rd).
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Measures p € My l——| Spectrum o, € S\ |« Li-spectrum 7, € I4 m

Y

I I I
Besov spacfe in p-env. or(h) :Eau(h/s) Cuyo0 () .: Ty (st)
; ; ;

A 4

Typical f € B (R?) |«

Spectrum oy € .y «—| Function C}?ref = Cuyo0 € T

F1GURE 5. Scheme of the correspondence between the various objects
and sets in the case where p = oo, for some parameter s > 0.

It is worth recalling the approach used by Jaffard in [34] towards a solution to
Conjecture 1.1. This approach can be rephrased as follows: consider an increasing
continuous and concave function n over R with positive slope 1’(c0) at oo, such that
n(0) € [0,d], and n* takes values in [—d,0] over its domain. Setting ( = n — d, one
seeks for a Baire space in which the increasing part of the typical singularity spectrum
is given by (*. Jaffard, who worked with the so-called homogeneous Besov spaces

B;P(R%), introduced the Baire space V = Neso MNiso B(n(t)fe)/t’t(]Rd) [34] and proved

t,loc

that for typical functions f € V, oy = Z * , where

oo Jdtjte—1) ift<t.
o) = {g(t) ift >t

t. being the unique solution of ((t.) = 0. In particular, o is necessarily increasing,
with domain [¢'(00),d/t.], and with a linear part over the interval [¢’(t.+),d/t.]. Also,
o coincides with ¢* over [(’(00), {'(t+)].

Moreover, in the multifractal formalism used in [34], the scaling function (f(t) is
defined as sup{s > 0: f € B/t (R4} —d for t > 0, and with this definition typical

o0,loc
functions in V' satisfy ¢y = ¢. Thus the associated multifractal formalism holds on

[¢'(00), (' (te+)] only. However, it can be checked that the wavelet leaders multifractal
formalism does hold for f with {y = ¢ on [('(c0), d/t].

Organization of the paper.

Section 3 is dedicated to the construction of the class of measures My (Definitions
3.9 and 3.14) with prescribed multifractal behavior as described in Theorem 2.10.
There, an heterogeneous mass transference principle for these measures (Proposition
3.18) is also proved. In Section 4, we establish the wavelet characterization of the
space BYP when p is an almost doubling capacity satisfying property (P) (Theorem
2.16). The possible shapes of C,.p are investigated in Section 5, where ¢, , is expressed
in function of 7;. Next, in section 6, the upper bound for the singularity spectrum of

all functions in BEP(RY) is established (part (1) of Theorem 2.19), as a consequence
of part (1) of Theorem 2.26 which is also proved there. Part (2) of Theorem 2.19 is
obtained in Section 7. It consists first in building a specific function whose singularity
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spectrum will turn out to be typical, and then to build a dense Gj set included in
BEP(RY) in which all functions share the same multifractal spectrum. Finally, parts
(2) and (3) of Theorem 2.26 are established in Section 8.

Note that Sections 3, 4 and 5 can be read independently of the rest of the paper.
The other sections lie on the results proved therein, but the arguments developed there
are not used in the other proofs.

3. MEASURES WITH PRESCRIBED MULTIFRACTAL BEHAVIOR

We first give in Section 3.1 additional general properties associated with multifrac-
tal formalism for capacities. Section 2.2 is a preparation to the construction of the
measures satisfying the requirements of Theorem 2.10. The construction is achieved
when d = 1 in Section 3.3. Then, in Sections 3.4 to 3.6 we check that the requirements
of Theorem 2.10 are fulfilled. The construction is extented to the case d > 2 in Sec-
tion 3.7. Finally, in Section 3.8 we establish a mass transference principle associated
with these measures.

3.1. Additional notions related to the multifractal formalism for capacities.
Let us introduce, for a € R,

E5 (o) = {z € supp(p) : b, (z) < o},

7> —
E (a) = {z € supp(p) : hu(z) > a}.
The distribution of a capacity at small scales can be described through its large devi-

ations spectrum.

Definition 3.1. Let u € C([0,1]¢) such that supp(u) # 0. For I C R and j € N*
define

1 A
D,(j. 1) = {Ac 0.1, X e Dy : 2224 GI}.
Then, for a € R and e > 0 set
D.U«(jvaj:e) :D,Lb(j7 [oz—e,oH—z—:]).

The lower and upper large deviations spectra of u are defined respectively as
ogy #Dyu(j, a £ €)

1
QII;D o €R —  lim liminf
e—=0 j—oo i

logy #Dy(j,  + €)

and EED ca€R +—  limlimsup - ,
e=0 j 5400 i
with the convention log(0) = —oo.

Also, for I C R, define

J

Next propositions complete the properties associated with mutifractal analysis of

capacities. Recall that the non-decreasing part of the spectrum 7'; corresponds to the

pointwise Hélder exponents o < 7/,(07), while the non-increasing part corresponds to

1 A
D = {Ac o rep, Pt o g
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o> TL(O+). The following properties can be easily deduced from any of the following
sources [2, 13, 47, 41, 3].

Proposition 3.2. Let € C([0,1]%) such that supp(u) # 0.
(1) For every a < 7/,(07), dim EE(O[) <7 ().

(2) For every a > TL(O*), dim Ei(a) < 7).

Proposition 3.3. Let u € C([0,1]%) such that supp(i) # (). Suppose that p strongly
obeys the multifractal formalism (Definition 2.5). One has dom(7;) = {a € R :
7:(a) > 0}, and :

(1) For every a € R, one has

ou(a) =dimE,(a) = dim E,(a) = QLD(a) = ELD(a) =7 ().

o p 2
(2) For every oo < 7/,(07), dim E (o) = 75(r).
(3) For every a > TL(O‘*‘), dim Ei(oz) = T;(a)-

(4) For everyn > 0 and every interval I C dOIH(T;), there exists eg > 0 and Jop € N
such that for every e € (0,e9) and j > Jy, denoting I + [—¢,¢| by I £ ¢, for
I €{I,I+¢} we have:
logy #D,.(4, T
Og2# .N(]a ) _ supT:(oz) S c.
J acl

(5) If dom(ry;) is compact, then it equals [1,,(00), T, (—00)] and there exists a posi-

tive decreasing sequence (€5) >0 such that for all j € N and X € D;
< log, /{()\)
—J

We will also make use of the following properties.

TL(OO) — € < TL(—OO) + ;.

Remark 3.4. In addition to the fact that dom(7};) = [1),(c0), 7, (—00)], Legendre trans-

form properties imply that if too = (7;)'(1,(00)) < 00, then to = inf{t : 7/(t) =
7/,(00)}, and for all t >t one has 7,(t) = 7/, (c0)t — 7;:(7/,(00)).

Similarly, if t—oo = (7})(7),(=00)) > —00, then t_oo = sup{t : 7,(t) = 7,,(—00)},
and for all t <t_o one has 7,(t) = 7,(—00)t — 7:(7,,(—00)).

Remark 3.5. When p is a positive measure, one has T;(O[) = « if and only if a €

[7,(07), 7/,(17)] [46]. This justifies that if p obeys the multifractal formalism there
must exist D such that 0,(D) = D. Moreover, it is also clear that if u obeys the
multifractal formalism and p is fully supported, any D" € [1,,(07),7,(07)] is such that

ou(D') = 7 (D) = —7,(0) = d.

We now prove Theorem 2.10 in the case d = 1. The d-dimensional case follows
immediately (see Section 3.7),
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3.2. A family of probability vectors associated with o € ./ r. Fix 0 € .7
(recall Definition 2.7). Our objective is to build an almost doubling measure p sup-
ported on the interval [0, 1] satisfying both (P) and the multifractal formalism strongly,
with 7 = 0. Write dom(o) = [amin, Omax). We suppose that amin < max, for other-
Wise Qmin = 1 = amax and taking for p the Lebesgue measure on [0, 1] yields a solution
to the inverse problem studied in this Section 3.
Let us start by introducing two parameters D, D’ defined as follows:
eifo(l)=1,set D=D"=1.
e ifo(l) #1,let 0 < D <1< D' be such that (D) = D and o(D’) = 1.
Then, fix an integer Ny large enough so that for all N > Ny, setting ey = 2logy(N)/N,
there exists a subset Ay = {an; i =1,...,2mn} of [min, umax] satisfying:
e my < 2N(Qmax — Omin);
e D, DeA N;
e for every i € {1,....my — 1}, UN)"! < ay1 —an; < N1
e the following inclusions hold:

i 1 1

1
_1 R— PR— . .
(28) AvCo ([N —I—EN,l]) - U [OéN,z NN T )

1=

o for every i € {my +1,...,2mn}, N, = AN 2my—it1;
o if o(umin) > 0, then ay 1 = amin-

The continuity of o is used to get (28), and when D # D’ the above conditions impose
that |[D — D'| > (4N)~L.

Heuristically, the intervals [oz Nji— %, an,; + %} form a covering of dom(o) (apart
from the extreme points of dom (o) when o vanishes there) by small intervals that do
not overlap too much.

We denote by iy (resp. %) the index in [1,my] such that D = apn,;, (resp.
D = ap,i ). Note that iy = iy if and only if D = D’ = 1, and that it may happen
that amin = D.

For each 1 < i < my, such that i & {in, 7y}, set

(29) Ry: = PN(U(QN,i)—EN)—lj ]
Note that for every i, 1 < Ry; < 2V N~2 due to (28).

When D = D', iy = iy and we set

N—-1
Ry =2""1= > Ry,
i=1,i#in

When D < D', iy < iy and we set

(30) RN,iN = L2NU(aN,iN)_1J = £2ND71J and RN%V = 2N71 - Z RNJ’.
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In all cases, by construction
my
> Ryi<mn2VTINTE 4 1papy2VP T =028 as N = oo
i=1, il
since the term 1;p_ D/}ZN D=1 appears if and only if D < 1. This also implies that

my

(31) Ryy >2¥"1— 3" Ry, =2V"'(1+0(1)).

N
i=1, iy
Without restriction, we choose Ny large enough so that for all N > Ng,

my

(32) > Ry; <2V

i=1, iy
Finally, for N > Ny and mpy < i < 2my, set Ry; = Ry 2my—i+1, SO that

2mpy

Z Ry; = oM,
=1

We now introduce a collection of exponents (8n,)o<;<2v_1 by setting, for all 1 <
J < 2mpy,

Jj—1 J
(33) Bni=oan; i Y Ryp<i<> Ryp
k=1 k=1

In other words, (8n,)o<i<2v_1 is obtained by repeating Ry, times the value a1,
Ry 2 times the value oy 2, and so on.

Lemma 3.6. Let py = (pn,i)o<i<av_1 be the probability vector defined by

B 9—NBN,i
e S 2 N
For N large enough,
(34) pN,i2VPNE =1 4 eny,

where en; = O(N™1) uniformly in 0 < i < 2N. Moreover, if |i —i'| < 1, then

(35) PNi o 19-1 9),
PN

Also, pN,0 = PN 2N _1-
Proof. By definition we have

oNBNi — 1 _
257N 27Newi Ry

DN,i
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In order to estimate pN7i2N An.i uniformly in 4, recall that o < Idg, so that using the
definition of Ry ; and ey, one gets

£2ND71J27ND _ RN,iNQ_NaN’iN

my
<Y o NewiRy;

=1
< > N(olowmani=en) 4 Ry 27 NP 4 1pp Ry 27N
1<iztin iy <my

Also, recall that when D # D', D < 1 and D’ > 1. Consequently, since |2VP~1|2-ND —
1/2 + o(1), we deduce that (34) holds.

The fact that (35) holds if 0 < 4,4’ <2V — 1 and |i — 4’| < 1 follows from the choice
ani+1 —an; < N7L

Finally, pno = pyov_q by definition of these parameters. O

Next we construct the desired measure.

3.3. Construction of the measure j, associated with o € .} . We construct
a Moran measure u, by using concatenation of pieces of Bernoulli product measures
associated with the probability vectors (pn)n>n,- The good property of (pn)n>n,
is that when N goes to infinity, the singularity spectrum of the Bernoulli product
measure associated with py converges pointwise to o. This comes from the fact that
each py is built so that, heuristically, there are 2V7(@~.i) weights of order 2= NoN.i and
the av; tend to be more or less uniformly distributed in the domain of o.

We introduce further ingredients:

e For N > Ny, we fix an integer { > N?;
e we consider the product space

= I (0 .2% - 1y,

N=Ny

o for N > Ny, if g = £+ 05 £y with 1 < ¢ < ¢y, and

N-1
(Inos TN Inv-n ) € (T A0, 20 = 11) x o, 2V =1},
n=Np

then [Jn, - JNg+1 - - - Jn] is the cylinder consisting of those elements in ¥ with
common prefix Jy, - Iny4+1 - IN;

e >, and C, stand for the set of words and the set of cylinders in 3 of length (or
generation) g respectively;

e the space X is endowed with the o-field B generated by the cylinders.
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Definition 3.7. The measure v, on (X,8) is defined as follows. For all N > Ny, for
alll <L <Uly,ifg=4+ 27]:[:_1\1/0 Ly, and [Ing - INg+1 - IN] € Cg, we set
N—-1 4y

(36) VJ([JNO ) JN0+1' < H Hpn,]nk) Hlem

n=No k=1
where :
o for Ng<n<N—1,Jp=jn1- " fns, €{0,---2" — 1}
o Jy=jn1---jne € {0, 2N — 1}

Remark 3.8. Formula (36) could be written

I/U([JNO “INg+1 - JIN]) = H tin(Jn)
n=Ng

where py, is the Bernoulli measure associated with the parameters p, = (pn,i)i=o0,... 27 —1-
It is immediate to check that (36) is consistent, in the sense that for every integers
g > g > 1, for every cylinder J € Cy, vs(J) =Y jice, ey Vo(J'), and v,(X) = 1.
g k)
By construction, using (34) we can deduce that there exists C' > 0 such that for
each N > Ny and (Jp) Ny<n<N € HnN:NO{O, c, 2" — 1),

N

Vo (LN - v In]) < T (0 Opmpzmemm)™,
n=~Nyp

hence v, is atomless since the right hand side tends to 0 as N tends to infinity.

Every g € N* writes in a unique way under the form g = €+Zg:j%,0 L, with N > Ny
and 1 < /¢ </{p. We set

(37) vg) =Nt+ > nly.
n=Ny

The space 3 provides a natural coding of [0, 1]. Indeed, considering the coding map

0o N
N-1
€EX— E 9™ Ln=ng "n E 33N,k2_kN € [0,1],
N=Np k=1

(38) TiT = ((IN,k)iJL)

N>Ng

for each g € N*, m maps bijectively the elements of C, onto the set of closed dyadic
subintervals of generation v(g) of [0, 1].

Definition 3.9. For every o € .1 m, consider the Borel probability measure on [0, 1]

~ -1
Ho =VgOT

where v, is the measure constructed above (36). Then, u, is defined as the natural
periodized version of iy, i.e. the Z-invariant measure

:B€BR)— Y u((BN[kk+1)— k).
keZ
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We set
My ={po 0 € S mp C M(R).

We say that ps and [iy are associated with o € 1 pm.

Proposition 3.10. Every pu € My satisfies the property (P) in Definition 2.9.
Moreover, if p is associated with o € %1 m, then o) has o as multifractal spec-
trum, and it strongly obeys the multifractal formalism on R..

Observe that since v, is atomless and 7 is 1-to-1 outside a countable set of points
of X, for any closed dyadic subinterval A of [0,1] of generation n € (N*), we have
to(N) = vo([w]), where [w] is the unique cylinder of generation y~!(n) such that
w([w]) =

Next sections are devoted to the proofs of the various properties concerning pi,
which, in particular, yield Proposition 3.10.

For the rest of this section, o € % a¢ is fixed, and we simply call v and p the
measures i € M associated with o.

3.4. The measure p satisfies property (P).
Lemma 3.11. The measure u is almost doubling.

Proof. Let g € N* and write it under the form g = ¢ + Zn No tn € N-with N > Ny
and 1 < /2 < /y.

First, note that if g, hence N, is large enough, the term 1+ ex; in (34) is greater
than 1/2 and smaller than 3/2. Hence, for any 1 < i < 2my,

(39) 2_N(amax+gN) S pN,’L S 2_N(amin_gN),

where (£€,,)n>1 is a non-increasing sequence (independent of ¢), which converges to 0
as n tends to infinity.

Now fix € € (0, amin). We start by dealing with the dyadic intervals of genera-
tion 7(g).

Consider two closed dyadic subintervals A and X of [0, 1] of generation y(g) such that
A is the left neighbor of A By construction, A and \ are the i images of two cylinders [J]
and [J ] in Cy4 such that, denoting by u the longest common prefix of the words J and
J, there exist N > N and 0 < j <2V —2such that J =u-j- vand J = u- J+1) v
where either v and ¥ are empty words, or all letters of v equals 2V — 1 and all letters
of v are 0. From (35) and the fact that pxo = pyonv_1, one deduces that

A
(40) o1 < MY o
1(A)
Consider now two nelghbormg intervals A and X of generation j, where y(g) < j <
v(g9) + N. Let A and N be the clements of D, (4) which contain A and X respectively.
These intervals are either equal or neighbors. By construction, if N is large enough,
one has

N |
41 2_N(amax+5) < ,U( < 2_N(amm_5)
“ = v =
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(the same being true for A and X’), hence

(42) (i,) —(tmax—Qmin+2e)N < ,u(f\\) _ /1’()‘/) :U'(/):/) M()/‘\/) < :u(/)"\/) 2(amaxfamin+2s)N.
p(N) p) B p(N) p(N) T pV)
Let
0 <

(13) o) =40 MOST< Mol | |

(1 + (max — omin + 2€))N, if v(g) <j <~(g9) + N.
Applying (40) to A" and )\’ we deduce from (42) that for j large enough
(44) 06) < MY 900),

(>\)

Also, 0(5)/7 < (14 (tmax — amln+25))N/7( ) which tends to 0 as j — oco. This follows
from the fact that v(g) > Z N nly >> N? as N — oo since £, > n? for all n > Ny.
Upon adding a constant to 6, we conclude that p(g,1] is almost doubling in the sense
of Definition 2.8. To get that p is almost doubling on R, it is enough to observe that
by construction for any g € N we have u‘[1_2_7(9)71}(- +1-— 2*7(9)) = K[o,2-7@)]- O

Lemma 3.12. The measure u satisfies (P).

Proof. Due to the property pointed out above, i.e. u‘[l_rw(g)’l](- +1- 2*7(9)) =
Iyjo,2-(0)) for all g € N*, it is enough to consider subintervals of the interval [0, 1].

Let e >0. For N > Ny and g =/ + Zn N, fn With 1 < £ </, any dyadic interval
A € D; with v(g) < j <~v(9) + N satisfies, if IV is large enough

2~ (1(9)+N)(emax+e/2) < (N < 9—7(9)(amin—e/2)

(use (39) for instance). By our choice for £y, for v(g) < j < v(g9)+ N, v(g)/j converges
to 1 as j — oo. Hence, for j large enough

(45) 27j(amax+€) S H(A) S 2*j(aminf€)'

So, (8) is satisfied with 79 = amax + € and 71 = amin — €, and some constant C' > 0.
This yields property (P1).
Let us now prove (P3). Let j,7/ € N* with j/ > j, and consider two neighbouring
dyadic intervals A, \ € Dj, and an interval X € Dj such that A’ C .
Let g, ¢’ € N* and N’ > N > Ny such that:
e v(g9) <j <~(g)+ N, where g = £ + 3" NOE and 1 </ </y

o ¥(g) < <)+ N, where ¢ = £ + SN 4, and 1 < ¢ < by

Due to the doubling property of p applied to A and /):, we have

o) M) _ p) _ p) g _ ) £V
(40 2 S ) T ) = vy
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For J < j, denote by A|; the unique element of D; which contains A, and for j < J < j’
denote by A|; the unique element Xof D ;7 such that ) C A C A. We have

1Ay (g))

FAL@+n) _ p(N)
, .
X))

/ — /
MO‘M(Q/)) u(N)
It is easily seen that N + N’ = o(j) + o(j' — j) as j,j" — oo. Consequently, using the

multiplicative structure of p and (39) yields a function § € ©, as well as a constant
C > 1, depending on pu only, such that

IN

(47) C19-380) 90"~ emin—e) < “((:,) < 2T~ emaxte),
w
Incorporating (47) in (46) shows that (P2) holds with the same exponents r1 and ro
as (P1), and replacing 6 by 6 + 6 in (P;) yields the validity of (P1) and (P2) with the
same element of ©. g

~—

Remark 3.13. We deduce from the previous estimates that for every e > 0, there
exists jo € N such that for all j' > j > je, for all \, X\ € D; such that OINNOX # 0, and
all X' € Dy such that X C A,

(48) p(N) < p(h)2ie-0'=ia=e)
This inequalijy will be useful in finding an upper bound for the typical singularity
spectrum in BiP(RY).

3.5. The Li-spectrum of yj ] equals ¢*. Let 7 = o*. Since o € & p, we have
T E <71,M'
We simply denote pj9,1] by p. For all j € N, let

D) ={reD;:AC[0,1)%}.

Fix t € Rand g =€+ YN\ £, with N > Ng and 1 < ¢ < {y.
The multiplicative structure defining v and p using concatenation of pieces of
Bernoulli product measures yields

N—-1 27n-1 2N _1

(49) > o= (I (X eh)) - (3 o)
/\eDg(g) n=Ng j=0 =0

For each n > Ny, using (34), one has Cn_j2*m5%i < pfw- < 2*”t5”»iCn,t where C), 4
tends to 1 when n — oo (and does not depend on i € {0,...,2" — 1}). Hence, using
(33), the definition of the R, ; and the inequality 2R, ; < 2no(an.i) which follows from
(29), we get

271 2" —1

Mn
S by £ Ot 3 27100 £y 3 rleton 0w
7=0 7=0 =1

< Cn tmnzfninf{tafcr(a):aedom(a)} _ Cn tmn27m-(t).
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Consequently,
N-1
Z N()\)t < 2*'}’(!])7(7&) . ( H (Cmtmn)gn) . (CN,tmN)e'
AeD? n=No

v(9)

Since log(m,) = o(n), £log(my) + Z,]:[:_]\lfo lylogm, = o(y(g)). Combining this

with the fact that (Cy,+)n>n, converges to 1, one deduces that (Hg;]\l,O(Cnvtmn)Z") .

)

(CN,tmN)f — 20(7(9)) and

—1
7,(t) > liminf — log p(\)t > 7(t).
' g0 (g) 2>\EDZU()
Y9

Let us move to the upper bound for 7,,(t).

Suppose first that o(7/(t*)) > 0. For n large enough, say N > N} > Ny, choose an
integer 1 < ip 4 < my, distinct from 4, and i, such that |ay;,, — 7/ (t1)| < 1/n. The
fact that o = 7* implies that ¢7/(t*) — 7(t) = o(7/(¢t")). Moreover, the continuity of
o implies that lim, ;o 7, = 0, where 0, = o(an,,) — tan;, , + 7(t). Bounding from
below the sums in (49) by the sum only over those integers j such that £, ; = o, ,
(see (33)), and using (29) again to bound 2Ry ;, , from below, one gets

No—1 on_q ’ N—-1 ,
DT = ( 11 (prw.) )( 11 (C;j LQ"(U(an,inyt)—En)J2—tnan’inyt) )
AE'D:(g) n=~Np 7=0 n:N(’)

. (C]?th |\2N(U(aN’iN,t)75N)J 27tNO‘N’iN,t)€.

’_ n Un
Recalling that &, = 210%, and setting C; = Hivi]vt (Z?:alpfw-) , we get

N-1 n(o(an,i, ,)—tni ,) N(o(an,in ,)—tan,ir ,)
2 Vin,t vingt/) \ Uy 2 N,t Nt/ \ ¥
t -1 -1
PRRVICY ZCt( 11 <Cmt 4n? ) )'(CN:t AN? )
)‘GDW(Q) n=Ng
N-—1
_ Gt (C—lﬂ)fn) (o5 2N”N>f
t v n,t 4TL2 Nt 4N2
n=N|

as g — 400, where we used that log(Cy,¢) + nn, + log(4n?) = o(n). The last lines
imply that

(50) lim —log, S p(\) = r(t).

g—oo N 5
)‘EDW(Q)
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For the integers n such that v(g) < n < v(g) + N, one remarks that if A € Dg(g) by
(41) one has

t
P amact) < 3 N(X)t < 9@+l (amax+2)).
vepmver H)

Since n — v(g) = o(v(g)) as g — oo, one deduces that

D )t =200 N ()
AEDy, Iebg(g)

This, combined with (50), yields

lim — S log, 37 u(V) = r(t).

n—o0o n
AeDY

Hence 7,(t) = 7(t) = 0*(t) on the interval of those ¢ € R such that o(7/(¢tT)) > 0.

It remains us to consider the extremal case o(7/(t7)) = 0, which may happen only
if 7/(t%) € {oumin, Omax -

Suppose that 7/(t7) = amin and o(amin) = 0. One has 0 = o(amin) = 7*(Qmin) =
tt7r'(t+) —7(t), so T(t) = tamin, and tg = min{t € R : 7(t) = amint} < co. In addition,
to > 0 since 7(0) < 0. Also, for t € [0,t9), o(7'(t1)) € (0,1] and we know from the first
part of this proof that 7,(t) = 7(t) on this interval [0,%p). To conclude, let us show
that this last equality holds over the whole interval [ty, 00) as well.

At first, for all ¢t > tg, € € (0,t9) and n € N, by subadditivity of z > 0~ 2*/(fo—),

_o\t/(to—¢)
DTION = ( > u(n > ,
AeDY AeDY
SO
1 .
(51) 7(t) = lim inf —~ log AEZ’;O P > (o — <),

On the other hand, consider the interval [0,2779)] in D, (g)- Its p-mass is by construc-
tion 27 7(@amin g

1 1
lim sup —— log, Z (Nt < lim sup ) logy 271 (@)omin — o 4t

n—oo n NeDO g—>00 ’7( )

Letting ¢ — 0 in (51) and since amin = 7(t0)/to, one gets that 7,(t) = amint = 7(t).

The case 7'(t7) = Qmax and o(amax) = 0 works similarly by considering ¢ty =
max{t € R : 7(t) = amaxt} € (—00,0), and the element of D,,) whose p-mass is
minimal.
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3.6. The multifractal formalism holds strongly for p, with o, = o. First,
the fact that E,(«) = 0 for all & ¢ [@min, ¥max] and that dim E,(a) < o(a) for
& € [Qmin, ¥max|, follows from Proposition 3.2 and the previous section where we

proved that 7; = o (so 7;(a) = —00 if & € [Qmin, Cmax])-

Further, it follows from the construction and the choice of the weights p,, ; that there
exist points = at which h,(2) = omin and points x at which h,(z) = amax. Hence,
0u(min) > 0 and o (amax) > 0.

In particular, if o(omin) = 0 (resp. o(max) = 0), then oy(amin) = 0 (resp.
0u(max) = 0) and the multifractal formalism holds strongly at amin (7esp. max)-

Now, fix & € [amin, @max] such that o(a) > 0. For each N > Ny, let
(52) Ina=17€{0,...28 =1} : jisodd and |By; —a| < N '}.

Let € > 0. Recalling the definitions of Section 3.2 we first observe that the exponents
Bn,; considered in the definition of Jy . correspond to at most four distinct exponents
an,. This observation, together with the continuity of o and the definition of the
numbers Ry ; imply that for N large enough we have

(53) 2N(U(O¢)*E) < #jNa < 2N(O’(O¢)+E)'

Consider the measure v, supported on

oo
o= ] FncS
n=~Np
defined by setting, for each N > Ny, 0 < ¢ < ¢ and for every word Jn, - Jny+1- - JIN €

(Hfj:_]\lfo{(], AL 1}&1) x {0, --- oN _ 1}6:

(#jN,a)ig HnNz_]%fo(#jn,a)ign if [JNO T JN] NXa 7é Q),

0 otherwise.

Va([Iny -+ JIN]) = {

One checks that this last formula is consistent, and the measure v,, is well-defined and
atomless. Consider now jio = o o7~ !, the push-forward measure of v, on the interval
[0, 1], see (38). Heuristically, due to (52) it should be expected that p,, is concentrated
on points of [0, 1] where the measure p has a local dimension equal to «. This is indeed
the case.

For all w € %, denote by [w|y] the cylinder of generation g € N which contains w.
From the definition of Jnq,

1 1
a—¢ < liminf ——— log (u(7([w < limsup ——— log (u(m(|w <a+e.
iminf 5 10g ((r([e1,])) < imsup s log (u(r(])
Since this holds for every choice of € > 0, one has
1
lim ———lo m(|w = o
Jim =5 Toe (1 ()

Moreover, limg_, % =1 and p is almost doubling, so 7(X,) C E,(«).
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On the other hand, from (53) one deduces that

(o) = = < liminf s log (o (r((]))) < Hmsup ——s Jog (a(r( [ ]) < () + .

Again, this holds for every choice of € > 0, hence

o o
Jim, =y 108 (ma(n([wg]))) = o(a).

Since limg o0 % = 1, the measure uo, which is supported by 7(%,), is exact

dimensional with dimension o(«), so dim(%,) > o(«).
The combination of the last two facts imply that o,(a) = dim E,(a) > o(«). Since
the converse inequality holds true by the multifractal formalism, the proof is complete.

3.7. The case d > 2. If 0 € S p, then the map 6 : « € R — d'o(d - o) belongs
to 1. m. Let iz be the measure associated with o as built in the previous sections
in dimension 1. Then, it is easily checked that the tensor product measure p = ﬁ?d
possesses all the required properties.

In addition, for all & € dom(o), if v4-1,, is the measure built in Section 3.6 associated
with the exponent d~'a, then the measure v, := (7;-1,)®? satisfies the same properties
as the one in Section 3.6.

Definition 3.14. Set Mg = {u®?: u e M;}.

By construction, for an outer measure y € My and its associated auxiliary measures
Vo, the inequalities (45), (48) and (53) and all those of Section 3.6 still hold true.

We end this Section 3 with a property which will play a key role in determining the
singularity spectrum of typical elements in By (R?) when p < oo and o, (Qumin) > 0.

3.8. A conditioned ubiquity property associated with the elements of M,.
Let u € My. In this section, we deal with those points x € R? which are infinitely
often close to dyadic vectors 277k € R? such that the order of magnitude of p(\; ) is

2 —JQmin .

Definition 3.15. A dyadic vector 277k, k € Z%, j € N is irreducible when k €
72\ (27)°.

The irreducible representation of a dyadic vector 277k with k € 7%, j € N, is the
unique irreducible dyadic number k277 such that k277 = k277, -

If X = 279(k + [0,1]%) € D;j, then its associated irreducible cube is X := 279 (k +
[0,1]%) € D5, where 27k is the irreducible representation of 2~ 9k.

Observe that A is the dyadic cube of generation j located at the “bottom-left” corner
of X\. We write A = X-[0,2-U=9)]%, the concatenation meaning that \ equals the image

of [0,27U=9]¢ by the canonical isometry which maps [0, 1]% onto X.
Also, by construction of y, for all integers j, 7/ > 0 and A € Dj, one has

(54) (-0, 2—1/]d) — M()\)2_j€)\2_j,(()émin+€)\7j/)’
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where lim; ;oo sup{lea| : A € D;} = 0 and limy o sup{lex | : A € U;en Dj} = 0.
This property will be applied several times to dyadic cubes associated to irreducible
dyadic vectors.

Definition 3.16. For § > 1, n > 0, and j > 1, let (j)s be the largest integer in
v(N)N[0,4/6] (recall the definition (37) of the mapping ).
For any positive sequence 1 = (1;);>1, let us define the set

ke 74\ 274,
X]((;, ’I’]) = k2_(-7)5 € [0, 1]d : H(z_(])é (k + [07 1](1) 2 2*(j)5(amin+77(j)6)
p(2=Wsk 4 279[0,1]4) > 277 (@mintn;)

Recall that by construction and (45), ,u(2_(j)f5(k: +[0,1]¢) < 2~ (s(amin=¢) and
p(2-0sk 4 279]0,1]4) < 27J(@min=¢). Hence, this set X;(6,n) contains irreducible
dyadic points of generation (j)s whose p-mass is controlled both at generation (j)s
and at generation j by the exponent iy (note that (j)s ~ j/90).

Definition 3.17. For any increasing sequence of integers (jn)n>1, and any positive
sequence 1 = (1;)j>1, set

S@En Gz = U U @+270,19.

N>1 n>N z€Xj, (6,7)

Heuristically, this set contains points which are approximated at rate ¢ by irreducible
dyadic points £2797(®) whose local dimension for w is locally controlled by api, at
generations j, and j,(d). The terminology “approximation rate §” comes from the
fact that j,(0) ~ j,/d.

Recall that the lower Hausdorff dimension of a Borel probability measure v on R?
is the infimum of the Hausdorff dimension of the Borel sets of positive v-measure.

Proposition 3.18. Suppose that o,,(ctmin) > 0.

There is a positive sequence 1 = (n;)j>1 converging to 0 when j tends to oo such
that for any 6 > 1, for any increasing sequence of integers (jn)n>1, there exists a
Borel probability measure v on R of lower Hausdorff dimension larger than or equal
to 0, (omin) /0, and such that v(S(0,1, (jn)n>1)) = 1.

In particular, dim S(6,1, (jn)n>1)) > 0u(Cmin)/0.

Remark 3.19. The previous result is proved in [34] in the case that p is the Lebesgue
measure.

Proof. We first deal with the case d = 1. We simply denote o, by o.

Fix 0 > 1 and an increasing sequence of integers (j,,)n>1. We are going to construct
a Cantor subset K of S(d,7, (jn)n>1) and a Borel probability measure v supported on
IC such that for all closed dyadic subcube A of [0,1]¢ of generation j > 0, one has
v(A) < 27367 o(emin) =¥ (@) where the function ¥ : N — (0,00) tends to 0 as n — co.
The mass distribution principle allows then to conclude that dim S(d,7, (jn)n>1)) >
o (Qmin) /9.
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Preliminary observation. Recall the construction of the measure p and the
notations of Section 3.2. We start with a definition.

Definition 3.20. We say that a point x € [0, 1] satisfies property P(comin,g), g € N¥,

if there exists a word w € 3y such that x € 7([w]) and after writing g = £+ 27]:[:_]\1[0 lp,
with N > Nog and 1 < £ < ly, one has B = omin for all No < n < N —1 and
1<j</ty, as well as BN ; = qmin for all 1 < j < L.

It is direct to see that there exists a sequence (7;);>1 such that for all z € [0, 1], for
all g > 1, if x satisfies property P(cmin,g), then for all 1 < j < (g), one has
p(y (@) = 27,
We fix such a sequence n = (1;)j>1.
We now proceed in three steps. Notations and definitions of Section 3.6 will be.
Step 1: Construction of a family of measures (v*) ep.

Below we construct a family of auxiliary measures indexed by the closed dyadic
subintervals of [0, 1], in a very similar way to that used to get the measure p,,,, built
in Section 3.6.

Let us introduce a notation: for j € N*, set

. No if 1 < j <y, No,
N(]) = o N—-1 . N
N it j > {n,No and 'Y(Zn:]vo ln) <j < 'Y(Zn:NO ln).

Let N> Nog+1,1<{</{yn,and g={+ ZT]Y:_]%,O l,. Let J be an integer such that
v(g—1) < J <~v(g). Note that J > jo := {n,No + 1.

We fix A € Dy, and construct a measure v* supported on A as follows:

For each n > N = N(J), consider

(55) Tnomn =1J €{0,...2" =1} : jisodd and By ; = amin}-
Using (29) and (30), we can get that
(56) gy > 2o lomn) 220,

Writing A = K277 + 277[0,1], denote by A\, C A the dyadic subinterval K2~/ +
2-709)(0,1] and [wy,] the unique cylinder such that m([wy,]) = A;. Observe that
[wy,] € Cy, the set of cylinders of generation g in ¥. Then, consider the set

oo
ZA = {w)‘g} x (jNaamin)gN_Z X H (\7nyolmin)£7L - Z’
n=N+1
and for each n > N and w € ¥, x {0,...,2V — 1}v ¢ x [ TNy 110, ... ,2F — 1}% one
sets
A _ FEIN )T T e FE T ) ™% i [W] N #
p([w]) = .
0 otherwise.

This yields an atomless measure p whose support is £*, and we define v* = p* o 7~ 1.
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By construction of v, using (56), for ¢/ > g and N € D ), one has either MN) =0
or N N7(X*) # () and

AN < 2006 =1@) (o lamin) =2en(1) < 9= (19 =)@ (@min)=2en (7)) 9N () (Cmin)

(g’

Consequently, for every ¢’ > g and v(¢') < j < (¢’ + 1), for X' € D; one has
(57) Z/A()\/) S 2—(j—J)(O’(amin)—28N(J>)22N(j)0’(04m1n)'

This inequality extends easily to all integers j such that J < j < ~(g) and X' € D;.

Remark 3.21. By construction, since only odd integers j are considered in the defi-
nition of the sets Jn i » if A G A and v*(X) > 0, then X = As g with k277 irreducible.
Moreover, writing v(g) < 7 < v(g + 1), if property P(amin,g) (see Definition 3.20)
holds for all x € X\, then P(cuin,g) holds for all z € by

We finally set v* = v102 L if X € (/7' D; and A C [0, 1].

Step 2: Construction of a Cantor set IC C S(0, (1;)j>1, (jn)n>1) and a Borel prob-
ability measure v supported on K.

Recall that jo = Noly, + 1. Set ny = 0, G; = {[0,277°]} and define a function v on
G1 by v(]0,2770]) = 1. Note that v(f) < jo < v(fp + 1), and that for all z € [0,2779],
property P(cin, £o) holds.

Let p be a positive integer. Suppose that we have constructed p families Gy, ..., G,
of closed dyadic intervals, as well as p integers 0 = n; < ng < --- < n, such that:

(a) for every k € {1,...,p}, writing v(g9) < jn, < (g + 1), every x € X satisfies
property P(cimin; 9);

(b) for every ke {27 "'7p}7 (]nk)§ > jO; )

(c) for every k € {2,...,p}, Gr. C {x +277[0, 1]¢ X X;,, (6,n)} C Dy, ;

(d) for every k € {2,...,p}, the irreducible intervals A\, A € Gi, are pairwise disjoint;
(e) for every k € {2,...,p} and every element of A € Gy, there is a unique MegG

such that A ¢ A C \T;
(f) the measure v is defined on the o-algebra generated by the elements of | J;_, Gi
by the following formula: for all 2 < k < p and A € Gy,

v(A) = v(AA )
(g) for all 2 < k <pand X € G,
(58) p(\) < g IO o lemn) SN G,

Let us explain how to build n,41 and Gpy1.

Write v(9) < jn, < v(g + 1), where g = £ + ZnN:_Al,O l, € N with N > Ny and
1 <0< y.

Fix np41 so that y(g +1) < j := (jn,,1)s (other constraints on n,,1 will be given a
few lines below).
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Consider AT € G,. For every Xe D; with X C AT and N (X) > 0, due to (57) one
has

I/()\T)I//\T (X) S V()\T)2_(j_jnp)(U(amin)_QaN(jnp))22N(j)0‘(amin) .

Observe that N(j)/j tends to 0 as j tends to co. Hence, choosing n,,1 large enough,

by (58) applied to v(A"), one gets 1/()\T)1/AT (X) < 9 Inp 41 (87 o (min) =3e N (jn,))
Now one sets
(59)

gp+1 — U k2_(jnp+1)6 + 2_j7lp+1 [07 1] : {

ATeg,

R = k2 U g-Gnps a0, 1] © A1
A >0 |

By construction, G,11 C Djnpﬂ, and each interval A € G, is the left-most interval

inside the corresponding interval A € D )5+ 1f follows from this, (a) and remark 3.21

Inp1
that property (a) holds at generation p + 1 as well.

Next, for every A € G, 1 associated with e D(j"p+l) and \T € Gp, one finally sets

v(A) = v(AAT ().

5

The previous construction and the above remarks show that all the items (a)-(g)
above hold with p + 1 as well.

Finally, we define

£=N U

p>1\EG,

and the function v defined on the elements of Up21 G, extends to a Borel proba-
bility measure on [0, 1], whose topological support is K. It is direct to check that
v is atomless, and that due to property (d) and the preliminary observation, K C

5(57 7, (]n)nzl)

Step 3: Let us estimate the scaling properties of v to get a lower bound for its
lower Hausdorff dimension.

Fix A a closed dyadic subinterval of [0, 1] of generation j > j,, such that the interior
of X intersects K. Let p > 2 be the smallest integer such that the interior of A intersects
at least two elements of G,. We have j < j,, .

Let AT the unique element of Gp—1 such that the interior of A intersects AT, Since v
is atomless, v(A) < v(A1). In addition, v(\) = v(AT)A' (/):) where X is associated with
A as in (59).

Consequently, denoting ¢ Njny) simply by €, if j < jn,_, then

I/()\) S ]/()\T) S 2_jnp_1((5710'(Oémin)—3’€p,2) S 2_]'(5—10_(05“““)_32,?72)

)
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and if j > jn,_,, then by (57) and (58), one has
v(A) = AN (V)
< 9 np1 (5_1U(O‘min)*3€p72)2*(j*jnp71 )(G(Qmin)*?gpfl)22N(j)0(amin)

— Q*j(‘s_la(amin)*W(/\))

where

(7 = dnp_1) (0 (Cmin) (67" = 1) + 36,2 — 26, 1) + 2N (j)0 (min)
J

Observe that p(\) < 6€,—2 + %, and that when j tends to infinity,

p(A) = 3€p72 +

min{p > 2 : for some A € Dj, the interior of A intersects at least 2 elements of G, }

tends to co. Consequently, €,_2 converges uniformly to 0 over {\ € D;, Int(A)NK # 0}
as j — oo. Moreover, NG) tend to zero when j — oo. Consequently, there exists a

function ¢ : N — (0,00) such that limj_. % (j) = 0 and for every closed dyadic
subinterval A of generation j > 0,

y()\) < Q_j((sila(amin)_w(j)) .

In particular the lower Hausdorff dimension of v is not less than o(amin)/d. Since
K c S(,m, (n)n>1), v(K) = 1, we get dim S(6,7, (jn)n>1) > 6 'o(amin), and the
conclusions of Proposition 3.18 holds in dimension 1.

For the case d > 1, we know by Section 3.7 that a measure y € M, is equal to ,u?d
for some p € M;. Hence, with the definitions and notations introduced earlier in this
section, the tensor product measure v®?% of the measure v associated above with the
measure p satisfies the conclusions of Proposition 3.18 in any dimension d. g

4. WAVELET CHARACTERIZATION OF BYP(R?) anDp BYP(R?)

In this section we prove Theorem 2.16. We start with some definitions, and two basic
lemmas in Section 4.1. Then, we prove Theorem 2.16 when € [1,00) in Section 4.2.
The much simpler case p = oo is left to the reader who will easily adapt the lines used
to treat the case p < oo.

4.1. Preliminary definitions and observations. We start by extending the defi-
nition of the moduli of smoothness (11) and (12) to all sets Q C RY.

Definition 4.1. Let Q ¢ R%. For h € RY, let Qppn={recQ:2+khecQ k=
1,...,n}. Then, for f:R* = R, p € HRY), t >0 and n > 1 set

(60) wWh(f,t,Q)p = sup A" Fllze,..)
t/2<|h|<t

and

(61) wn(f,t,Q)p = sup [|A} fllze(,..)

0<|h|<t
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Let 1 € C(RY) be an almost doubling capacity such that property (P) holds with
exponents 0 < s1 < sg. Let n > r = |s2 + %J +1and ¥ = (¢, {®},_ 1,..24-1) € Fp
(see Definition ?7).

Also, recall that for A\ = (i,4,k) € Aj, ¥(z) = v (22 — k). Tt follows from the
construction of ¥ (see [45, Section 3.8]) that there exists an integer Ny € N* such that
supp(¢) and supp(1)(?) are included in Ny [0,1]¢. Our proofs will use some estimates
established in [17]. These estimates require to associate to each A = (i,5,k) € A, a

larger cube A described in the following definition.

Definition 4.2. For each A = (4,5, k) € A, set
X = \jk + 27/ (supp(¢) — supp(¢)).

Note that \j, C supp(yy) C A C 3Ny, the second inclusion coming from the
construction of compactly supported wavelets (see [45, Section 3.8]).

For every j € N, the cubes (X) xep; do not overlap too much, in the sense that
(62) Ky :=sup sup #{N € Aj : AN X # 0} < occ.
JjEN )\GA]'

Lemma 4.3. Let p € [1,00) and n € N*. There exists a constant Cqy,p (depending
on p, n, and d only) such that for all f € Lfoc(Rd), t > 0 and XA € A, the following
inequality holds:

w(fit, N8 < Cyppt / /~ A f ()P dzdy.
t<|y|<4nt J A+B(0,2nt)

Proof. The approach follows the lines of the proof of [17, inequality (3.3.17)], where a
similar inequality is proved, the first integration being done over the cube lylleo < t,

and the second one over )\y » instead of X + B(0,nt).

Fix f, t and A as in the statement. For any h,y € R? recall the following equality
(see (3.3.19) in [17]):

n

G0 = 0P () ko ) = A, )

k=1

Integrating |A} f|P over >‘hn7 one deduces that for some constant Cp, > 0, when
h| <,

123105, = Coe Z 1A% ORI g, )+ 18k Il 5,

P n p
< C”PZ 1A% f”LP (A+B(0,2nt)) + HAh+’fyf||Lp(X+B(o,2nt))'

Then, integrating with respect to y over B(0,3t) \ B(0,2t) yields:

Cat S < Capd [ [ AR TP 4 AR @) dedy,
=1 7 2t<|y|<3t JA+B(0,2nt)
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where Cy = L£4(B(0,3) \ B(0,2)). Then, operating the change of variable ¥ = ky in
each term of the sum, one obtains

n
AT S B |
LP(An,n) d np; 2kt<|y|<3kt J X+B(0,2nt)

<2nC;'Cp, / /~ |AY f(z)|P dzdy.
t<|y|<4nt J A\+B(0,2nt)

where one used that ¢ < |h + y| < 4nt when |h| <t and |y| > 2t. The previous upper
bound being independent of h € B(0,t), one concludes that

[AYF(@)F + [Ahyy f (@) dzdy

- mC 7O,
wn(f,t, NP = sup ||ATF|P -~ <d’p/ / Al f(2)|P dzedy,
( i 0<|h|<t 14 HLP(A’%") td t<|y|<ant J3+B(0,2nt) Ay f @)
hence the conclusion. O

Lemma 4.4. Let pn € C(R?) and suppose that p satisfies the almost doubling property.
Fiz e > 0. There exists a constant C' = C; > 1 depending on n and p only such that
for every j € N and X\ € A, for every x € X + B(0,2n277) and y € R? such that

277 < |y| < 4n277, for every f : X — R, the following properties hold:
u(B([z, z + ny])

63 < C(nly))~,
(63) o (nly)
A f(z A f(z
() p ) (B([z, x + ny))
Proof. Inequality (63) follows easily from the definition of the almost doubling property
(7), and inequality (64) directly from (63) and the definition of z(+%). O

4.2. Proof of Theorem 2.16 when 1 < p < oo. Let us now explain our approach
to get Theorem 2.16 when p € [1,00). Recall that B5P(R?) is supposed to be defined
via LP moduli of smoothness of order n > r = |sy +d/p + 1|, and that ¥ belongs to
Fr.

We first prove in Section 4.2.1 that, n > r being fixed, (17) holds for any £ > 0 when

(+e) . .
BY T (R) is defined via the LP modulus of smoothness of order n and any ¥ € F,.
This is not exactly the statement, since one wants to obtain (17) for any ¥ € F,.

Then we prove in Section 4.2.2 that (18) holds for any ¢ € (0,1) and any ¥ € F,
when BSP(R%) is defined via the L? modulus of smoothness of order exactly equal to
r (this is exactly the statement of Theorem 2.16). Since F,, C F,, the statement also
holds for ¥ € F,.

Finally, we conclude that (17) holds for any € € (0,1) and any ¥ € F,., by applying
first (17) with the environment u, the n-th order difference operator, £/3 and any
wavelet U € F,, then (18) with the environment u(**/3), the r-th order difference

operator, £/3 and the same U € F,,, and finally (17) with the environment p(+2¢/3),
the r-th order difference operator, /3 and ¥ € F,.
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4.2.1. Proof of inequality (17) in Theorem 2.16. Assume that ¥ € F,, C F,. Fixe > 0,
feLP(RY) and j € N.

Due to the local approximation of f by polynomials (equation (3.3.13) in [17]), there
exists a polynomial Py of degree < n such that

(65) 1f = Pall oy < Ceon(f,277, Xy,

where C depends on n and p only. This implies, using the fact that v, is orthogonal
to any polynomial of degree less than or equal to n, that

24 [ (7(a) = Prla))un(a)da

leal _
(A ()
Then, Holder’s inequality (where p’ stands for p%l) yields (recall that supp(iy) C A)
leal < de||¢/\||Lp/(Rd)Hf - PAHLP(X)
n(A) — ()
(66) < Goid/p@nlf2 7 Np A)p,
1(A)

where C' = Csup{||1/1(i)HLp/(Rd) c1<i<2d 1}.
Then, Lemma 4.3 gives

leal \? = 2d‘/ / |AY f ()P
<y, P22 Py Gdy,
<M(>\)> b 9-i<|yl<an2-7 J3i4B02n2-9)  H(A)P

and due to Lemma 4.4, there exists C. depending on (&,n,p, ¥) such that:

leal \P 2d'/ / o)
< Capn pCE2*Y Ay f(@)P dedy
(M()\)> e 2-9<|y|<4n2- X+B(0,2n2*j>| ! o

[log (4n)]

<CunyC? Y 2 [
k=0 2”

Set ky = [logy(4n)|. By (62), there exists a constant Ky, > 0 depending on (¥,n)

only such that any A € A; is covered by at most Ky, sets of the form N+ B(0,2n277)
with X € A;. It follows that

kn
3 ( lex| )p - Km,ncd,n,pcfz:Zde/

2 » »
AEA, #(A) k=0 27tk <y|<2mIthFL

/~ AL f ()P dady.
A\+B(0,2n2-7)

j+k§\y|§27j+k+l

/Rd AL f@)]P dady.

Recalling the definition (11) of wﬁHE) (f,t,R9), each double integral above is bounded

by 243tk ( 9=i+kt1 RAVD Gince 240r+1) < 9d(kat1) < (8n)d, one has

kn
C)| \P i (te) —j
> (90) < ery e
xen, M k=0
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where C = ((8n)dK\p’nCd7n7p)1/pCE.

Suppose now that ¢ € [1,00) (the case ¢ = 0o is obvious). The previous estimates
together with the subadditivity of ¢ > 0 — ¢'/? and the convexity of ¢ > 0 — 7 yield

q

kn
iy S O (kn + 1)1y (20720t (1, 277041 RY) ),
g k=0

H (uc(/;\)>,\e/\j

Observe that there is Co > 1 such that for 0 < j < k,, de/pwﬁ(ﬂ)(f’ 2 RY), <
Cs ||f”Lp(Rd)- Consequently,

3G ) sen lcn,y = CHCH+ 1 (U1, oy 3 (257t (1,270 )",
7>0 !

Jj=0

which implies that || f|| o re)+|flupg < C(Hf”Lp(Rd)+|f|Bu(+s),p
q
C > 0 independent of f. Hence, (17) holds when ¥ € F,.

q
£P(A;)

(Rd)) for some constant

4.2.2. Proof of inequality (18) in Theorem 2.16. Fix ¢ > 0 and f € LP(R?). We will
need the following lemma.

Lemma 4.5. Let s € <32 + %,82 + % + 1). There exist a constant C' and a se-
quence (Ep)men € (1(N), independent of f, such that for all j,J > 0, defining
fi= Z/\GAJ- ey, one has

1/p

—J md —jd : j—J)(s—s2)~ |C>\| b
(67 wi(f5,277 By < 022 min (1,20790702,5) | 3 (wm)> |
J

with the convention that €, = 1 when m < 0.

Proof. Inspired by the proof of [17, Theorem 3.4.3], we distinguish two cases:
Case 1: J < j. In order to prove (67) let us begin by simply writing

e, & A ()
w(B(z, z + nh))P

p

dx.

S . T |
27‘]71S|h|§27‘] )\/efDJ A

Note now that if x € X € Dy, A € Aj and h € R is such that 277/~1 < |h| <277, then
Ay (z) = 0 if « & [Jp_osupp(¢r) — kh. Also, there exists an integer N depending
on (n,¥) only such that x € \' € Dy and = € |J;_qsupp(¥») — kh implies A C NX.
Moreover, using the almost doubling property of u, there exists a constant C' depending
on (u,n, ¥, ¢e) only such that for all integers j > 1 and 0 < J < j, h € R? such that
27771 < |n| <277 and x € | Jj_o supp(¥») + kh, one has

(69) () = 2775 (N) < 275 (NN < Cu(Bla, @+ nh)).

Consequently, (68) and the second inequality of (69), together with the equality
Ay = ZZ:Q(_l)k(Z)T/’/\(' + (n — k)h), the bound (}) < 2", and the convexity
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inequality (3 7_q|2k)? < (n+ 1)P71 30 |2k[P yield
wh(fj, 277, R
P

QJep
<CP sup Z / Z CAAZ¢A($>’ dz

e _ NP
27/71<h <27 yiep, HINXP ] AEA;, ACNN

2Jjep

<o o S L0 () S e mnf

27 71<h<2~ yep, AEA;, ACNN

2Jjep

< CP 1)P—lonp
NeDy

Y oo %(fﬁ)‘pdfﬂ-

AEAj, ACNN

Moreover, according to [45, Ch. 6, Prop. 7], there exists C’ > 0 depending on ¥ only

such that
I3

Consequently, using the first inequality of (69), we get

W(f. 27 RO < (COMP(m+1pi2w 3 27t 3 (,J(ﬁ?'w)p‘

NeDy AEA;, ACNN

Z A wA(x))pdx < ¢'ryid Z lealP.

AEA;,ACNN AEA;,ACNN

Finally, (67) comes from the fact that there exists an integer N independent of J and
J such that for each A € A, there are less than N cubes X € D such that A C N\,

Case 2: J > j. Let us start with a fiew observations. First, by assumption, ¢(i) €
By?(R%), hence

wn(w(Z)v 2j_J7 Rd)p S 2(j_J)S‘§SL)_Ja

where (E))m>1 € (4(N*) and [|E0]|aqe) < [[1@]| gso. Comsequently, for all A € A;
one has
(70) wn(¥r, 277 R), < 20~ )spmidlvg,

(i)

where €;_; = sup;, ?]Cj-

Next, there exists an integer N independent of j and J such that for all z € R?
and h € R? such that 277/~ < |h| < 277, one has B([z,z + nh]) C N)j(z), and
APy (x) may not vanish only if A\ = (7,7, k) is such that A\;, C NA;(x). Moreover,
there exists a dyadic cube ' C B(x, z+nh) of generation J+3 as well as a dyadic cube
X" C NXj(z) of generation j, included in N)j(x) such that A" C \”. By construction,
for all D; 5 \j C NAj(x), one has

V) )
(V) (W)

and using property (P2) to control from above % by O(2N de(j)) and ’;(a/,/)) b

0(200)2(7=3)52) " as well as (P1) to control 2°0) from above by |A| ¢, there exists a

p(B([w, @+ nh]) ™" < p(XN) ™ p(Ajk)

~—
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constant C' depending on (u, n,€) only such that
u(B([z,z +nh]) "t < C2 7%= (D ()7

)

The previous observations yield (recall that if (i,j,k) € A; we also denote (A x)
by (), and A C NAj(x) means \j C NAj(x))

- —j el P
wh(fj, 277 RHE < cPal/=)s2 gup / — AT ()] ) da.
J p 2,J71§|h|§27J R4 )\GAj,%V)\j(x) :U’(+E) (A) h )

Without loss of generality, suppose that N is odd. Then #{\ € A; : A C N\j(z)} =
N4, and for each z € R%, we have

eal n P d(p—1) eal Poan p
Z M’Ath(x)\) <N Z (M(JFE)(/\Q | AR ()P
)\EAJ‘,)\CN)\J‘(:E) )\GA]',)\CN)\J‘(:B)
ince each element o i belongs to cube of the form wit € D;, we get
S h el fD]bl g N cube of the f NN h D;, g
wi s o—J iy < (v Ndpg(I—7)s [eal )” T Rdyp
wn(fj72 R )p < CPNP2 2 Z (M(—FE)()\) wn(¥Pr, 277, R )p7
)\GA]'
hence the conclusion due to (70). O

We can now prove (18). Fix ¢ € (0,1). Setting j“v = f - Z;io fj, the triangle
inequality yields

(71) Wh(f, 27 RY, <wh(f,27 RY, + > wh(f;, 277 RY,.
7=0

The ¢9 norm of the first term on the right hand side of the above inequality (corre-
sponding to low frequencies) can be controlled as follows. Using property (P),

(72) 2Jd/pwﬁ(}77 2—J’ Rd)p < 2J(sz+€+d/p)wn(f’ 2—J’ Rd)p.

Observe that, since f is obtained by removing from f the terms of law frequences,
we have f € By P(R?) for all s’ € (d/p,r) and ¢ € [1,00], as can be checked using

(15). In particular, choosing s’ = so + € + d/p, we have \ﬂ ieray 1 =0 =

- (£4)~ 4 "Ppg

|f] Lsiterd/p 1 - Then, using the equivalence of norms recalled after (15), there is
LA d P .pq

a constant C depending on (d, €, 1, p, q) such that
127wt (f,277,RY)p) senlleaq) < 11 poarverarnn gay
SCWfllepmay + 1fl soveram 1)
(cd)y~ 4 P .p,q

=C(If | Le(ray + Ifl speeram o)
(cd)y— 4 P.pq

<OWf lrmay +1f] spveram 1 )
(£d)” d P.p,q

< C'(IF | Loy + flucro) pg)s
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where the last inequality is a consequence of property (P1) (which implies that p(\) <
C27751 = OLYN) L for all j€Nand A € Dj), and C’ depends on C and C.
Next we control the ¢? norm of the second term of the right hand side in (71).

Set Aj =

(ﬂ(lcj)‘(A) ) AeA, gp(Aj)' By Lemma 4.5, modifying the value of the constant

C there if necessary, one may assume that the sequence € is bounded by 1 from above.
Hence, when j < J one has wi(fj, 2_J,Rd)p < CQ_Jd/pQ(J_J)(S_”)A]-, while when
j > J, one has wh(f;, 2_J,Rd)p < CQ‘jd/ij. Consequently,

J [e%S)
9Jd/p b ( S f2 Rd) < 27PN g dlpt e gy g 9ddle N7 gl gy
>0 P =0 J=J+1

which implies

1272wt (f,277 R plleaeny < CUI(@r)aztllesqy + 11085) sz lleary)

where

J o
=0 j=J+1
Recall now the two following Hardy’s inequalities (see, e.g. (3.5.27) and (3.5.36) in
[17]): let ¢ € [1,00] as well as 0 < v < §. There exists a constant K > 0 such that :

e if (a;);en is a non negative sequence and for J € None sets by = 207 Z}]:O 2j5aj,

then [[(27705) s>1lleaqy < K127 @) 20l s (-
e if (aj)jen is a non negative sequence and for J € N one sets b; = ZJ'ZJ aj,

then [[(277b) senlleamy < K277 as) >0l ea -

Let 6 = s—sp and v = d/p. Applying the first Hardy’s inequality with a; = 2*jd/ij
yields

(@) enlleaqy < KN(Ag)jenlleaqy,
while applying the second one with a; = 2—dd/ PA; and v = d/p, one obtains
1(B1)senlleaqy < K|[(As)senlleam)-
Finally,
1274 efi(£, 277 RYpleaqry < (C o+ 2CK) (1 Fll oy + | Fluce) )

which implies (18).

Although we do not elaborate on this in this paper, it is certainly worth investigating
the relationship between the Besov spaces in multifractal environment and the following
analog of Sobolev space in multifractal environment.

Definition 4.6. Let p be a probability measure on R?, s > 0, p > 1. A function f
belongs to W}*(R?) if and only if 1f lwps may < 00, where || fllwps way = [1f | Lo rey +
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|f|WI‘§"S(Rd) and

_ ) = S
gty = [ B om0 <

5. THE SHAPE OF THE TYPICAL SINGULARITY SPECTRUM IN BYP(R?) WHEN u € &

Given pu € &y, Theorem 2.19(2) claims that the singularity spectrum of typical
functions in BYP(RY) is given by the Legendre transform Cpp of the function ¢y,
which is explicitely given in terms of 7,. In this section, we give an explicit formula
for ¢, ,, in terms of 7, i.e. 0, and we discuss the possible shapes and features of (}, ,,
as well as those of (, .

To express (), , in terms of 7; we need to introduce the following mapping:

(73) Op : a € [1;,(00), 7, (—00)] — a + T”](;é),

see Figure 6. Notice that 6 is just the identity map.
If 7/,(c0) ;é TL(—O@), the map 0, is increasing on 9(7,;) N[—p, o0), where 9(7};) stands
for the sub-differential of the concave map 7;.

If —p ¢ 9(;), we set o, = 7,,(—00); otherwise, let a;, be the unique a such that

—p € 9(7;;)(a). Note that necessarily oy, > 7,,(07) (since 7, is increasing over the
interval [7/,(c0),7,,(0%))), and that 6, is increasing on [TZL(OO) a,| and decreasing on
[y, T, ( )] Moreover u(=p) = (T;)*(_p) = —0pp — (ap) = —pbp(ap). Conse-
quently,

T”(_;p) if —ped(r))

Op(ap) = * (o
(7, (—00
7, (—00) + M otherwise;

In particular, according to Remark 3.4, if —p ¢ 9(7;), then (7;;)'(7,(—00)) > —o0
so that 7, is linear near —oo, and so is (,,, with the formula CM,(t) (1 (—o0) +

o
(7 (=20))
By o (—o0)).

In any case, 6, reaches its maximum at a;,. Let 0, ! be the inverse branch of 0, over

[0p(7,,(00)),0p(cp)]. We can rewrite the Legendre transform of ¢, as follows:

Proposition 5.1. Let yu € &;. One has

p(H —7,(00)) if H € [1,(00), 0(7/,(00)))
(74) Gup(H) = § 7:(6, 1 (H)) if H € [0p(7/,(00)), Op(ap)]

—0 if H ¢ [Tﬁ(w)vep(%)]'

Next remark gathers various facts regarding ¢y, and ¢}, ,,, which directly follow from

the proposition and its proof, or from the definition of ¢y, .
Remark 5.2. (1) As an immediate consequence of the proposition we get that 7, (c0) =
Cp(00) and Oy(ayy) = ¢, ,(—00), though these equalities can be directly checked. Also,
by definition of 0y, ¢, ,(—00) < 7/, (—00) + %'
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(2) When p = 00, Cuoo = Ty-
(8) When 7;(1,,(00)) = 0 (i.e. when 0,(7),(c0)) = 7,,(00)), the function (}; , reduces

to the map H — 7,:(0,*(H)) on the interval [0,(7/,(c0)), Op(cy)].

(4) When 7, (1,,(00)) > 0 and p € [1,00), (equivalently, when 0,(1, (o)) > 7/,(c0)),
* 5 1s linear over [1/,(00), 0,(7/,(00))). This is the signature of the fact that (., is not
differentiable at p, where one has ¢, ,(p*) = 7,,(00) and ¢}, ,(p™) = Op(7/,(00)).

Note that this affine part of the singularity spectrum (, ,, of typical functions f €

Eﬁf’p(Rd) is obtained as a consequence of the heterogeneous ubiquity property stated in
Proposition 5.18.

Also, if [0,(1,,(00)), Op(ap)] is mon trivial, { , is concave on this interval.

Moreover, using the notations of Remark 3.4, (; , is differentiable at 0,(; (c0))

if and only if too = (1) (1,(00)) = oo. Otherwise, one has (¢ ) (0p(7;,(00))") =
t;ﬁpp < p = (¢p) (Op(7,(00))7). This implies that (. is affine over the interval
[ t"ipp,p], with slope 0(,,(00)).

too

See Figures j and 7 for some examples of the shape of the spectrum of typical func-
tions f € BYP(RY).
(5) When —p & 9(7;), one hast_oo > —00, so both 7, and (., are affine near —oc.

Proof of Proposition 5.1. The case p = oo is trivial, so we assume p € [1,00).

Recall that we defined apin = T;(oo). Let x be the mapping defined on the right
hand side of (74). We are going to prove that x* = (., as defined by (21). Next, we
will check that the function x, which is continuous over its domain, is concave. This
and the Legendre duality will get ¢, , = x.

It is convenient to write x* = min(x7, x3) where, for ¢ € R,
Xi(t) = inf{tH — p(H — amin) : H € [min, Op(amin)) }
X3(t) = inf{tH — 7;(6, ' (H)) : H € [Bp(cumin), Ip(cp)]}-

p
If t # p, we set
pt
ty = ———.
p—1
Then whenever it exists, let a; be the unique real number such that
tp € [(r3) (@), () (&;)].
Otherwise, set &y = Qupin-
First fix t > p. The mapping H +— tH — p(H — amin) is increasing, hence xj(t) =
tomin. Setting a = 6,1 (H) for H € [0 (umin), Op(yp)], one has
Xa(t) = inf  X(a)

€ [0tmin,0tp)
where
xX(a) = thy(a) = 7, ().
Then, differentiating (formally) X gives X'(a) = ¢ + t_Tp(T;), (o). Since 7,
decreasing over [oumin, 7,,(0")], for X not to be non decreasing, &; must exist and be

* is non
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distinct from oumin, except if 7, is linear over [0,00), in which case amin = T, (0+)
Suppose @ > amin. Since t > p, we have ﬁ € [1,00), hence t, € (—oo, —p], so that
at € (ap,00). Consequently, X is non decreasing on [@min, 0] and the infimum defining
X5 is reached at amin, where it equals tomin + t_7p7'; (min) = tamin. One concludes
that x*(t) = tamin as desired, and it is easily checked that the same holds if oy = aumin.

The case t = p follows by continuity.

Fix now ¢ < p. The mapping H — tH — p(H — auin) is decreasing, so xj(t) =
(t — p)Op(Amin) + POmin = toumin + ¢ pp ;(amm) To determine x3(t), we distinguish the
cases t, < (T;)’(amin) and t, > (T;) (Qmin)-

Suppose first that ¢, < (7;)(amin). Noting that ¢, > —p, we deduce that the
function X now reaches its minimum at &y, which necessarily belongs to [amin, o).

Consequently,

X2 (t) = t0p(a) — 75 (cu).
By definition, whenever a; # omin, 7, (ar) = tpay — 7u(tp), so after simplification one
gets in this case

Xa(t) = (at + ;at)> = Tu() = p;tm(tp)-

Noting that x3(omin) = Xj(min), We can Conclude that (21) holds when a; = ain,
or when & # unin and if, moreover, tamin + =2 m M(amm) > = tTH(tp) If &y # amin,
using that 7;(a:) = tpar — 7,(tp), the previous inequality is equlvalent to tamin +

tpp ;(amln) Z t&t - pTTtTM(at)a ie. t(Oét - CVInin) S %( ;U«<at) — N(Oémjn)), that is

(@) — 7, (Qmin)

Q¢ — Qmin

>ty € O(y) ().

But this inequality does hold due to the concavity of 7.

It remains the case where ¢ < p and ¢, > (T;)/(Oémin). In this case, too = (T;)'(amm) <

oo, which implies that 7, is linear over [to, 00): specifically, 7,,(t) = mint — (oemm)—i—

for allt > t. Also, since t,, > (T;)’(amin) > 0, &t = Qin and Ix C (0, 00). In particu-

lar )\ reaches its minimum at amin. Consequently, x5(t) = x7(¢) = tamin+ tpp ;(ozmm)

Since t, > to and 7, is affine on [ty,00), it follows that x*(t) = TTH(tp) as an-
nounced.
Note that the previous case corresponds to ;

t°° S0 <t <p. In regard to the form
taken by (j , it is convenient to rewrite (, (¢ ) 0 p(Qmin)t — 77 (Qmin)-

Now we prove that x is concave. We assume that the domain of y is not reduced to
[@min, Op(amin)], for otherwise the conclusion is trivial.

Let us start by explaining why x is concave over [0,(amin), 8p(cp)]. To do so, assume
first that 7 is differentiable over (amin, 0, Y(ayp)). Then this is also the case for 0, over
(Gp(ozmm),@p( »))- For H € (0p(omin), 0p(cy)), denoting 6, (H) by « and (73) (@) by

t, one gets X' (H) = ﬁ, which is increasing as a function of t. Since H = 6,(«) is an

increasing function of o and « is a decreasing function of t (7, is concave), it follows
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0, (H)
Op(ap)
7/ (—o0)
7/,(00)
H
0 17/ (c0) @b 7/ (—o0)

FIGURE 6. The mapping 6, when ¢,(7),(c0)) = 0,,(7/,(~00)) = 0.

that x’ is increasing over (6 (aumin), Op(cp)). Hence x is concave over [0, (cumin), Op(ctp)].
If 7, has point of non differentiability over (amin, 0, (cyp)), we get the conclusion by
approximating it by the differentiable L?-spectra associated with the Bernoulli product
generated by the probability vectors used to construct p.

Finally, if 6,(amin) > amin, i.€. 7 (amin) > 0, to get that x is concave, it is enough

m
to check that x'(0p(c.t. ) < p= X' (0p(ar,,)). With the notations used above, we have
to distinguish the cases (T;), (min) = too < 00 and to, = 0o0. A direct computation
then yields x'(6,(a;t, ) = p if oo = 00 and X' (0,(at ) = t;"jrpp otherwise. O

6. LOWER BOUND FOR THE L?-SPECTRUM, AND UPPER BOUND FOR THE
SINGULARITY SPECTRUM IN B{P(R?Y), WHEN u € &,

This section uses the notions of wavelet leaders and L%-spectrum of a function intro-
duced in Section 2.5. We are going to prove item (1) of Theorem 2.19 by establishing a
non trivial general lower bound for the Li-spectrum of any element of BY?(R?) when
w € & (Theorem 2.26(1)).

The main result of this section is the following. Recall the definition (20) of r,.
Theorem 6.1. Let 1 € & and p,q € [1,00]. Let ¥ € F,,. For all f € LP(RY) such
that |fupq| < 0o, one has Cf|]R+ > Cupr, -

It is implicit in Theorem 6.1 that the semi-norm |f, , 4| defined in (16) is computed

using the wavelet ¥ € F,., which is fixed by the statement.
It yields the following corollary.

Corollary 6.2. Let pn € & and p,q € [1,00]. For all f € Eé"p(Rd), one has:

(1) Criry 2 Supr, s € the claim of Theorem 2.26(1) holds true.
(2) For all H € R,

Co(H) if H < ¢, (0%)
or(H) < { Yt H>C 00
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i.e. part (1) of Theorem 2.19 holds true.

Proof. Part (1) follows from the definition of B4 (R?) and the continuity of ¢ (-9 bR,

as a function of . Part (2) is then a consequence of (27). O

To obtain Theorem 6.1, we estimate, for any f € LP(R?) such that |f, .| < oo and

any N € N, the upper large deviations spectrum of the wavelet leaders (L’;) ACNI[0,1)4
associated with some given wavelets ¥ € F;,, which we fix for the rest of this section
(see the definition of NA at the beginning of Section 2).

Definition 6.3. Let f € L{ (R?) and N € N*. For H € R and £ > 0, set
H+te=[H—¢ H+¢]

For any compact subinterval I of R set

log, |L{
DY (j,1) = {)\EDjI/\CN[O,l]d7 Og2_|jA| 61}7

where the wavelet coefficients are computed with V.
Then the upper wavelet leaders large deviation spectrum of f associated with ¥ and

N[0,1]% is defined as

log, #DY (j, H + ¢
EI]?D’N(H) = lim limsup B2 #D7 U )

Proposition 6.4. Let 1 € & and p,q € [1,00]. For all f € LP(RY) such that |f.pql <
o0, and all N € N, one has

_LD,N Cho(H)  if H< (), ,(07)
(75) o (H)ﬁ{d‘”’ ifH>C!’;:(O+)'

Let us assume this proposition has been proven and explain how Theorem 6.1 follows.

Proof of Theorem 6.1. Note that by large deviations theory, the function CJJCV’\II defined

in (25) is the Legendre transform of the concave hull of E?D’N [35]. By Proposition 6.4,
this concave hull is dominated by the concave function max(C;j,p, d), whose Legendre
transform is easily seen to be equal to C,W‘RJr over Ry and equal to —oo over RY.

Consequently, (}{V 7IIJIR+ > CM,‘RP which is enough to conclude since C}I’|R+ does not
depend on V. O

Proving Proposition 6.4 requires some large deviations estimates on the distribution
of the wavelet coefficients of f under the constraint imposed by the condition | f, p eo| <
oo, which holds automatically if | f, | < co.
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6.1. Preliminary large deviations estimates on the distribution of wavelet
coefficients when |f, | < co. If u € C(RY), Iy and I, are two compact subinter-
vals of R, and f € L{ (R?) has (cx)xen as wavelet coefficients, let

loc
1
[ e
Af,u(]alH,Ia) = >\ = (Z7J7k) € A : >‘j,/€ - 3[0’ 1] ) 10g2 ,U'()\],k:)
—J
Heuristically, Ay (4, I, 1) contains cubes of generation j whose p-capacity is of order
of magnitude 2_7:0‘ with a € I, and whose associated wavelet coefficient is of order
of magnitude 277" with h € Iy. We consider 3[0,1]? rather than [0,1]¢ because the
computation of wavelet leaders on [0, 1]d requires some knowledge of p and f in this
neighbourhood of [0, 1]%.

We are interested in estimating the cardinality of Ay ,(j,1x, ) in order to get a
control of the wavelets leaders large deviations spectrum under the assumptions of
Proposition 6.4.

In the next lemma we adopt the convention co x x = oo for x > 0. Recall that for
any interval I and € > 0, I &+ ¢ stands for I + [—¢,¢].

el,

Lemma 6.5. Let p € & and p € [1,00]. Let amin = 7,,(00) and amax = 7,,(—00). Let

€ LP(RY) be such that 0o < 00 and let I, I, be two compact subintervals of R.
u?p?
(1) If max Iy < minl,, then Ay, (j, Ig, 1) = 0 for j large enough.
(2) If I, C [0min, Omax] and min I, < min Iy, then for every n > 0, there exists
g0 > 0 and Jy € N such that for every e € [0,e0] and j > Jo:

1 A Iy e, 1, +
082 # f,u(J, ,H SELEL) < max min(p(max I — ), T;(ﬁ)) + .
J BeIN[0,max ]

(76)

Proof. We treat the p < oo and leave the simpler case p = oo to the reader.

(1) Recall that by definition sup;cy H (ﬁ) < 00. There is Cy > 1 such that

/\EAj Hp

<Cf.

(77) sup ||(-3 <

jEN M()\)>/\€AJ‘
It follows that item (1) holds true, for otherwise (77) would be contradicted.

(2) Fixn,¢ > 0 and set H = max(If;). Since I, is compact and 7, is continuous over its
domain, there are finitely many numbers o < ... < o, such that I, = U’;:_Ol [ove, cvpiq]

and for every ¢, agy1 — ay < n/p and |7(8) — 72(8)] < n for all B, 8 € ag, aus1)].
Let j € N. Consider the subset A, (j, In, [ow, apr1] £€) of Ap (4, 1g £,1n £ ¢).
With each cube X € Ay (4, Ig £ ¢, [ag, agpq] T €) is associated a wavelet coefficient cy
whose absolute value is at least equal to 277(H+€) Thus, for each ¢ € {0,...,m — 1},
P —i(H+e) \?
IS |C/\| > 2
(78) Cf = Z (M()\) = Z 9—jlag—e) |

AGAJ' )\GAf,/,L(ijHiE)[aﬁzaﬂFl}iE)
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Remark 6.6. We recall again that when X\ = (i,j,k) € Aj, sometimes we make a
slight abuse of notation by considering when necessary A as the dyadic cube A} € Dj.
So we write p1(X) for w(Ajx), and when I is a subset of R we may write A C I meaning
that )\j,k cl.

It follows from (78) that
#N 5y T, [, agn] £ &) < Of/PUITmoet2e),
On the other hand, observe that for each j > 0, one has

1 A
AglinTa £ e fon ] £2) € (A= Goiik) € Ax A c 30,17, 2820 ¢ ),

—J

where I = [ay,ap41] =N [0,H + ¢]. Applying Proposition 3.3(4) to each interval

[ag, cpp1] £ €] N[0, H 4 €], one finds g > 0 and Jy € N such that for all € € (0, 9],
0<f<m—1andj>Jy,

#D,(j, [, aor1] £e N[0, H +¢]) < #D,(j, ([, apr] N[0, H) £ 2¢) < 270em),

where v, = max{7;(8) : 8 € [ag, agy1] N [0, H]}. Then, taking into account the fact
that u is Z%invariant, as well as the fact that with each dyadic cube Ajk are associated
2¢ — 1 wavelet coefficients, one obtains

#A 7 (G, Tor €, [, apg] £2) < 3424 — 1)20 0ot

Combining the previous estimates yields, one gets for ¢ € (0,g¢] and j > Jy

[y

m—

#As (5, I, I £ €) < Z #N¢,(J, I, oy, o] £€)

=0
m—1 ~
< min (C?ij(H—ae-s-%)’ 3927 - 1). 2j(’Ye+Tl))
=0
< 3d(2d — l)Cijmmax {2jmin(p(ﬁ_a4+2€)’73+") 4 =0,1,....m — 1}.

Also, the constraints imposed to the exponents oy imply that

max { min(p(H — ap+2¢),y+n): £=0,1,....,m — 1}
< max { min(p(H — 8),7(8)) : B € Lo N[0, H|} + 2¢ + 31.

Taking 9 < n/p and Jp so large that 2707 > 39(24 — 1)C§m, we finally get the desired
upper bound (76) (with 67 instead of 7). O

We are now ready to get an upper bound for the wavelet leaders upper large devia-
tions spectrum of f.
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6.2. Proof of Proposition 6.4. First notice that since u is Z%invariant, due to the

definition of | |, 4, any general upper bound for E?l?’l]d holds for E?D’N. Thus, without
0,1

loss of generality we prove that E?D’l is upper bounded by the right hand side of (75).

This proof is rather involved because we must treat with care all the possible in-
teractions between the values () and the wavelet coefficients ¢ which contribute to
determine the wavelet leaders with a given order of magnitude.

Note that the inequality EI;D’I < d obviously holds. So it is enough to deal with the
case H < ¢, ,(0%).

We fix H < ¢}, ,(07) and for ¢ > 0 small enough estimate #D} (j, H £ ¢) from above
(recall Definition 6.3). Specifically, we establish (75) under the equivalent form: there
exist C, ¢ > 0 such that for any n > 0, if 9 € (0, 7] is chosen small enough, then for j
large enough, for all € € (0,¢q),

(79) #D}(j,H +¢) < €21 CplH)Fen)

Since | fu,p,00| < 00, there exists C' > 0 such that |cx| < Cpu(A) for every A € ;50 A
(recall Remark 6.6).
Without loss of generality, we suppose that the above constant is equal to 1 and

lex] < () for every A € U Aj.
Jj=0
Recall the definition (23) of wavelet leaders: Lf\ =sup{lex|: N = (4,5,k) e A, N C
3}
We start with the following key observations. A dyadic cube A belongs to D} (j, Hte)
if and only if:
e AC[0,1]%
e there exists a dyadic cube ' C 3\ of generation j' > j as well as i € {1,--- 24
1} and K’ € Z% such that X' = \js v, and |c )] = 2-7'H" with H' € H[H —
e, H +¢l;
e moreover, if j, hence j', is large enough, Proposition 6.5(2) implies that |c(; j 1| <
2—d'amax/2 Qo H' > Qmin/2. Tt follows that j' < 2j/amin.
We will use these properties (mainly the second one) repeatedly in what follows.
Now we distinguishing three cases.

Case 1 : H < ampin-

Note that C;p(H) = —oo. Suppose that € > 0 is so small that oy, — e > H + €.
Due to Proposition 3.3(5), and the observation made just above, for j large enough we
have

#Dp(j, HEe)< Y Apu(ih [0, H +e], o),
J<J' <25/ min
with Iy, = [0min — €, Omax + €]. However, H 4+ ¢ < amin — &, so by Lemma 6.5,

Dy(j', H £ €) = 0. This implies (75), i.e. E?‘?’l]d(H) = —00.
0,1
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To deal with the other cases, we discretise the interval [ayin, H].

Fix n > 0, g9 € (0, min(1/2, amin/2),n), and split the interval [amin, H] into finitely
many contiguous closed intervals I, ..., I, (m = m(gp)) such that

o |y <¢gp for every £ € {1,...,m},
o Writing Iy = [hy, hys1], one has 1 < hyyq1/hy < 14 ¢gq for every 1 < £ <m.

In particular, H/hy > 1 for every .

Now, applying Proposition 6.5(2) to each pair {I;, I}, one can find ¢ € (0,20) and
Jo € N such that for all j > Jy, forall 1 < /¢ < /£ <m,

(80) logZ #Af7u(j>]]'-€ + g, IE’ + 6) < d(f, g/) +1n
where
(81) d(¢,0") = max {min(p(hey1 — B),7:(8)) : B € Ip}.

As observed above, if j > Jy and X\ € Ds(j, H + €), there exists j' > j and N =
(i,5',K') € Aj such that N C 3\ and |ey| = 277" with H' € 4[H + €]. Moreover
there exists 1 < ¢ < ¢ < m such that X' € Dy, (j, [s £¢,1p ¢).

In addition, H' € Iy£e C Iy%eo, j' € {r[H*e] C [j hi;jgo,jgtgg} cand hyyq < H.

Consequently,

(82) Dy H+e)c | DG H=*e),
1<0/<t<m

where (recall Remark 6.6)

/ IN e A i Iy te, Iy +
DY’ (j, Hte)= U AeD;jn0,1)%: < f,u(J/, cEelvte) |
such that M € 3\

i H—¢g H+eg
J hygy1+e0’ hg—eo

Case 2: apin < H < Op(umin) = min + @. This case is non empty only when
7 (Qmin) > 0.

Let j > Jyg, and 1 < ¢ < £ < m. Since hyr; < H, one necessarily has d(¢, )

p(hf-‘rl - hf/) < p(hf - amin)~ ThUS, if j/ € |:] hil_j-oao’]flitig]’ then ]/d(gvgl)

<
<
j(pH hﬁh# + O(eo) + n), where O(eg) is independent of ¢. Taking the supremum
over / yields

7(d(, ) +n) < j(p(H — amin) + O(g0) + 1) = j(¢,,(H) + O(eo) +n).

Consequently, since (82) implies

#Dp(j,H+e) < > > #0p (G Lot e, Iy +e),

1</ <b<m
Jj'e

J hgy1+eo J hyp—eo

. H—eQ AH+EU:|
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inequality (80) combined with the previous remarks yields
#D(j, H +¢) < m%mgj(é“ﬁ,p(HHO(eo)-ﬁ-ﬂ)
B Omin — €0
Case 3: 0p(amin) < H < ¢}, ,(07) = 0,(7,,(07)).
This case will be subdivided into four subcases in order to estimate #ch’gl (j, H=xe).
Recall the definition (81) of d(¢,¢’). This quantity can easily be expressed in terms

of the mappings ), defined in (73) and 7;. The mapping 0, is an increasing map over
[Omin, op) and o, > TL(O*), so using that hy < H, one deduces that

7 (herg1) if hy <0, (hegr),
(83) d(,¢") = < p(heyr — he) if hy > 0,7 (heya),
(0, Yheyr)) = Chp(her1)  otherwise.

Moreover, the maximum of the three possible values is always Cz’p(h£+1).

Subcase (a): #ﬂd(f,ﬁ’) < C;p( ). Using the definition of ch’gl (j, H £ €]), inequal-

ity (80), the fact that }Zfig = he+1 + O(gp) and d(¢,0') < %d(f,é’) < ¢ p(H), for
7 > Jo we get
#D" (j, H £ ¢) < 3 #Np (i T e Iy £e)
ie {] hfkﬁofo J ’Z+i%]

< i 0 g, (H)+00)+n)
7 Qmin — €0

~d(£,€') > ¢ ,(H) and hpq < 0,7 (heyr)-

A technical lemma is needed.

Subcase (b): hH

Lemma 6.7. For every j large enough,

;o H
D?e (]7 H =+ 5) C Du (]7 |:04m1n7 Qiin + v(héurl amin)] + 0(50)> )
+1
where O(gg) is independent of (£,¢').
Proof. Take \ € Dul(j,H +e) and j € [j h£+1+80,]f+5°} such that there exists

N = (i, 5, k’)EAf#( I £ e, Ip +¢€) for which X C 3\
Denote by X the unique dyadic interval of D; that containing X. One has u()\)
w(A) ((X)), and by construction of y, (( )) > 20" =) (emin—20) (recall (41)).

Moreover, the property (P) satisfied by u gives that p(\) > Q*jEOM(X). Conse-
quently, since p(\') > 973" (he11+20)  one concludes that

log () J H
- < amin + = (41 + €0) — (min — €0) = Qmin + ——
—jlog(2) g (e eo) = )= het1

where O(ep) is independent of (¢,¢'). This yields the result. O

(hf’+1 - amin) + 0(50)7
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Let us now bound ap;, + #ﬂ(h(q_l — Qupin) from above. Thanks to (83), hyy1 <
0, (het1) implies d(¢,€') = 77 (hp11). Since 0,1 (hey1) < 01 (H) < 7/,(0%) and 7 is
non decreasing over [amin, 7,,(07)], one has

H *n—1 H * * H *n—1 H
h4+1 T,u(ep (h‘@rl)) = h£+1 Tp(hf +1) > Cu,p( ) Tu(ep ( ))7

from which one deduces that
70(0, " (het)) N (6,1 (H))

84

(84) het1 H
Observe that the definition of 6, implies that

(85) 0,1 (B) +p~i7i(6,7(8) =8

for all 8 € [amin, ¢, ,(07)]. Applying (85) to both sides of (84) yields

0, " (he1) < 0, (H)

heta H ~’

(86)
and since TI.{H > 1, the following series of inequalities hold:

H H H _
(87) Qmin + 77— (hEUrl O4mln) < hﬁ’ 1< 9 (hf-i-l) < ‘9p 1(H)
hetr het hev

Consequently, Lemma 6.7 yields
(88) Df[ (J,H+e) CD, (.77 [@tmin, 9p (H)| £ 0(50))

Recall 7+ is continuous and non-decreasing over [oumin, 0, ' (H)] by Proposition 3.3(4).

Hence, choosing initially ¢ small enough yields for j large enough that

(89) #p (],H +¢e) < 20l YH)) ) — 9i (G p(H)+m)

Subcase (c)

h“_l d(e,0"y > ¢x (H) and hy > 0, (heyr)-
,d(0,0) = p(her1 — he). Consequently, hy = hy — {50 < p, —
i +

p
h
’}}1 Cu,p( )/p, and

H H
Otmin + (hZ’ amin) S h€’+1 <
heta heta

h » (H h h
(h£+1 AR g,u,p( )) +H {+1 — Z
Py H p heya

Thus,
H * (g
(90) Omin + 77— (hg/+1 — amin) <H- C#L()
I >

where again O(gg) is independent of (¢,¢). Hence, one concludes by Lemma 6.7 that
(89) holds in this subcase as well.

Subcase (d): prd((,¢') > ¢ ,(H) and hy < 0, (her) < hea.

+ O(Eo) = G;I(H) + O(Eo),
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Here one has hy 1 < (1 +¢g0)hy < (1+ 50)9;1(h4+1), SO

H H H
Qmin + 7—(her41 — amin) < (1 + 60)79;1(h£+1) + Qmin (1 - )
hott hesa her i1

H
(91) < (14—50)%0;71(}%4-1)‘

Also, (83) gives d(¢,0') = 77:(0, " (hey1)), so #ﬂd(ﬂ,ﬁ’) > (: ,(H) is equivalent to (84),
and it implies (86). Finally, arguing as in the subcase (b) and using (91), one sees that

(90) holds, from which one deduces that (89) holds once again.

Collecting the estimates obtained along the cases considered above, (79) is proved,
and so is Proposition 6.4.

7. TYPICAL SINGULARITY SPECTRUM IN B5P(R%)

In this section we compute the singularity spectrum of typical functions in E{f P(RY)
when p € &y, proving item (2) of Theorem 2.19.

The general strategy is similar to that used to derive the generic multifractal behav-
lor in classical Besov spaces. First, a saturation function is built, whose multifractal
structure is precisely the one hoped to be generic in B (RY). Then, this function
is used to perturb a countable family of dense sets in Eff P(R%), in order to obtain a
countable family of dense open sets on the intersection of which the desired multifrac-
tal behavior holds. However, the construction of the saturation function as well as the
multifractal analysis of typical functions are much more delicate than in Besov spaces,
i.e. when p is a power of £9.

The environment p € &y is fixed for the rest of this section, as well as (p, ¢) € [1, oc]?
and ¥ € F;,,.

7.1. A saturation function. In this section, a saturation function g"?? Eé‘ P(RD)
is built via its wavelet coefficients, which are as large as possible in é(’; P(R?), and its
wavelet leaders are estimated.

The definition of g*P? demands some preparation.

For every N € N*_ if [amin, Qmax] = [T;L(OO), T/;(—OO)] is not a singleton, it is possible
to find an integer My such that the interval [amin, @max] = [7),(00), 7/, (—0c)] can be

split into M non-trivial contiguous closed intervals I3V, IV, ... T ]\J\/;N satisfying for every
1€ {1, ey MN},

(92) \IlN| <1/N and max{|7';(a) — T;(a’)\ co, 0 € IZN} <1/N

We also take the sequence (My)n>1 increasing.

If aumin = max, we fix an increasing and positive sequence of integers (My)nens,
and set IiN = {amin} for all 1 <i < My.

In any case, item (4) of Proposition 3.3 yields a decreasing sequence (nn)nen«
converging to 0 as N — oo, and for all N € N*, My integers Jn 1, N2, ..., IN, My,
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such that for every ¢ € {1,.., My}, for every j > Jn,,

10g2 #DN(]7 Iz]V + 1/N) — max T*(Oé) < nn

93
( ) ] aGIiN i

Without loss of generality, we assume that ny > 1/N.
Then, define inductively an increasing sequence of integers (Jy)nen+ such that:

VN >1, Jy >max{Jy;: i€ {l,..,Mn}}
(94) VN >2, My < 2/nviv-1,
VN =3, Jn—1nn-2 < INnN-1.
Moreover, we can require that for every j > Jy and A € D;:
9—i(amax+1/N) < 1N < 9—3(@min—1/N)
This is possible due (45).

When Jy < j < Jyy1, set Nj = N. Since we required that (Jyny—_1)n>2 is an
increasing sequence, the sequence ( jan_l) j>Jo i increasing as well.

Finally, let us introduce some coefficients depending on the elements A € A;:

e If LeZd j>Jyand A€ A} = {\=(i,j,k) € Aj: \j C L+10,1]%}, set

3N, -1
27 »p "
if p< oo
95 —J 1z a1
%) 0= S
je if p = o0,
with the convention é =0.
1 by
e 165> Jy and A= (1,5, k) € Ay, sob ajp — 082PR) g
—J

Qi ke if Qj € [Otmin, amax]a
a)x = omin  if @5 < amin,

Omax  if Qj | > Omax-
Remark 7.1. Note that €y = % — vy tends to 0 uniformly in A € D; as j — oo.

Before defining the saturation function, we recall Definition 3.15, and to A = (i,5,k) €
A;, we associate the irreducible dyadic cube A= )‘jE such that 277k = 277k with
0<j<jandkeZzZ\ (2Z)"

Definition 7.2. The saturation function g*P? : R — R is defined by its wavelet

coefficients in the wavelet basis associated with W, denoted by (c’)f’p’q),\eA, as follows:

o API=0ifAeU; A
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o Ifj > Jyand A= (i,5,k) € Aj, we set
-7 (ax)
1.P,q -7 -
(96) e\t = qwy (k) 2 p if p<oo
wy - (Ajk) if p=oo.

Remark 7.3. (1) Note that k" does not depend on i if A = (i,j,k). Conse-
quently, \'"? is defined without ambiguity by the same formula for A € D;.
=Th *(ax)

(2) The choice of j and X in the exponent 277 i (96) implies that at a
given generation j, the wavelet coefficients of g'P? display several order of
magnitudes. One can also guess from this choice that approximation by dyadic
numbers will play an important role in our analysis, since the local behavior of
g P? around a point x will depends on how close x is to the dyadic numbers.

=Tn *(ax)
(3) When p < oo and 7;;(cumin) = 0, in (96) pu(A)2~ I3 can be replaced by the
simpler term p(\) and still get a relevant saturation function ghP4. When
7';: (atmin) > 0, the situation is more subtle, the ubiquity properties pointed out
in Proposition 3.18 come into play.

Lemma 7.4. The function g% =37 ; > 3ep, &7 x belongs to BUP(RY).

Proof. Suppose that p < co.

For j € Nand L € Z¢, set ’DjL ={\eDj: ACL+[0,1]% and A]L = {(i,j,k) €
Aj : )\jJ€ S ’DJL}

Recall that for A = (i, 4, k), u(\) stands for pu(X;x).

|57

P
Let us define, for j > J, and L € Z¢, the sum Ajp = Z)\GAL <(A)> . To prove
1/
that g"P4 € BiP(R?), it is enough to show that A; := (ZLezd ALL) "e (1(N).

For j € [Jn, JN+1), one has

=T (a)\) P

. J
2*3177N]-—1/p'u )2 P
11LL - ZE: .l+2 ( )
xear | g7 a1+ [IL|[)(@+D/Pp(A)

2_3j77Nj71

(97) :(2d—1) > 2 —jma(z)

T (14 ]+ AeD?

2d71

where the factor comes from the fact that 4", X = (4, j, k), is independent of

ie{l,...,291}.

Observe that if A € D; and ) is the cube associated with its irreducible representa-
tion, then one can write A = X - [0, 20 *3)]d, the concatenation meaning that A equals
the image of [0,27 =74 by the canonical isometry that sends [0,1]% to A.
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Then, after regrouping in (97) the terms according to the generation of their irre-
ducible representation, one has

2*3j77Nj71 J .
Ajr = (2 - 1) (1 +> Z TJMW)
T+ L@ : :
J=1XeDI\(D5_,-[0,271]4)
d 2*3]'77Nj—1 e
<2 ( + 27Tkl )
TARNCER TN JZ 2
AeD;
d 9= 341N;—1 Ji—1 Nj—1Jnp1—1 .
98) =2 +( ) 9=Imi(en),
o 2 (YUY Y )y
J e (L4 |[L]]) J=0 " N=1 J=ix = J=Ix,) reD
For each Jy < J < Jn41, using (92) and then (93), we obtain
My, N
Z 27‘]7—;(0‘)\) < Z Z 2*J(max{”r;(a):a€]i J1-1/Ny)

AED] =1 A\eD, (17 £1/N)
My,

< Z 2J(max{7§(o¢):ocEIZNJ}-HyNJ)27J(max{7';(a):aEIiNJ}fl/NJ)

— MNJQJ(HNJ-H/NJ) < MNJQQJUNJ‘

Consequently, by (94),

—1 Jy41—1
(Z > )+ Z > 27
N=1 J=Jy J=Jn; ) XeD§
—1Jyy1—1
< Z > My 4 Z My, 227
N=1 J=Jn J= JN
N;—1
< Z (JN—H - JN)MN22JN+177N + (] - JNj + 1)MNj22jan
N=1

. 2jnN. —
S]n[N]2 JTIN 17
: 2J. 2jnn;
since all terms Mpy24/N+1N are less than MN 2 -

Setting C), = Jl ! Z/\GDO 27I7a(@\) it follows still from (94) that

—JNN;—1 d
A<t N2 T g gy 2 Gt

2 p = " :
ja(L+[IL])tn gL+ L))

Finally,
Ty X

(2 40)" =[G,

Lezd

=0(j7),
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e (45
M(/\) )\GA]'

If p = oo, the estimate is much simpler and left to the reader. O

is in ¢4(N). This implies that gtP? € BiP(R9).

p)jGN

Recall Remark 7.3(1). Next lemma shows that the wavelet leader (recall (23)) LY
of gP9 at X € Dy is essentially comparable to the wavelet coefficients cf(}p % indexed
by the cubes A of generation j which neighbour A. This property will be useful to

estimate the L9-spectrum of g"P4 relative to W.

Lemma 7.5. Fiz L € Z. For every ¢ > 0, there exists J° € N such that if j > J¢,
for every A € DjL,

’5)}\%?#; Lg\“'p’q < 2jsg);\t,p,q’
where ¢{"P = max{c%’p’q A€ Dj, A C3A}.

Proof. Tt is enough to prove the result for L = 0. Let ¢, € (0,1). Let j > 1 and
A€ D?. Let us begin with some remarks.

First, in (96), the term w) depends only on j, and is decreasing with j.

Second, if N C A, u(\) < u()\) since u € C(RY). o _

Next, observe that if A’ C A, the irreducible cubes X € Dj—, and A\ € D; associated
with )\.’ and A, respectively, are such that 37§ 4. Moreover, if j < jpe/(2d), then
APIE > wyp(N) so c’)ff’q < c‘/\"ijJE. If 7 > jpe/(2d) and j is large enough, by
construction of u, either j/ — 7 < &’j’ or one has
(99) jlosr = jox + (7' = ja
for some a € [Atmin — €, Omax +¢]. We can choose ¢’ small enough so that if j/—5 <€y,
then ‘O_‘Y — oy is so small that | j’T;L(ayz— jTlZaX)] < jpe, and once again c\;"? <
P27, Such an ¢’ being fixed, if j/ —j > €5/, (99) and the concavity of 7;; then
implies that for some & independent of j and j’,

a when « € [aumin, Omax]
J T;(aﬁ) > 37_ (OZX) + (? - 3) (7_;: (Oé*) - g)’ where o = Omax When o > ampax
Qmin when « < Qmin

(we must be careful because o may not belong to [aumin, @max] and this case T;(Oé) =

—00). In particular, j'7(ayy) > j7ii(ax) — (77 — J)€, hence
G T (050 < o TT0) 09T~ DEp < o-Fi(es) 5T,

Note that :

e Since yu satisfies (P), there exists M € N* such that for every X e Dysj one
has p(/)\\) < 277(d/p+2emaxt1) - Duye to the definition of the wavelet coefficients
of g"P4, this implies that if j* > Mj, then ;"% < A"”?. In other words, the
relevant resolutions j/, i.e. the j" such that there may exist X € A with 4"

greater than ¢\, verify necessarily j' < Mj.
e ¢ can be chosen as small as necessary when j tends to infinity, in particular

less that pe/(M(d/p + 2amax + 1)).
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These two observations imply that for 5/ > j large enough, independently on \ € D?
and X' € D;s such that ' C X and j/ — j > £j/, one has

2_?7-;(0‘7)/19 < Q_ET;(O‘X)/ija'

Putting together all the previous information yields that for 7/ > j large enough, for
all A € D? and all \' € D;s such that X C A, one has {7 < ¢\"™927¢. However, the

same property holds true for all 5/, j large enough, for all \e Dj such that AC 3[0, 1]d
and X" € Dj such that A’ C X\. This yields the desired property. O

7.2. The singularity spectrum of the saturation function ¢*?¢ and some of
its perturbations. We now determine the singularity spectrum of g"P4, and more
generally of any function whose wavelet coefficients are “comparable” to those of gHP»4
over infinitely many generations.

Proposition 7.6. Let f € Eé"p(Rd) such that for any L € 7%, there exists an increas-
ing sequence of integers (jn)nen, and a positive sequence (p)nen converging to 0 such
that for alln > 1 and A\ = (i, jn, k) € A}, such that \;, x C L+ 3[0,1]¢ the inequality
9inen kP4 < |J| holds. Then of = ogupa = o

Proof. We suppose that p < oo, the other case being simpler and easily deduced
from arguments similar to those developed below. Fix (j,)nen and (gy)nen as in the
statement.

It is enough to prove that dim Ef(H) N (L +[0,1]%) = ¢% ,(H) for all H € R and
L € 7. Without loss of generality we work with L = 0 and show that dim E;(H) N
[0,1]¢ = G p(H) for all H € R.

Note that the characterization (24) and the assumptions on (j,)nen imply that for
all z € [0,1]%,

log 71 log]cf. | log L (2
(100) liminf e Xn @ 5 e B D@ 10805, (@) hy(z).
n—+oo log27In n—+oo log27Jn j—+oo log27In

e The upper bound oy < (. Theorem 2.19(1) gives o(H) < (} ,(H) for all
H < ¢, ,(07). Note also that ¢ ,(H) = d for all H € [(}, ,(07),],,,(07)]. Hence it
remains us to treat the case H > C;hp(O_), which corresponds to the decreasing part
of the spectrum of g (and f).

Fix H > ¢, ,(07) and = € [0, 1% such that hy(z) > H.
By (100),
log Cl)iﬂp»q

. jn (%)
—_— >
(101) Egig log 2—Jn 2

For the cube Aj, (), denote by A;, (z) € Dj- its irreducible representation, and write

Ao () = A, (x) - [0, 92~ (Un=in)]? using the concatenation of cubes introduced just after
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Definition 3.15. One has

p.a e
log AP0 loguny, wp(Ny, ()27
log2=in log 2~
(102) _ logy Win()  logy M({\jn (z)) N J:ZT;L(O‘W).
In —JIn In p

Due to (54) and Remark 7.1, dropping the dependence in x in Aj, (z) and A, (x) in
the formulas, we get

logy (Ny) _ jn 10821 005) ( jn)(

_jn B -7"1 _jn
= oy —+ &+ & — (
]n )‘Jn jn >\Jn ]n /\Jn
which combined with (1()2) yields

(x) In In
(103) E@ﬁ?‘%%WM@><“ﬁﬁ%m+””
where
T T T log, w), .
_ Inz In _In oy 052N, @)
rn(z) = Jn N @) +j “Xin * (1 jn)gkm(w):jn*jn + Jn )

One has lim;, o 7(2) = 0. Indeed, using the properties of the family {|€x[}ag

jEN

(see Remark 7.1), denoting by C its supremum, we can get that for all n € (0,1), for n
large enough, ;—Z > 7 implies ]gm\ < n since j, is then large, while ‘j—:gm’ <Cn

if iz < 7. In any case, for n large enough one must have ?zgm‘ < (C+1)n. The
n n In

same treatment can be done with j—”a @) Also, denoting by C’ the supremum of the
n In

family {|ey ;v |}/\6U]EN D, jen (again, see (54)), for all n € (0,1), eitEer ;—: >1—mnor
Jn — n = Njn, hence for n large enough, one necessarily has ‘( — ;—:)6)\ @in—Tn| =

082 Wx

(C" + 1)n. Since it is clear that Jin’"() converges to 0 as n tends to oo, we get the

desired conclusion.

Note now that 0,(a) > amin for all @ € [min, @max]. Since amin < Cl’lp(O*) < H,

(101) and (103) together imply that necessarily, for every e > 0, 0, (a5 e )) >H—¢

for infinitely many integers n. Hence, hy(x) > 6,1 (H), and z € Eu (0,1 (H))

As a conclusion, E¢(H) C Ei (0, '(H)). Since 6, (H) > 7/,(07) lies in the decreas-
ing part of the singularity spectrum of i, Proposition 3.3(3) yields that dim E¢(H) <

(0, L(H)). This is the desired upper bound.

e The lower bound oy > ¢ , over the range [uin, Op(ap)] = [(}, ,(00), (], ,(—00)].
Two cases must be distinguished.
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Case 1: H € [0y(amin), Op(ap)].

Let o € [omin, p) such that H = 6,(a). Our goal is to show that o;(H) =
dim Ey(H) > ¢, ,(H) = 7;(«). To achieve this, we prove that us(Ey(H)) > 0, where
Lo 18 the measure built in Section 3.7. Since p, is exact dimensional with exponent
7, (a), this yields the claim.

For any H' > 0 set
EF(H') :=={y €[0,1): hy(y) < H'}.
We need two lemmas.
Lemma 7.7. For every n >0, puo(Eu(a) N E?(H —n)) =0.
Proof. Fix Jy € N and ¢ € (0,1/8), and set
By sy(0) = {a: € [0,1]%: VI > Jo, VA C 3\s(2), A € Dy, 27700 < () < 2—J<H>} .

Let x € E,, ¢ j,(0) N E?(H —n). By (24), there are infinitely many integers J > Jp for
which L(J;(az) > 27J(H=2n)_ For such a generation .J, there is j > J and A = (i,5,k) € A;
with Aj C 3As(x) such that \c{\ > 27/(H=1/2) " Using that we can also assume that

p(Ng) < p(dg(2))275270=Namin/2 (due to (48)), the definition of E,,, s, (a) and the
fact that 0,(a) = o+ 7;(a)/p = H, one gets that

& Qs T*(O‘)
(104) (|§A| ;2 o(i—J)25in o= (H—a—3+2¢) 5 o(—J)25gin o= (57-4)
HAAS K
Now for j > J > Jy define the set

(105)  Deyj= {)\EDJ: {ME“’”"’O(O‘) #0 and H-) }

IN = (5,5,k) € Ay, N C3A, |ef| > 2704

)

|3

Since f € BYP(RY), we have f € BY
both (105) and (104) imply

O Y amE(aumye

A€D€7J7j

c];|)ID—C’<ooaund
p(N) )

,P(Rd)’ S0 ZAEAj (2—j

QJ(T;;Q)Z))]D

This yields

#D, ;< C2-U=Dp=g g (i ()i
In particular, D, j; = () for j > J(p=gin + T*(amin)). Note that
E[L,S,J(]( ) ﬁ E ﬂ U U >\

J>Joj>J )\G'DE J.j

For any 4 > 0, denote by .° the pre-s-Hausdorff measure on R? associated with
coverings by sets of diameter less than or equal to 4. Using | J > U AEGe.s, A as covering
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of Eje 5, () N E? (H —n), one deduces that for every J > Jy,

%%.Q—J (EM,E,JO ()N E? (H - 77)) < Z (#DE,J,]‘)(\/& . 2*]’)5

J<G<J (p=Bin 47 (Omin))

< (Vd)*C Zg—mparg“‘ 9/ (Ti(e)=pg—s),

m2>0
which tends to zero as soon as s > 7, (a) — pg. It follows that

. * n
dim (Bpe.s0(e) (1 5 (H = ) < 73(0) ~p2
and thus pa(E, ¢ 5, (o) N E? (H —n)) = 0, because i, may give a positive mass to a
set E only if dim E > 7 («).
To conclude, observe that the almost doubling property of u yields

Eu(a) = m U EM,%,JO(C“)'

m>1 JpeN

This equality combined with the previous estimate on ji gives jio(E,(a) N E? (H —
1)) = 0. O

The second lemma states that p, may give a mass only to points which are not well
approximated by dyadic vectors.

Lemma 7.8. For every x, call \j(x) € Diy the irreducible representation of \;(x).
i) _
In

<

For pg-almost every x, one has limy,_ o

Proof. Fix 0 > 1. For j € N*, let E,(,6,j) = {x € E,(a) : j(JE <671} and
E,(a,0) := {:1: € E,(a): liminf& < (5_1} = limsup £, (e, 9, j).

jo+oo g j—+4oo

~—

For e > 0, let
Fu(ajoe) = {z € 0,17V j' > j, 2770 < p(hyo () < 27779},
Setting js = |j/d], the following inclusion holds :

Eue)c( (U U B(k2775 2779).
e>0J>15>J )\j(;,kGDj(;:
)‘js,kmFM(a’jﬁ’e)?ﬁ®
Using Proposition 3.3(1) or (4), for every fixed € > 0, one sees that the cardinality of
{Njsk € Djs : Njyk N Fulv, js,€) # 0} is less than 279 (9)F2) when j is large.
Combining this with the previous inclusion, one can construct coverings of £, (o, d)

by sets of the form ;> ;U aj, vepy,: B(2775k,277), and it is easily seen that

Njg e NFpu(e,js.€)#0
dim E,(a,6) < T;(a)/é, hence 1o (E,(cr,0)) = 0, again because ji, may give a positive
mass to a set F only if dim E > T;(a).
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Since this holds for all 6 > 1, one concludes that liminf; ., J(Tm) =1 for fio-almost
every x, and in particular lim,, j"jix) =1. ]

Recall that for pe-almost every x, lim;j_,oo @y () = . From this, (103) and the last

lemma, one deduces that hy(z) < 6,(a)) = H for pi,-almost every z, i.e. ,ua(E?(H)) =
1 (the equality h¢(x) = H does not hold in general, since (103) is true only for a
subsequence of integers (jn)n>1)-

However, combining all the above results, one concludes that

ta(Ef(H)) = pa(Eu(a) N Ef(H))
> 1a(Bp(@) N EE(H) = 3 pa(By() 0 ES (H — 1/m)) = 1.
m>1
This proves that necessarily dim Ey(H) > 7, (c), as expected.
Case 2: H € [oumin, Op(umin)): this corresponds to the affine part of the spectrum,

which occurs only when o, (oumin) = 7 (min) > 0, see Figure 7.

o
T; (amin)

If H € [amin, 0p(min)), write H = amin + T where § > 1. We can apply

Proposition 3.18 (which is established when u € My but immediately extends to the
case where (1 is a power of an element of M), to the sequence (jn)nen given by the
statement of Proposition 7.6: the set S(6, (1;)jen*, (Jn)nen) (Where (1;)jens depends
only on p) supports a Borel probability measure v of lower Hausdorff dimension at

least 7} (min)/6 = p(H — amin) = (; ,(H).
For x € S(0, (1) jen+, (Jn)nen), one checks that

log Cli’lp’q(ﬂf) < a4 T;(Ozmin) _
op
In addition, {y € [0,1]¢ : hs(y) < H} = Unn>1 E? (H — 1/m), and each set
E? (H—1/m) has a v-measure equal to 0, since due to Proposition 3.3(2) applied to the
capacity provided by the leaders of f, dim E?(H— 1/m) < (C}I’)*(H— 1/m) < ¢ ,(H).
Consequently, v(Ey(H)) =1 and dim Ey(H) > ¢, ,(H).

< limi .
h(e) < B g o

Finally, if H = amin, the set F' = () oy S(p, (1j)j>1, (Jn)nen) is easily seen to be
non empty (by taking § = p at step p of the construction in the proof of proposi-
tion 3.18) and to be included in E?(Ozmin), by using the previous estimates. How-
ever we know that E?(h) = () for all h < auin by Theorem 2.19. Consequently,

E7 (0min) = EF (Qunin) # 0, 50 0 (unin) = dim By (ctmin) > 0. O
7.3. Typical multifractal behavior in B:?(R?). We finally prove item (2) of The-
orem 2.19, hence obtaining the multifractal behavior of typical functions in B4 (R).

Recall the definition (19) of the basis {Np}  men of neighborhoods of the

m>max(1,s;1)
origin in BP(RY).
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or(H)

H

0 | rh(00) =¢l(o) T (—o0)

L,1(*°°)

FIGURE 7. Case where o,(oumin) > 0 and p = 1: the dashed graph
represents the spectrum of p, the plain graph represents the multifractal
spectrum oy of typical functions f € BY 1(R?). An affine segment (in
red) with slope p = 1 appears in the spectrum oy.

For every integer m > mg = |max(1,s7 )| + 1, set

N f
V,, = {f € BUP(RY) 1 Vj > Jp, VA € A, c',fgt, em H1,... ,mQ}} .
A
Then let

(106) G = limsup(Vy, + Vi)

m—o0

where V,, = Normiog(m)1. Each s, Vo, m > my, is dense in BYP(R?), so G is a dense
Gy set. a

When f € G, there exists an increasing sequence (j,)n>0 such that f € V; +V;,
for all n > 0.

Fix L € Z% Looking at the particular generation j,, for all A € AM such that
A C L+3[0,1]%, by definition of Vj, and Ny, 1os()1, the lower bound |¢f| > jiteh?4 —
2~ [inlog(n)1 (X)) 27n2" 19 holds. By construction of the coefficients 4”7, thls im-

AP /2, hence there exists a positive

plies that for n large enough one has |c | > jn
sequence (€,)pen converging to 0 such that |c/\| 2 27Inen | AP for all A € A, such

that A C L + 3[0, 1]¢. Consequently, Proposition 7.6 yields Of = Ogura = (.

Remark 7.9. In fact, the definition of V; and /\N/'ern log(in)15 @S well as that of c’)f’p’q
show that if (jn)n>1 is an increasing sequence of integers and f € ﬂn>1 Vin + Vjns
then for all N,K € N*, for all n > 1 large enough and \ € UK]” A such that
A C N[0,1]¢, one has

27nc//<7p7q < ‘C{‘ < 2jncf\”’p’q.

These bounds will be useful to estime the Le-spectrum of f.
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8. VALIDITY OF THE MULTIFRACTAL FORMALISM.

Recall that the multifractal formalism used in this paper, was defined in Section 2.5.
In this last section, we first discuss the validity of the multifractal formalism for the
saturation function g#?4. This will be useful to establish part (3) of Theorem 2.26 in
Section 8.3, while Section 8.2 provides the proof of part (2) of Theorem 2.26.

8.1. Validity of the multifractal formalism for the saturation function g*P1.

Proposition 8.1. For the function g'P4, the wavelet leaders multifractal formalism
holds on the interval [¢], ,(c0), (], ,(07)], and its refined version holds on the interval

(G110 (00 G p(—00)].

Moreover, for all N € N*, one has lim;_, C wq = Cup (see (25) for the definition
OfC s p q J)
The second part of the statement shows that for g"P¢ we have a stronger prop-

N, ¥

erty than the convergence of the sequence (( ghpj along a subsequence, which is

)jzl
required for the refined wavelet leaders formalism to hold.

Proof. Suppose that we have proved that for all N € N*, one has lim;_, gé\,’;,%’,q, ;= Cup-

In particular C,qu = (up for all N € N*, so ﬁfq = Cup- It was proved in the
previous sectlon that ogura = (), . Thisis enough to get the desired conclusion about
the validity of the multifractal formalism for gtP-4.

Now, fix N € N*. Let us prove that lim; Cg”q = = Cup-

The Z%invariance of ;i and the definition of g"P¢ show that if is enough to prove

. . sPyq

that limj e 108 S pepn(E§ ) = Gup(1).

Fix t € R. Recall Remark 7.3(1)) and Lemma 7.5. We leave the reader check that
due to these two facts,

L T
Jig;] % E:Aepo(gupq)t__ .

oy . Hsp,q
Moreover, by definition of the coefficients ¢ =, we also have

Srem( ") )
€
lim 5 'log 5 =0, where B; = Z ww(N)2 p

Thus, we must prove that lim;_, 5! logy(B;) = up(t). If p = oo, this was proved
when g is an element of M in Section 3.5, but in the general case where p is a positive
power of such a measure the result holds as well by a direct calculation.

Assume now that p < co. Fix t € R*, the case ¢t = 0 being obvious. Denote by s(t)
the sign of ¢.



BESOV SPACES IN MULTIFRACTAL ENVIRONMENT 69

Fix € > 0. Using the same decomposition as that used in the proof of Lemma 7.4,
we can write
J
Bi=Y 3 a2 Uy,

J=0xeDI\(DY_,-[0,2-1]4)

Then, from (54) we deduce that there exists a positive sequence (C});>1 depending on
t and p such that lim; logg. 1) — =0 and for all 7 > 1

O B(j, Omin + 5(t)e) < Bj < C3B(j, min — s(t)e),
where
(107) B(j,8) =277 + Z 9~ (=Nts 3 p(A)2 BT,
AeDI\(DY_,-[0,2-1])

Next, using that u is almost doubling, we deduce from (107) the existence of another

positive sequence (5]) j>1 depending on ¢ and p such that lim;_, bgg& =0 and
(108) CTB(j, amin + s(t)e) < Bj < C3B(j, ttmin — 5(t)e),
where
J
(109) B8 =3 209 3 p(ayte s,

J=0 AeDY

t *
We now estimate ZAGDS u()\)t275‘]7“(a*). Using Proposition 3.3(4), we split the
interval [min, max| into M contiguous intervals I; = [y, aiq1], @ = 1,...M of length

less than e such that for every i € {1, ..., M},
1 D, I;

sup T;(Oé) _ 0go # ’I»"(.]v )

acl; J a,a’€l;

Also, by Remark 7.1, there exists C' > 1 such that for all £ € N and A € D?, one has
C—12—Z(a>\+€) < M(/\) < CQ—Z(OO\—E)'
If follows from the previous information that

<e and sup |7,(« )—T:(o/)‘ge.

CItIZQJ i (i) +e) 9= Jt(ai—2s(t)e) g 5 T (1) (i) —s(t)e)
S b
AeDY > lomild Z 2J(T;(ai)fe)Qth(ai+2s(t)s)2*%J(T;(ai)+s(t)s)
i=1

)

which implies that
(110) Z ILL()\) 7£,]T (ak) J— m] t E Z 2 J(tgp(az) T (CM))
)\G'Dg i=1

where | log(m,(t,¢))| < [t|log(C) + (1 +2Jt| + 1) Je
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We can assume without loss of generality that there exists 1 < ¢ < M such that

t0p(i) — 7 () = min{tt,(a) — 7 () : @ € [Omin, Wmax]} = ((t). Then, incorporating

(110) in (109) yields
J ~
(111) B(j,B) = > 270D (t,e)2770),
J=0

where |log(mj(t,e))| <log(M) + |t|log(C) + (1 + 2|t| + %)Je. Incorporating (111) in
(108) then implies

] ~
(112) Bj = inj(t,e)2 7 mn " (¢, €) i (t, )2~ () ~tomin)
J=0

where max(|log(m;(t, €)), |log(m;(t, €))|) < jltle +1log(Cj).
It follows from (112) and the fact that € is arbitrary that {(¢) — tamin > 0 implies
lim; o0 % = tOmin, While ((t) — tamin < 0 implies lim;_, % = ((¢).

Finally, let us determine ((¢) and then the sign of ((t) — tamin. According to the
previous observation, this will give the desired conclusion.

We distinguish two cases.
Suppose first that [min, 0max] is trivial. Then, 7,(s) = amins — d for all s € R,
and (. p(s) = (Qmin + %)3 —d for s < p and (,,(S) = amins for s > p. Also, we

directly have () = tamin + (% - 1) d. Thus ((t) = Cup(t) when t < p. Moreover,

g(t) —tOumin = % - 1)T;(amin), which is non negative if and only if ¢ > p. In addition,
when p > t one has (,,,(t) = tamin.

Assume next that [omin, max| is non trivial. Suppose that ¢ > p. The mapping
g1 @ € [Qmin, Omax| — t0p(a) — 71 () = ta + (% — 1)7‘;(01) is concave, so it attains
its minimum (,(¢) at either aumin of Amax. In any case, (,(t) — toumin > 0. Moreover,
C}L,p(t) = tOémin.

Suppose now that ¢ < p. Using the notations and arguments of the proof of Propo-

sition 5.1, we have that either ¢, = I% < teo = (7;;)'(min), and the convex function g
attains its minimum pTTtTu(p%tt) = Cup(t) at @y, ie. C(t) = Cup(t), or tp > too. In this
later case g is increasing and attains its minimum toy, + (% — 1)7-; (Qmin) = Cup(t) at

Qmin, 1.€. ((t) = (up(t) as well. In both cases, ((t) — tatmin < ((t) — g(min) < 0. O

8.2. Proof of Theorem 2.26(2). Asrecalled in the introduction, it is known [35] that
for any smooth function oy < (3. Since it was proved in Section 7.3 that oy = (C/‘zp)* for

typical functions in E{f P(R?), for such functions one necessarily has ¢ ¢ < Cu,p by inverse
Legendre transform. Simultaneously, Theorem 6.1 states that ¢ IRy = C}I’“R > CWJ‘RW
+

which yields the desired result.
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8.3. Proof of Theorem 2.26(3). It is enough to prove part (i). Then part (ii) follows
from the fact that the class or residual sets is stable by countable intersection.
Let f € G, where G is the G5 set defined by (106), and consider a sequence (jy,) such

that f € V;,+V;, foralln > 1. Fix N € N*. We prove that (}Pj]: converges pointwise to
Cu,p as n — 400, which is enough to show that the refined wavelet leaders multifractal
formalism holds relatively to ¥ over [(}, ,(00), (], ,(—00)], since it was established that
of =Gy

Since a function f € G belongs to €“min—¢(R?) (for every ¢ > 0), one has ]c{] <
2~3(@min=¢) for every large j and A € A; such that A C (N +1)[0, 1]%. Take & = apin/2-
Also, by construction, ¢\ > 27 2jomax . We deduce from the previous fact and Remark
7.9 applied with K = |4amax/min] + 1 that when n is large, for all j > j, and A € A;
such that A C (N + 1)[0,1]¢, either j € {jn,..., Kjn} the wavelet coefficient cf\c of f
satisfies ie’;’p’q < \cf\t\ < 2jp, P, or j > Kjy, and ]c{] < P9, This implies that for
all A € D;, such that A C N[0, 1]%, the wavelets leaders leader L{ of f satisfies

1w
ng’”’q <L{ <2, L
n

g”‘)pﬂq
b .

o,N
Consequently, lim,, . j,, ! log, (g{;%) = 0, and due Proposition 8.1, we get the desired
9,Jn
convergence of C;?Jiv to Cup as m — oo.
Finally, when ¢ < oo, to establish that for a typical f € BEP(RY) one has C}"R* =

—o0, consider for all m € N* the set
Vi = {f € Eﬁj’p(Rd) :Vm < j <mlog(m), VA € Aj, cf\c = 0} .
The set limsup,, ,, Vi, is dense in BYP(R%) and

G = GNlim sup(vm + V).
m—r0o0
is a dense Gs-set. When f € G , there exists an increasing sequence of integers (mp )nen
such that f € an + VY, for all n € N. It is easily checked that for any A > 0 and
N € N, for n large enough, if A € D,,,, and A C NJ[0,1]¢, one has Lf\c < 2=Amn_ This
implies that for ¢ < 0,

> 1L§>0(L§)t > #{\ € Dy, ACN[0,1)%: L] > 0} - 274,
AEDm,,, ACNJ[0,1]¢

hence C}I”A(N) (t) < At. Consequently, A being arbitrary and ¢ < 0, the desired conclu-
sion holds.
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